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PREFACE. 


The  present  book  includes  those  portions  of  Statics  which 
are  contained  in  the  syllabus  of  the  Science  and  Art  Second 
(Advanced)  Stage  Examination  in  Theoretical  Mechanics. 
The  earlier  chapters  require  little  or  no  knowledge  of 
Trigonometry,  involving  as  they  do  practically  nothing 
beyond  the  mere  definitions  of  the  sine,  cosine,  and  tangent. 
The  later  chaptei-s  deal  with  the  General  Conditions  of  Equi- 
librium of  Forces  in  one  Plane ;  the  Principles  of  Virtual 
Work  and  Yirtiial  Velocities,  the  Laws  of  Friction,  and  the 
Centres  of  Gravity  of  frusta  of  cones,  circidar  arcs,  spherical 
zones,  and  the  like.  For  the  manuscript  of  these  we  are 
indebted  to  Mr.  A.  Cracknell,  M.A, 

The  Principle  of  Work  is  freely  employed  throughout  the 
book  in  verifications  or  alternative  proofs  of  results  which 
have  been  established  independently.  Those  who  wish  to 
confine  their  attention  to  more  strictly  statical  methods  of 
proof  will  have  no  difficulty  in  doing  eo,  as  the  sections 
relating  to  Work  have  been  kept  distinct  and  can  readily 
be  picked  out  bj-  their  headings.  The  modification  of 
Newton's  proof  of  the  Parellogram  of  Forces  will,  we  think, 
be  found  more  instructive  than  most  "dynamical"  proofs, 
none  of  which  are  altogether  satisfactory. 

All  the  important  bookwork  is  printed  in  larger  type  than 
the  hints,  explanations,  examples,  alternative  proofs,  and 
less  important  theorems. 

Where  fundamental  propositions — such  as  the  Parallelo- 
gram of  Forces — have  their  numbers  as  well  as  their  headings 
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printed  in  dark  type  (thus — 136),  the  student  should  be 
able  to  reproduce  them  from  memory. 

The  "Summaries  of  Results"  at  the  end  of  the  chapters 
are  intended  to  facilitate  a  final  revision  of  tlie  whole 
subject,  but  they  must  only  be  used  with  gi-eat  caution 
when  the  text  has  been  thoroughly  mastered. 

In  the  letteii)ress,  letters  which  denote  points  in  figures 
are  printed  thus — P,  Q,  so  that  PQ  will  denote  a  line  and 
PQR  an  angle  or  a  triangle.  Letters  denoting  algebraic 
magnitudes,  such  as  forces,  are  printed  in  ordinary  italics 
thus — P,  Q,  so  that  PQ  and  PQP  denote  products  of  two 
and  three  algebraic  quantities,  respectively.  In  figures 
where  no  confusion  is  likely  to  arise,  this  rule  has  not  been 
adhered  to. 

At  the  end  of  the  book  are  collected  aU  the  questions, 
both  on  Statics  and  on  Dynamics,  that  have  been  set  in  the 
Science  and  Art  Second  Stage  Examination  during  the  past 
eleven  years.  In  addition,  "examination  papers,"  consist- 
ing of  bookwork  and  easy  problems,  are  freely  distributed 
throughout  the  book. 
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STATICS. 

PART     I. 

EQUILIBRIUM  OF  FOECES  AT  A   POIXT. 


CHAPTER    I. 


THE   PARALLELOGRAM   OF  FORCES. 

1.  Statics  is  that  branch  of  Mechanics  which  deals 
with  forces  applied  to  a  body  or  a  nnmber  of  bodies  at 
rest. 

For  the  present  we  shall  only  consider  the  properties  of 
forces  applied  to  a  single  paxticle.  In  Cliap.  IV.  we  shall 
treat  of  forces  acting  on  a  body  of  extended  size. 

2.  Porce  is  deBned  as  that  which  changes  or  tends  to 
change  a  body's  state  of  rest  or  motion, 

A  particle  is  a  body  whose  size  is  so  small  that  it  may 
be  regarded  as  a  quantity  of  matter  collected  at  a  single 
point. 

.3.  Two  forces  are  said  to  be  equal  if,  when  they  are 
applied  to  the  same  body  for  equal  intervals  of  time,  they 
tend  to  impart  the  same  velocity,  or  change  of  velocity,  to 
the  body. 

If  one  force  imparts  double  the  change  of  velocity  that 
would  be  imparted  on  the  same  body  in  an  equal  interval 
of  time  by  another  force,  the  first  force  is  said  to  be  doable 
the  second,  and  so  on.  Thus  forces  are  proportional  to 
the  velocities  they  would  impart  to  the  same  body  in 
equal  intervals  of  time.  In  this  way  different  forces  may 
be  compared,  and  the  magnitude   of  a  force   may   be 
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measured  in  terms  of  any  force  which  is  chosen  as  the 
standard  or  "  unit  of  force." 

The  direction  of  a  force  is  defined  as  the  direction  of 
the  velocity  which  it  tends  to  impart  to  the  body  on 
which  it  acts. 

Thus  force  is  characterized  by  having  both  magnitude 
and  direction. 

4.  When  a  force  is  applied  to  start  a  body  from  rest,  the  actual 
distance  traversed  in  any  time  is  proportional  to  the  force*,  and  the 
actual  direction  of  motion  is  the  direction  of  the  force.  Thus,  if  a 
body  initially  at  rest  is  pulled  with  a  force  of  2  lbs.,  it  will  move  in  the 
direction  in  which  it  is  pulled,  and  the  distance  which  it  will  moA'e 
over  in  one  minute  will  be  twice  what  it  would  move  over  if  pulled 
by  a  force  of  1  lb.  for  the  same  time. 

5.  Equilibrium. —  Resultant  force.  —  If  two  equal 
forces  act  on  the  same  particle  in  exactly  opposite  direc- 
tions, the  motion  which  one  force  tends  to  impart  is 
exactly  the  reverse  of  that  which  the  other  tends  to 
impart.  The  particle  cannot  move  in  opposite  directions 
at  the  same  time,  and  there  is  no  i-eason  why  it  should 
move  in  one  direction  rather  than  the  other.  Hence  it 
will  remain  at  rest,  and  the  two  forces  will  be  said  to 
balance,  or  be  in  equilibrium. 

When  several  independent  forces  are  applied  simulta- 
neously to  a  single  particle  at  rest,  the  particle  may  eitiior 
remain  at  rest  or  begin  to  move  in  some  direction. 

If  it  remains  at  rest,  the  forces  are  said  to  balance,  or 
be  in  equilibrium. 

If  it  starts  into  motion  in  any  direction,  this  motion 
must  be  the  same  as  would  be  produced  by  a  certain 
single  force  of  suitable  magnitude  applied  in  that  direc- 
tion. This  force  is  called  the  resultant  of  the  several 
forces. 

Conversely,  any  forces  which  have  a  given  force  for 
their  resultant  are  called  components  of  the  given  force. 

It  should  not  be  forgotten,  however,  that  forces  are  in  equilibrium 
when  the  body  on  which  they  act  moves  uniformly  in  a  straight  line 
just  as  well  as  when  it  is  at  rest. 


*  This  follows  at  once  from  Wie  equations  of  tlynaniins     /'  -  mf,    s  =  \ftK 
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6.  Systems  of  forces.  —  The  forces  with  which  we 
shall  deal  in  Statics  will  alsvays  be  supposed  to  be  kept 
in  equilibrium.  But  it  is  often  necessaiy  to  consider 
the  properties  of  some  of  the  forces  apart  from  the  rest. 
.A.ny  number  of  forces  may  be  called  a  system,  of  forces, 
and  may  subsequently  be  referred  to  as  ''the  system"  to 
avoid  repeatedly  specifying  what  forces  are  meant. 

When  a  number  of  forces  have  a  resultant  we  may 
reduce  them  to  a  system  in  equilibrium  by  applying  an 
additional  force  equal  and  opposite  to  that  resultant. 
For  the  whole  system  is  then  equivalent  to  two  equal  and 
opposite  forces  (viz.,  the  original  resultant  and  the  added 
force),  and  is  therefore  in  equilibrium.  This  additional 
force  is  sometimes  called  the  equilibrant. 

Conversely,  when  any  number  of  forces  are  in  equili- 
brium, each  force  is  equal  and  opposite  to  the  resultimt 
of  all  the  rest  taken  together. 

7.  Point  of  application  of  a  force. — The  conditions 
of  equilil)rium  of  a  system  of  forces  do  not  depend  on  the 
nature  and  mass  of  the  body  on  which  they  act,  but  only 
on  the  forces  themselves.  We  may,  therefore,  speak  of  a 
force  as  acting  at  a  point,  meaning  a  force  "  applied  to 
any  particle  placed  at  that  point."  And  the  point  of 
application  of  the  force  is  "  the  point  at  which  the 
particle  acted  on  by  the  force  is  situated." 

These  must,  however,  he  regarded  merely  as  abhreviations,  for 
force  can  only  act  where  there  is  matter  for  it  to  act  on. 

8.  Statical  nnits  of  force. — The  forces  which  occur 
most  frequently  in  Statics  are  those  due  to  weight.  Hence 
the  most  convenient  statical  unit  of  force  is  the  weight  of 
a  pound,  and  this  we  call  "a  force  of  1  lb."  Larger  forces 
may,  however,  be  measured  in  hundredweights  or  tons. 

If  the  French  .system  of  weights  and  measui^es  is  used, 
the  statical  unit  of  force  will  be  the  weight  of  a  gramme 
or  of  a  kilogi-amme  (1,000  grammes),  according  to  which 

the  most  convenient. 

Thus,  in  Statics,  forces  are  alicays  measured  in  gravitation 
units  unless  otherwise  stated. 
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9.  Forces  may  be  represented   by  straight  lines. 

— In  order  to  define  a  force  statically,  it  is  necessary  to 
specify  (i.)  its  point  of  application, 

(ii.)  its  direction, 
(iii.)  its  magnitude. 
All  these  data  will  be  specified  by  a  straight  line  of 
finite  length,  provided  that 

(i.)  the  line  is  drawn  from  the  point  of  application 

of  the  force, 
(ii.)   it  is  drawn  pointing  in  the  direction  o^iheiovce, 
(iii.)  its  length  is  proportional  to  the  magnitude  of 
the  force. 
Such  a  straight  line  is  said  to  represent  the  force. 
The  sense  of  the  direction  may  be  shown  by  an  arrow 
drawn  on  or  by  the  side  of  the  line,  or  by  the  order  of  the 
letters  used  in  naming  the  line.     Thus  AB  represents  a 
force  acting  from  A  towards  B,  BA  a  force  acting  from  B 
towards  A. 

10.  On  tlie  choice  of  a  scale  of  representation.  -  In  order 
that  the  length  of  a  straight  line  may  represent  the  magnitude  of  a 
force,  the  line  should  properly  contain  as  many  units  of  length  as  the 
force  contains  units  of  force.  Thus,  if  a  line  1  inch  long  represents 
a  force  of  1  Ih.,  a  line  2  inches  long  wiU  represent  a  force  of  2  lbs., 
and  so  on.  Very  often,  however,  it  is  necessary  to  adopt  some  other 
scale  of  representation  suggested  by  the  conditions  of  the  problem. 
We  may  so  choose  the  scale  of  representation  that  one  of  the  forces  is 
represented  by  a  straight  line  of  any  length  we  please.  When  this  has 
been  done,  a  line  of  double  that  length  will  represent  double  that 
force,  and  so  on,  so  that  the  lines  representing  all  other  forces  will 
be  fully  determined. 

[Thus  it  might  be  convenient  for  some  reason  to  agree  to  represent  a 
force  of  7  lbs.  by  a  length  of  ^  inch.  On  this  scale  a  length  of  |  inch 
would  represent  a  force  of  11  lbs.,  and  so  on.] 

11.  It  is  often  necessary  to  represent  a  force  in  magnitude  and 
direction  only  by  a  straight  line  not  drawn  from  its  point  of  applica- 
tion. A  forca  will  be  represented  to  this  extent  by  any  straight  line 
drawn  equal  and  parallel  to  the  line  which  fully  represents  it,  for 
parallel  straight  lines  are  to  be  regarded  as  having  the  same  direction. 
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12.    THE    FABALLELOGBAM    OP    FORCES.— 

If  two  forces  acting  on  the  same  particle  be  repre- 
ssnted  by  two  adjacent  sides  of  a  parallelogram, 
drawn  from  their  point  of  application,  their  resul- 
tant shall  be  represented  by  the  diagonal  of  the 
parallelogram  drawn  &om  that  point. 

Let  two  constant  forces  P,  Q  be  applied  to  a  particle  at 
rest  at  ^,  in  directions  AB.  AD,  respectively. 

Let  AB  be  the  distance  the  particle  wonld  traverse  in 
a  given  time  t  if  it  were  set  in  motion  by  the  constant 
force  P  alone. 

Let  AD  be  the  distance  traversed  in  the  same  time  if 
acted  on  similarly  by  Q  alone. 

Complete  the  parallelogram  ABCD,  and  join  AG. 

Then  shall  AC  he  the  distance  traversed  by  the  particle 
in  the  time  t  if  set  in  motion  by  both  forces  P,   Q  acting 
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on  it  simnltaneonsly  in  directions  parallel  to  AB.  AD. 
respectively. 

Also  AB.  AD  shall  represent  the  forces  P,  Q,  and  AC 
shall  represent  their  resultant  on  the  same  scale. 

(i.)  For,  since  the  force  Q  always  acts  parallel  to  the 
line  BG.  it  can  have  no  effect  in  changing  the  rate  at 
which  the  pnrticle  approaches  BC  in  consequence  of  the 
other  force  P.  Therefore  the  particle  will  reach  the  line 
BC  in  the  .same  time,  whether  the  force  Q  be  applied  or 
not.  Therefore  at  the  end  of  the  time  t  it  must  be  S'-mf- 
where  in  the  line  BC 

Similarly  it  must  be  somewhere  in  DC 
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Therefore  it  must  be  at  0,  the  intersection  of  BG 
and  DC. 

That  is,  AG  is  the  distance  actually  traversed  in  the 
time  t. 


(ii.)  Hence  the  resultant  of  P  and  Q  must  be  that  force 
which  would  move  the  particle  from  rest  along  AG  in  the 
time  t.     It  must  therefore  act  in  the  direction  AG. 

And  since  the  distance  traversed  in  the  given  time  t  by 
a  particle  starting  from  rest  is  propoi'tional  to  the  force 
acting  on  it  (§  4),  thei^eforc  AB,  AD,  AG  are  proportional 
to  P,  Q  and  their  resultant. 

That  is,  AB  represents  P,  AD  represents  Q,  and  AG 
represents  the  resultant  of  P  and  Q,  all  on  the  same  scale. 

Therefore  fhe  resultant  is  represented  by  the  diagonal  of  the 
parallelogram  whose  sides  represent  the  two  forces.*  [Q.E.D.] 


13.  Experimental  verification  of  the  Parallelogram 
of  Forces. 

(a)  Mechanical  Details.  —  Take  three  strings;  knot 
them  together  in  a  point.  To  their  ends  attach  any  three 
weights  P,  Q,  R,  say  P,  Q,  B  lbs.,  respectively  (any  two  of 
which  are  together  greater  than  the  third).  Allow  one 
string  to  hang  freely  with  its  suspended  weight  R,  and 
pass  the  other  two  over  two  smooth  pulleys  //,  K,  fixed  in 
front  of  a  vertical  wall  (Fig.  2). 

(6)  Geometrical  Constrdction.  —  When  the  stririg.s 
have  taken  up  a  position  of  equilibrium  with  the  knot  at 


*  The  above  proof  is  aa  adaptation  of  Newton's  original  proof  to  the  case  of 

constant  forces. 
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A.  measure  off  along  ^//,  AK  lengths  AB.  AD,  containing  P 
and  Q  units  of  length,  respectively.  On  the  wall  com- 
plete the  parallelogram  ABCD,  and  join  AO. 


'«      0/31 


(o)  Observed  Facts. — Then  it  uill  be  inrariahly  found 
(i.)  that  the  diagonal  AC  is  vertical, 
(ii.)  that  AG  contains  R  units  of  length. 

(d)  Deductions. — N'ow  the  knot  A  is  in  eqnilibrinm 
under  the  pulls  P,  Q,  Ii  acting  along  the  strings,  respect- 
ively. Therefore  the  resultant  of  P,  Q  is  equal  and 
opposite  to  the  weight  P. 

Therefore  it  is  a  force  of  P  lbs.  acting  vertically 
upwards. 

But  AO  is  vertical, 

.".     AO  represents  the  resultant  in  direction. 

Also  AO  contains  P  units  of  length ; 

.".     AO  represents  the  resultant  in  magnitude. 

But  AB,  AD  represent  the  forces  P,  Q. 

Therefore  the  diagonal  of  the  parallelor/ram  represents  the 
residtant  of  ihe  tivo  forces  uhich  are  represented  separately 
by  its  sides.  [Q.E.D.] 
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14.  Fig.  2  is  drawn  for  the  case  in  which  P  =  2  lbs.,  Q  =  3  lbs., 
a  =  4  lbs.  The  measured  lengths  AB,  AD  must  therefore!  contain 
2  and  3  units  of  length  respectively.  When  the  parallelogram  is 
constructed,  the  diagonal  AO  will  be  found  to  be  vertical  and  to 
contain  4  units  of  length.  Each  experiment  proves  the  Parallelogram 
of  Forces  to  hold  good  for  one  particular  set  of  forces  only.  To  give 
a  satisfactory  proof  it  would  be  necessary  to  perform  a  large  number 
of  such  experiments,  using  different  arrangements  of  weights. 

Example. — To  find  graphically  the  resultant  of  forces  of  7  lbs.  and 
11  lbs.,  whose  directions  include  an  angle  of  60°. 

Take  any  unit  of  length  and  measure  off  AB,  AD  containing  7  and 
11  units  respectively,  making  I  BAD  =  60°.  Complete  the  parallelo- 
gram A  BCD. 


7lhs 


Fi£ 


Then  AC  represents  the  resultant. 

On  AC  mark  off  from  A  a  scale  of  the  selected  units.  Then  C  will 
be  found  to  lie  between  the  15th  and  16th  marks,  so  that  AC  contains 
about  15f  units. 

Therefore  the  resultant  force  =  loj  lbs.  wt.  roughly. 


15.  Half  the  parallelogram  is  sufficient.  Since  BG 
is  equal  and  parallel  to  AD,  it  represents  the  force  Q  in 
maofnitiide  and  direction  (though  not  in  position — see 
§  11).  Hence,  if  two  forces  actingr  on  a  particle  are 
repi'esented  in  magnitude  and  direction  by  two  sides  of  a 
triangle,  AB,  BG,  their  resultant  is  represented  in  magni- 
tude and  direction  by  the  third  side  AG,  its  point  of  appli- 
cation being  that  of  the  forces.  This  leads  to  the  following 
theorem. 
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16.  The  Triangle  of  Forces.  —  If  three  forces  acting 
on  the  same  particle  can  be  represented  in  magnitude  and 
direction  {but  not  iyi  position)  by  the  sides  of  a  triavgle  taken 
in  order*  they  shall  be  in  equilibrium. 

Let  three  forces  P,  Q,  B,  acting  on  the  same  particle 
at  0,  be  represented  in  magnitude  and  direction  (but  not 


->F 


R  B 

Fig.  4.  Fig.  5. 

in  position)  by  the  sides  BC,  CA,  AB  of  the  triangle  ABC, 
respectively. 

Then  shall  P,  Q,  P  be  in  equilibrium. 

Complete  the  parallelogram  A  BCD. 

The  forces  P,  P  are  represented  in  magnitude  and 
direction  by  AB,  AD.  and  they  act  at  0.  Hence,  by  the 
Parallelogram  of  Forces,  their  resultant  is  similarly 
represented  by  AC.  and  also  acts  at  0. 

But  Q  is  represented  by  CA. 

Therefore  the  resultant  of  P,  P  is  eqnal  and  opposite 
to  the  third  force  Q. 

Therefore  the  three  forces  are  in  equilibrium.    [Q.E.D.] 

Tlie  angle  between  any  t'wo  of  the  forces  is  the  supple- 
ment of  the  corresponding  interior  angle  of  the  triangle. 
Thus 
Z  between  H,  P  [i.e.,  iROP  in  Fig.  4)  =  I  BAD  =  ISO"-  lABC 
Observation. — The  three  forces  must  not  act  nlmig  the  sidet  of  the 
triangle.  They  must  act  at  a  point  in  directions  parallel  to  these 
sidesj  as  in  Fi^-  4  ;  otherwise  they  cannot  be  applied  to  the  same 
partiole,  and  the  proof  fails. 

*  The  sides  of  a  triangle  or  polygon  are  said  to  be  taJL-fJi  i»  order  when  of  any 
two  adjacent  sides  one  is  drawn  towards  and  the  other  away  from  their  common 
^angular  point. 

i 
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17.  Converse  of  the  Triangle  of  Forces. 

If  three  forces  acting  on  a  paiticle  aie  in  equilibrium, 
any  triangle  whose  sides  are  parallel  to  the  directions  of 
the  forces  shall  have  the  lengths  of  these  sides  proportional 
to  the  magnitudes  of  the  forces. 

Let  P,  Q,  B  be  three  forces  in  equilibrinm  acting  at  0, 
and  let  ABC  be  any  triangle  vvliose  sides  BG,  CA,  AB  are 
parallel  to  P,  Q,  11. 

Then,  if  the  scale  of  representation  be  properly  chosen, 
BG,  GA,  AB  shall  represent  P,  Q,  B  in  magnitude  as  well 
as  direction. 

For  let  the  length  BG  be  chosen  to  represent  P.    (§  10.) 

If  GA  does  not  represent  Q,  let  GK  represent  Q. 

Then,  by  the  Parallelogram  or  Triangle  of  Forces,  the 
resultant  of  P  and  Q  is  represented  by  BK.     But  P,  Q,  B 


-»P 


Fig.  6.  Fig 

are  in  equilibrium.  Hence  B  must  be  represented  by  KB, 
equal  and  opposite  to  BK.  But  this  is  contrary  to  hypo- 
thesis, since  B  acts  in  the  direction  AB.  Therefore  Q 
cannot  be  represented  in  magnitude  by  any  other  length 
than  CA,  and  therefore  also,  by  the  above  reasoning,  B  is 
represented  by  AB. 

Ohservation.  —  The  above   conditions   may  be  expressed  by  the 

,  ,.  P      BC      Q       CA      M      AB         ,  •  ,  , 

relations  —  =  ---,     -^  =  --,     —  =--     -  ,      which  may  also 

Q       CA      R       AB      P      BC  ^ 

P  ^  _Q_  ^  A 
BC      CA      AB' 

It  is  proved  in  Euclid,  Book  VT.,  Prop.  4,  that  any  triangle  whoi^e 
angles  are  equal  to  those  of  ABC  has  its  sides  ])roportional  fo  those  of 
ABC.  Hence,  if  ««;/  triangle  be  drawn  whoso  sides  arc  parallel  to  BC, 
CA,  AB,  these  sides  also  will  represent  P,  Q,  P,  but  on  a  different  scale. 


be  written 
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18.  The  Polygon  of  Forces. — If  any  numher  of  forces 
ading  on  the  same  particle  can  be  represented  in  magnitude 
and  direction  by  the  sides  of  a  closed  polygon  taken  in  order, 
they  shall  be  in  equilibrium. 

Let  the  forces  P,  Q,  JR,  S,  acting  on  a  particle  at  0,  be 
represented    in   magnitude    and    direction    (but   not    in 

e. 


position)  by  the  sides  AB,  BG,  CD.  DA  of  a  polygon  ABCD. 

Then  shall  the  forces  be  in  cquilibrinm. 

For,  as  in  the  Triangle  of  Forces,  or  §  15,  the  resultant 
of  the  forces  P,  Q  is  represented  in  magnitude  and  direc- 
tion by  AC 

Therefore  the  resultant  of  P,  Q,  E  is  the  same  in  mag- 
nitnde  and  direction  as  that  of  forces  AC  and  CD,  and 
therefore  similarly  represented  by  AD. 

But  the  force  S  is  represented  by  DA. 

Therefore  S  is  equal  and  opposite  to  the  resultant  of 

P,  Q,  B. 

Therefore  the  forces  P,Q,P,8are  in  equilibrium.  [Q.E.D.] 

The  observations  at  the  end  of  §  16  are  equally  applicable  to  the 
Polygon  of  Forces. 

We  have  considered  the  case  of  four  forces,  but  the  proof  may  be 
similarly  extended  to  any  number  ol  forces. 

19.  To  construct  the  resultant  of  any  number  of 
forces  acting  on  a  particle. 

Let  the  given  forces  be  represented  by  the  straight 
lines  AB,  BC,  CD,  taken  in  order,  forming  all  the  sides  but 
one  of  a  polygon.  Then,  if  the  polygon  be  completed  by 
di'awing  the  remaining  side  from  A,  the  extremity  of  the 
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first  side,  to  D,  the  extremity  of  the  last  side,  the  line  AD 
will  represent  the  resultant  foi'ce. 
This  is  evident  from  the  last  article. 

It  is  immaterial  in  what  order  the  forces  are  represented. 

The  form  of  the  polygon  will  depend  on  which  force  is  represented  first, 
which  next,  and  so  on  ;  but  tlie  line  representing  the  resultant  will 
be  the  same  in  every  case. 

[For,  consider  the  case  of  two  forces  P,  Q,  acting  at  A  (Fig.  1).  If 
we  represent  P  first  and  Q  second,  the  lines  representing  them  will  be 
AB,  BC,  respectively,  and  the  resultant  will  be  represented  by  AG. 
If  we  represent  Q  first  and  P  second,  the  lines  representing  them  will 
be  the  opposite  sides  AD,  DC,  respectively,  and  therefore  the  resultant 
will  still  be  represented  by  AC.  The  same  property  may  be  extended 
to  any  number  of  forces  by  interchanging  their  order  of  successive 
representation,  taking  two  at  a  time.] 

20.  Converse  of  the  Polygon  of  Forces. 

If  any  number  of  forces  acting  on  a  particle  are  in 
equilibrium,  a  closed  polygon  can  be  di-awn  whose  sides 
represent  these  forces  both  in  magnitude  and  direction. 

Let  the  forces  P,  Q,  E,  S,  acting  at  0,  be  represented 
by  AB,  BO,  CD,  DE,  respectively,  these  lines  being  placed 


Fig.  11. 


end  to  end.  Then,  if  the  figure  ABODE  be  not  a  closed 
polygon,  the  forces  will  have  a  resultant  represented  by 
>4£  (§  19),  and  will,  therefore,  not  be  in  equilibrium. 

Therefore    the    lines  representing  forces  in  equilibrium 
must  be  capable  of  forming  a  closed  polygon. 
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21.  The  eonvefse  of  the  Polygon  of  Forces 
i*  less  complete  than  that  of  the  Trian;/le. — 

For,  if  there  are  more  than  three  force's, 
we  can  draw  any  number  of  different 
polygons,  such  as  ABCD,  ABcd  (Fig.  12), 
each  having  its  sides  parallel  to  the  direc- 
tions of  the  forces,  and  the  sides  of  one 
polygon  are  not  necessarily  proportional  Fig,  12. 

to  those  of  another.     The  sides  of   each 

polygon  represent  a  system  of  forces  in  equilibrium  acting  in  these 
directions,  but  not  necessarily  the  system  we  started  with.  In  fact 
there  are  any  number  of  such  systems  all  different.  "We  cannot, 
therefore,  except  in  the  case  of  three  forces,  determine  the  ratios  of 
the  forces  from  merely  knowing  their  directions. 

22.  Applications  of  the  Farallelogram,  Triangle, 
and  Polygon  of  Forces. 

(1)  The  resultant  of  two  equal  forces  bisects  the  angle 
between  them. 

(2)  If  any  three  forces  are  in  equilibrium,  any  two  of  the 
forces  are  together  not  less  than  the  third.  For,  iu  the 
Triangle  of  Forces,  any  two  sides  are  together  greater 
than  the  third  (Enc.  I.  20). 

If  two  forces  are  together  equal  to  the  third,  they  will  balance  if 
the  first  two  forces  act  in  the  same  straight  line  and  in  the  opposite 
sense  to  the  third. 

(3)  The  resultant  of  tico  forces  P,  Q  is  greatest  when 
both  act  in  the  same  direction,  and  is  then  P+Q.  It  is 
lecLst  when  they  act  in  opposite  senses  in  the  same  straight 
line,  and  is  then  eitlier  P—Q  acting  in  the  direction  of  P 
or  Q  — P  in  the  direction  of  Q. 

This  is  an  easy  inference  from  (2). 

(4)  If  three  equal  forces  are  in  equilibrium,  the  angle 
between  any  ttco  of  them  is  120°.  For  the  Triangle  of 
Forces  is  equilateral ;  therefore  each  of  its  angles  is  60°, 
and  the  angle  between  the  corresponding  pair  of  forces 

=  180°— 60°  =  120°. 
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(5)  The  Perpendicular  Triangle  of  Forces.  —  If  three 
forces  proportional  to  the  sides  of  a  triangle  act  on  a 
particle  in  directions  perpendicular  to  these  sides  taken 
in  order,  they  shall  be  in  eqailibrium. 


Fig.  13. 

For  if  the  triangle  ABC  be  turned  throngh  a  right 
angle  into  the  position  DBF,  its  sides,  taken  in  order, 
will  be  brought  parallel  to  the  forces,  and  will  therefore 
represent  the  forces  both  in  magnitude  and  direction. 
Therefore  they  will  be  in  equilibrium. 

Conversely,  if  three  forces  acting  perpendicularly  to  the 
sides  of  a  triangle  keep  a  particle  in  equilibrium,  they 
shall  be  proportional  to  these  sides.* 

(6)  The  Perpendicular  Polygon.  —  Similarly,  if  any 
number  of  forces  proportional  to  the  sides  of  a  closed 
polygon  act  on  a  particle  in  directions  perpendicular  to 
these  sides  taken  in  order,  they  shall  be  in  equilibrium. 

(7)  J/"  two  forces  he  represented  hi/  the 
sides  of  a  triangle  both  drawn  from 
their  point  of  application,  their  resultant 
is  represented  hy  twice  the  bisector  of  the 
base  drawn  from  that  point. 

For  let  AB,  AD  represent  the  forces. 
Complete  the  parallelogram  of  forces 
A  BCD;  then  AC  represents  the  resultant.  Bat  the  diagonals 
of  a  parallelogram  bisect  each  other.  Hence  AG  bisects 
BD  in  £,  and  AC  is  twice  the  bisector  AE. 


Fig.  14. 


*  This  theorem  has  an  iinporfint  application  to  Hydrostatics,  in  proving  that 
the  pressure  at  a  ptjint  in  a  tluid  is  tliu  same  in  all  directions. 
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(8)  To  find  where  a  f  article 
0  must  be  placed  inside  a  tri- 
angle ABC  so  that  it  may  be 
in  eqiiilibmuin  under  forces  to 
the  vertices  represented  by  OA, 

OB,  00. 

Let  D  be  the  middle  point 
of  BO.  Then,  bj  the  last 
proposition,  the  forces  OB, 
00  have  a  resultant  WD 
along  OD.  This  must  be 
equal    and    opposite    to    the 

third  force  OA.     Hence  0  must  lie  on  the  bisector  AD  at 
a  point  such  that  OA  =  WO. 

.:    DA  =  WO    aud    DO  ^  IDA. 

[The  point  0  is  the  cetUre  of  gravity  of  the  triangle  ;  see  Chap.  XII.] 

Example.  —  Two  forces  act  along  the  sides 
AB,  AC  of  a  triangle,  and  are  represented  in 
magnitude  by  AB  and  three  times  AC  respec- 
tively. To  find  where  their  resultant  cuts  the 
hase,  and  to  determine  its  magnitude. 

Let  the  resultant  cut  the  base  in  0.  Then, 
by  the  Triangle  of  Forces,  the  force  AB  is 
etjuivalent  to  forces  AO  along  AG,  OB  at  A 
parallel  io  OB. 

Similarly  the  force  ^AC  is  equivalent  to  forces 
^AO  along  AO,  30C  at  A  parallel  to  OC. 

Therefore  the  two  given  forces  are  equivalent 
to  forces  of  magnitude  and  directio:i  4A0,  OB,  and  dOC. 

If  the  resultant  acts  along  AO,  the  two  latLf  r  forces  must  "balance. 
.-.     OA  =  WC,     and     BC  =  WC ; 
.-.     00  =  iBC,    and     BO  =  ffiC. 

Also  the  resultant  is  the  remaining  fore.;,  viz.  4^40  acting  along  AO. 


23.  Two  forces  act  along  two  sides  of  a  triangle, 
and  their  magnitudes  are  given  nxultiples  of  these 
sides.     To  find  their  resultant. 

Case  1.  Let  the  forces  be  m.AB  acting  along  AB,  and 
n.ACaloag  AC  (Fig.  17). 

Let  their  resultant  cut  the  base  BC  in  0- 
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Replace  eacli  force  by  two  component  forces   along  AO 
AE  and  parallel  to  BG. 


Fig.  18. 

Then,  by  the  Triangle  of  Forces,  the   force  m .  AB  is 
equivalent  to  forces    m  .  AO  along  AO, 

m  .OB&iA  parallel  to  OB. 
Similarly,  the  force  n  .  AC  is  equivalent  to  forces 
n  .  AO  along  AO, 
n  .00  at  A   parallel  to  00. 
Hence  the  two  forces  together  are  equivalent  to 
(m  +  n)  AO  along  AO, 
n  .  00— m  .  BO  at  A  parallel  to  BO. 
But,  if  the  resultant  acts  along  AO,  the  latter  component 
must  vanish. 

.-.     n.OC  =  m.BO; 
.'.     {m  +  n)  00  =  m  {BO  +  00)  =  m  .  BG, 
{m  +  n)  BO  =  niBO  +  OG)  =n.BG; 


B0  = 


BG, 


00  = 


m  +  ii 


BG; 


m  +  n 
which  determine  0. 

Also,  the  resultant  is  the  remaining  force,  {yn  +  n)  AO 
acting  along  AO. 

Case  2.  Let  the  forces  be  m  .  AB  acting  along  AB,  and 
n  .  GA  along  GA  (in  the  opposite  sense  to  AG,  Fig.  18). 

If  m  =  n,  the  resultant  is  a  force  m  .  GB  parallel  to  CB 
(§§15,16). 

It"  not,  let  the  resultant  cut  GB  produced  in  0. 

The  components  of  the  force  m  .  AB  are  m  .  AO  and 
7)1 .  OB   as  before,  but  those  of  n .  GA  are  represented  in 
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magnitude,  direction,  and  sense  bj  n  .  CO  and  n  .  OA, 
respectively.  Hence  the  two  forces  are  now  equivalent 
to  forces  (m  —  n)AO  along  AO, 

m  .OB-n   OC  at  A  parallel  to  BO : 
as  before      m  .  OB  =  n  .  00  ; 
.-.     (m-n    OB  =  n{00-OB)  =  n.BO, 
(m-n)  00  =  m  (OC-OB)  =  vi  .  BO  ; 


0B  = 


BO, 


00  =  ^~B0', 

nt  —  n 


and  the  resultant  is  (m  —  n)  AO  along  AO. 

[This  case  might  be  deduced  from  Case  1  hj  writing 
—  n  for  «.] 

Example.^ ABC  is  a  triangle,  and  E  the  middle 
point  of  BC  To  find  the  resultant  of  forces  at  A 
represented  in  magnitude,  direction,  and  sense  by 
2BA.  '2AE,  and  AC  respectively. 

By  the  Triangle  of  Forces,  the  resultant  of 
forces  -IB A,  lAE  is  a  force  '2BE  parallel  to  BC. 
But  IBE  =  BC :  therefore  the  three  forces  are 
equivalent  to  forces  BC,  AC  acting  at  A. 

Produce  BC  to  F,  so  that  CF  =  BC 

Then  the  two  last  forces  are  represented  by 
CF,  AC  respectively,  and  they  act  at  A. 

Therefore  the  required  resultant  is  represenkd 
by>(f. 

24,  To  find  the  magnitude  of  the  resultant  of 
two  forces  r,  Q  in  directions  at  right  angles  tc 
one  another. 


Fig.  19. 


A  P 

Fig.  20. 
Let  AB.  AD  represent  the  tw..  forces  P,  Q. 
Complete  the  rectangle  ABOD. 

STAT.  C 
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Then  AG  represents  the  resultant  force. 
Let  this  be  =  R.     Then,  by  Euclid  I.  47, 
AC'  =  AB'  +  BG'  =  AB'-\-AD'; 

.-.     B'  =  P'  +  Q' (1); 

or  resultant  force  JJ  =  V  {P^  +  Q')- 

Example. — To  find  the  resultant  of  three  forces  of  1  lb.  acting  at  a 
point,  the  angle  between  the  first  and  second  being  90°,  and  that 
between  the  second  and  third  being  45°. 

Draw  AD,   DC,   CE,   each  of      A  B 

unit  length,  parallel  to  the 
forces.  Then  AG  represents  the 
resultant  of  the  two  first  forces, 
and  AE  that  of  the  three. 

Now 
AC^  =  AD^  +  DC^  =  12  +  12  =  2. 

Also    AC    is    evidently    the 
diagonal  of  the  square  ABCD ; 
.-.      Z/1Cfl  =  45°. 

But,  by  ^  16,  Observation,  Fig  21. 

Z  DCE  =  supplement  of  angle  between  forces  =  180°— 45°  =  135°; 

.-.    ACE  =  90°; 
.-.    AE^  =  AC'  +  CE'  =  2  +  12  =  3,     ic_^  A£  =  ^/3  =  1.732.... 

Therefore  the  resultant  =  1-732  lbs.,  approximately. 

On  measuring  /  BAE  with  a  protractor,  it  will  bo  found  to  be  about 
10°.  Hence  the  resultant  makes  an  angle  of  about  10°  with  the 
middle  force. 

[As  an  exercise  the  student  .should  draw  the  diagi'ain  on  a  large  scale,  and  by 
actual  measurement  verify  that  AE  is  approximately  1*732  times  AB.\ 

[25.  Application  to  velocities  and  accelerations. — 

Since  forces  on  a  particle  are  compounded  by  the  same 
law  as  component  velocities  and  accelerations,  it  follows 
that  all  the  properties  proved,  both,  in  this  and  the  next 
chapter,  hold  equally  for  velocities  or  accelerations.! 


Summary  op  Results. 

A  straight  line  can  represent  a  force  (i.)  in  point  of 
application,  (ii.)  in  dii'ection  and  sense,  (iii.)  in  mapfni- 
tnde.  (§9.) 

Tlie  Parallelogram  of  Forces. — If  two  forces  acting  on 
the  same  particle  be  represented  by  two  adjacent  sides  of 
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a  parallelograrn  drawn  from  their  point  of  application, 
their  resultant  shall  be  represented  by  the  diagonal  of 
the  pa'"allelogram  drawn  from  that  poiut.  (§  12.) 

The  Triangle  and  Polygon  of  Forces. — If  three  or  more 
forces  acting  on  the  same  particle  can  be  represented  in 
magnitude  and  direction  (but  not  in  position)  by  the 
sides  of  a  triangle  or  closed  polygon  taken  in  order,  they 
shall  be  in  equilibrium.  (§§  16,  18.) 

Converse  of  "  Triangle.'' — If  three  forces  (P,  Q,  E)  acting 
on  a  particle  balance,  any  triangle  {ABC),  whose  sides  ai'e 
parallel  to  the  forces,  shall  have  these  sides  proportional 
to  their  magnitudes  (§  17),  or 

P_^  Q  ^R_ 
BG      CA      AB' 

Converse  of  "  Polygon."  —  If  more  than  three  forces 
balance,  a  polygon  can  he  drawn  whose  sides  represent 
them  in  magnitude  and  direction.  (§§  20,  21.) 

Resultant  of  forces  m.AB  and  n .  AC  along  AB,AC  is 

force  {m  +  n)  AO  along  AO,  wheie  m  .  BO  =  n  .  DC.    (§23.) 

Resultant  of  two  perpendicular  forces  P,  Q  is  B,  where 

B'  =  P'+Q' (1).     (§24.) 

EXAMPLES  I. 

1.  Draw  a  diagram,  as  well  as  you  can  to  scale,  bhowing  the 
resultant  of  two  forces,  equal  to  the  weights  of  6  and  12  lbs.,  acting 
on  a  particle,  w^ith  an  angle  of  60°  between  them  ;  and,  by  measuring 
the  resultant,  find  its  numerical  value.   • 

2.  The  greatest  resultant  which  three  gfiven  forces  acting  at  a  point 
can  have  is  30  lbs.,  and  the  least  is  2  lbs.  What  is  the  magnitude  of 
the  greatest  force  ? 

3.  The  greatest  resultant  which  three  given  forces  acting  at  a  point 
can  have  is  30  lbs.,  and  the  least  is  0.  Find  the  limits  between 
which  the  greatest  force  must  lie. 

4.  ABC  is  a  triangle.  Find  the  resultant  of  forces  at  A  represented 
in  magnitude  and  direction  and  sense  by 

(i.)  SAB  and  -iAC  ;        (iii.)  BA  and  ZAC ;  (v.)  UB,  oAC,  eBC  : 

^.)  2BA  and  WA  ;        (iv.)  4AB  and  bCA  ;        (vi.)  dAB,  \CA,  bCB. 
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5.  A  body  is  pulled  north,  south,  east,  and  west  by  four  strings 
whose  directions  meet  in  a  point,  and  the  forces  of  tension  in  the 
strings  are  equal  to  10,  15,  20,  and  32  lbs.  weight  respectively. 
What  is  the  magnitude  of  the  resultant  ? 

6.  Forces  P,  IP,  ZP  act  at  a  point  in  directions  parallel  to  the  sides 
of  an  equilateral  triangle  taken  in  order.     Find  their  resultant. 

7.  Show  how  to  find,  graphically  or  otherwise,  the  resultant  of  a 
number  of  forces  acting  on  a  rigid  body  at  one  point,  and  apply  your 
method  to  find  the  resultant  of  forces  1  in  an  easterly  direction,  V'2 
in  a  north-easterly  direction,  and  1  to  the  north. 

8.  What  angle  mvist  two  forces  of  5  and  12  lbs.  include  if  they  are 
balanced  by  a  force  of  13  lbs.  ? 

9.  Show  that  the  resultant  of  two  perpendicular  forces  P+Q  and 
P-  Q  is  equal  in  magnitude  to  the  resultant  of  two  perpendicular 
forces  ^/2Pand  VlQ. 

10.  The  sides  BC,  GA,  AB  of  a  triangle  are  bisected  in  /?,  E,  r, 
respectively.    Find  the  resultant  of  forces  represented  by  DA,  EB,  FO. 

11.  ABC  is  any  triangle.  At  A  are  applied  forces  k .  BC,  I.  CA,  m .  AB, 
parallel  to  BC  and  along  CA,  AB,  respectively.  Show  that  their 
resultant  is  the  resultant  of  forces  (^•—/)/lC  along  AC,  and  {)n-k)AB 
along  AB,  and  hence  find  where  it  cuts  the  base  BC 

12.  ABDC  is  a  parallelogram;  £  is  a  point  in  AC  Find  a  point  F 
in  BD  such  that  the  resultant  of  forces  represented  by  AE  and  AF 
may  act  in  the  direction  AD. 

13.  If  ^,  B,  C  are  any  three  points  in  a  straight  line,  0  any  point 
not  in  that  straight  lino;  if  a  force  represented  in  magnitude  and 
direction  by  OA  act  from  0  io  A;  if  a  force  represented  in  magnitude 
and  direction  by  BO  act  from  B  to  0,  and  a  force  represented  in 
magnitude  and  direction  by  CO  act  from  C  to  0  ;  then  show  that  the 
resultant  of  these  three  forces  cuts  the  straight  line  ABC  in  a  point  D 
such  that  AB  =  CD. 

14.  Forces  P,  Q,  whose  resultant  is  S,  act  at>a  point  0,  and  a  line 
{s  drawn  meeting  their  directions  in  L,  M,  N ;  show  that 

PjOL  +  Q/OM  =  lijON. 
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RECTANGULAR  RESOLUTION   OF   FORCES. 

26.  Resolution  of  Forces.  —  The  Parallelogi-am  of 
Forces  tells  us  that  any  two  forces  acting  on  a  particle 
are  equivalent  to  a  single  resultant  force  represented  by  the 
diagonal  of  the  parallelogram  whose  sides  represent  the 
forces  themselves.  Conversely,  if  a  single  force  be  repre- 
sented by  a  straight  line,  and  we  draw  any  parallelo- 
gram having  this  line  for  a  diagonal,  the  given  force  may 
be  replaced  by  two  forces  represented  by  the  sides  of  the 
parallelogi'am. 

In  like  manner,  the  Polygon  of  Forces  (or  rather  the  conbtruction 
of  §  19)  tells  us  that  a  force  represented  by  one  side  of  a  polygon  may 
be  replaced  by  a  number  of  forces  having  the  same  point  of  applica- 
tion, and  represented  in  magnitude  and  direction  by  the  remaining 
sides  of  the  polygon  taken  the  other  way  round. 

Definitioks. — The  process  of  replacing  a  single  forcf 
by  two  or  more  forces  having  thnt  force  for  their  i*esultan< 
is  known  as  the  resolution  of  foi'ces,  and  is  the  reverse 
process  to  the  compo'dfiou  of  forces. 

The  several  forces  are  called  the  components  of  the 
given  force. 

Thus  we  speak  of  resolving  a  force  into  compovenls,  and 
of  compounding  two  or  more  forces  into  a  single  resultuut. 

To  resolve  afuire  into  component  in  tiro  given  directions  AB.  AD,  it  is 
only  necessary  to  draw  the  straight  line  AC  representing  the  given 
force,  and  to  draw  OD,  CB  through  C  paiallel  to  BA,  DA.  respectively. 
Then,  by  the  Parallelogram  of  Forces,  AB,  AD  will  represent  the 
required  components. 
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27.  A  force  I*  is  inclined  at  an  angle  A  to  a 
given  line.  To  resolve  P  into  components  along 
and  perpendicular  to  that  line. 

Let  AG  repiesent  the  given  force  P,  and  AB  be  the 
given  line,  so  that  Z.  BAG  =  A. 

Draw  AD  perpendicular  to 
AB,  and  complete  the  paral- 
lelogram ABGD.  Then  AB, 
AD  represent  the  two  required 
components.  Let  X,Y  denote 
these  components  respect- 
ively. 

Since  BG  is  perpendicular 
to  AB,  therefore,  by  Trigonometry, 


cos  BAG  = 


41      and      sin  BAG=^. 

Ir  ^^ 

AB  =  BU-fo^  BAG  =  AG  cos  A 

and  AD  =  AG  s\n  BAG  =  AG  sin  A. 

.-.     X=rcosA      and       r  =  P  sin  ^ (1). 

Cor.  The  student  will  have  no  difficulty  in  verifying 
the  following  important  results  : — * 


Whcr.;  the  angle  A     = 

30'' 

40° 

60" 

The  component  4 

W2.F 

iP 

1  a/3  .  P 

Example. — (1)  A  force  of  10  lbs.  makes  an  angle  of  135°  witH  a 
given  line.  To  resolve  it  into  components  along  and  perpendicular  to 
that  line. 

Let    XAC  =  Ub°,   and    let   AC  represent 
10  lbs. 

Produce  XA  to  B,  and  complete  the  rect- 
angle A  BCD. 

Then  AB,  AD  represent  the  required  com- 
ponents. 

Now      IBAC  =  ,180°-j35°  =  45°. 


6 


/I 


Fig.  23. 


*  Tliose  rosults  slmuld  either  be  reinenibei-ed,  or  the  stucleut  should  be  able  Uf 
obtain  them  iustaritly. 
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Hence  the  components  along  AB  and  AD  are 

AB  =  AC  ^n  =  10  xi-/-2  =  0  x^2  lbs., 

AD  -=  ACv^k  =  10  X  ^  v/2  =  5  x/2  lbs. 

But  the  force  b^/2  lbs.  along  AB  acts  in  the  opposite  direction  to 
that  in  which  AX  is  drawn ;  hence  this  force  is  to  be  regarded  as  a 
minus  quanlitj/. 

Therefore  the  required  components  are 

—  b^/2  lbs.  along  AXf  +  5  \^2  lbs.  perpendicular  to  AX. 

Alternative  Method. — Or,  by  the  formula  (1)  aud  Trig.  §  18,  we 
have  at  once 

X  =  10 cos  135°  =  lOx  -ix/2  =  -5x^2  lbs., 

r  =  10  sin  135°  =  10  X      i '/2  =  +  5  v^2  lbs. 


(2)  Three  forces  of  5  lbs.,  6  lbs.,  and  4  lbs.  are  inclined  to  one 
another  at  angles  of  120°.  To  replace  them  by  two  forces  acting 
along  and  perpendicular  to  the  force  of  5  lbs.,  and  to  find  the 
resultant  of  the  three. 

Let  OP,  OQ.  OR  represent  the  three 
forces.  Product-  PO  to  B,  and  draw  DOE 
perpendicular  to  OP. 

Then  BOQ  =  BOR  =  60°. 

Therefore  the  force  6  lbs.  along  OQ  is 
equivalent  to 

6  X  i  lbs.  along  OB 

and         6  X  i  ^/3  lbs.  along  OD, 

or  to  —3  lbs.  along  OP 

and  3  v/3  lbs.  along  OD. 

Similarly,  the  force  4  lbs.  along  OR  is  equivalent  to 

4  X  i  lbs.  along  OB    and    4  x  i  ^/3  lbs.  along  OE, 

or  to  .-2  lbs.  along  OP    and     -2  ^^S  lbs.  along  OD. 

We  also  have  the  force  5  lbs.  along  OP. 

Therefore  the  three  forces  are  equivalent  to 

5  _  3  -  2  lbs.  along  OP    and     3  ^3-  2  V3  lbs.  along  OD, 

i.e.,  zero  along  OP    and  a/3  lbs.  along  OD. 

Therefore  the  required  resultant  acts  along  OD,  and  its  magnitude 

=.  v'S  lb3.=  1-732  lbs.  nearly-. 


Fig.  24, 
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28.  Definition.— The  resolved  part  or  resolute  of 
a  force  along  a  given  straiglit  line  is  the  component  of 
the  force  along  that  line  when  the  other  component  is 
perpendicular  to  that  line. 

Thus,  let  AB  be  the  given  straight  line,  and  let  the 
given  force  P  be  represented  by  AC.  Drop  CM  perpen- 
dicular on  AB. 

Then  AM,  MG  represent  the  components  of  P  along  and 
pei'pendicular  to  AB. 

Therefore  AM  represents  the  resolved  part  of  P  along  AB. 

This  is  the  Z-componect  of  §  27  ;  the  I'-component  is  called  the 
resolved  part  perpendicular  to  the  line. 


Fig.  25. 


Since  AM  =  AC  cos  MAC. 

.'.    resolved  part  of  r  along  AM  =  i* .  cos  MAO, 

or  the  resolved  purt  of  a  force  in  a  r/iveii  direction  is  equal  to  the  product 
of  the  force  into  the  cosine  of  the  angle  which  it  makes  icith  the  given 
direction. 

For  the  angles  30°,  4o°,  60°  the  resolved  parts  are  therefore  \VZ  P, 
Jy/'iP,  ^r,  respectively  \^  27,  Cor.). 

If  P  is  along  or  parallel  to  the  line,  X  =  P. 

If  2*  ia  perpendicular  to  the  line,  X  =  0. 

If  the  angle  is  ohtuse,  the  resolved  part  is  considered  negative,  as 
in  §  27,  Exs.  1,  2. 

if  a  force  is  resolved  into  two  components  in  directions  which  are 
nof-  at  right  angles,  these  components  are  twt  called  the  resolved  parts 
of  the  force. 

Example  2  of  §  27  shows  that  the  resultant  of  any  number  of  forces 
may  sometimes  best  be  found  by  first  resolving  each  force  into  two 
<  omponents  at  right  angles.  We  shall  now  consider  this  method 
generally,  and  shall  first  prove  the  following  important  theorem. 
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29.  The  algebraic  sum  of  the  rcsoltites  of  two 
forces  in  any  direction  is  equal  to  the  resolute 
of  their  resultant  in  the  same  direction. 

Let  AX  be  the  given  direction,  and  let  the  forces  P,  Q 
and  their  resultant  B  be  represented  as  in  Fig.  26. 

Draw  the  perpendiculars  BL,  CM,  DN  on  AX. 

Then  AL,  AN,  AM  represent  the  resolutes  of  P,  Q,  P. 

Now  it  is  easy  to  prove  geometrically*  that  AN  =  LM. 


Therefore       AL  +  AN  =  AL  +  LM  =  AM  ; 
i.e.,      sum  of  resolntes  of  P  and  Q  =  resolute  of  B. 

Cor.  The  algebraic  sum  of  the  resolutes  of  ani/  number  of  forces  on 
a  particle  is  equal  to  the  resolute  of  their  resultant  in  the  same 
direction. 

This  follows  at  once  by  applying  the  theorem  successively  to  the 
resultant  of  two  of  the  forces,  that  compounded  of  this  resultant  with 
a  third  force,  and  so  on. 

Example. — (1)  To  find  the  resultant  of  two  forces  of  1  lb.  and  3  lbs. 
inclined  at  an  angle  30°. 

Resolve  the  second  force  into  components  along  and  perpendicular 
to  tlie  first.   These  components  are  3  x  |  Vi  and  '6  %\  lbs.  respectively. 
Hence  the  two  forces  are  together  equivalent  to  forces  1  +  |  v^3  lbs. 
and  I  lbs.  acting  along  and  perpendicular  to  the  first  force. 
Let  their  resultant  be  R.     Then,  by  §  25, 

E-  =  (l  +  |^/3)2^-(|)2  =  1  +  3^3  +  ^  +  1  =  10  +  3^3; 
.-.     R=  v'(10  +  3a/3)=   v/(10  +  3  X  1-732)  =  ^/15-196  ; 
.-.     the  resultant  =  a-898  lbs.  nearly. 

•  For,  drawing  BK  iiarallel  to  A^,  tiie  triangles  DAN,  CBK  are  equal  in  everv 
respect;    .:  fiN  =  Bli  =  LM, 
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3D.  To  find    the    magnitude    of  the   resultant   of 
two  forces  inclined  to  each  other  at  a  given  angle. 

Let  AB,  AD  represent  the  components  P,  Q. 
Let  X  be  tlie  resolved  part  of  Q  aloiipf  AB. 
Complete  the  parallelogiam  ABCD.    Then  AC  repiesents 
the  resultant  Ii. 

Drop  CM,  DN  peipendicular  on  AB. 
Thon  BM  =  AN  =  X. 


Fi-  27. 


By  Euc.  II.  12,   AC  =  AB'  +  BC'  +  2AB .  BM. 
Therefore  Jf^' =  l^-  +  g-'  +  2PX (2). 

Or,  if  BAD,  the  angle  between  the  forces,  ])e  denoted  by 
A,  then  X  =  (^  cos  A,  and  therefore 

li-  =  l''+(f  +  2FQcosA    {2a). 

The  above  relation  may  be  !ll^o  written 

jt-=  I' +y  +  2pQ  cos  {r,  Q)    (2fc). 

If  Z  BAD  is  obtuse,    I  ABC  is  acute,  and  X  is  negative,  and  the 
same  thing  follows  from  Eue.  II.  13. 


If  the  I  between 
the  forces  is 


then  R-  =  P-  +  Q' 
+  1VQ  timef 


0° 

oU° 

■to-' 
a/2 

GO'' 

90° 

120° 

135° 

150° 

180° 

.^' 

^    2' 

•I 

•I 

_yi 
2 

•I 

a/3 
2 

_a/4 
•2 

Excvitplcs. — (1}  To  find  the  resultant  of  forces  of  7  lbs.  and  11  Iba. 
inclined  at  an  angle  of  00°. 

The  resolved  part  of  the  second  force  in  the  direction  of  the  first 
^-  U  COS  60°  =  5"i  lbs. 
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Therefore,  if  the  resultant  contains  R  lbs., 

i22  =  72+112  +  2.7.51 
=  49  +  121  +  77  =  247, 
whence       R  =  ^^247  =  15-716  lbs.  wt.  {'•/.  \  14,  Ex.). 

(2)  To  find  the  resultant  when  the  same  forces  include  an  angle 
of  120°. 

If  the  direction  of  the  7  lb.  force  is  produced  backwards,  the  11  lb. 
force  will  be  found  to  make  an  angle  60^  with  it.  Hence  the  resolved 
part  of  the  latter  force  is  o\  lbs.  in  the  reverse  direction  to  the 
7  lb.  force.  It  must  therefore  be  considered  negative  and  called 
-5i  lbs. 

Hence  .R- =  7"+ 11-  +  2  .  7  .  (-5i) 

=  49  +  121-77  =  93, 
whence  .2  =  V93  =  9-643  lbs.  wt. 

31.  To  find  the  resultant  of  any  number  of  fibrees 
acting  on  a  particle  in  one  plane. 

Let  Pi,  P,,  Pj ...  denote  several  foi-ces  acting  at  0. 

Take  any  direction  OX  in  the  plane  of  the  forces,  and 
draw  OY  perpendicular  to  OX.  Resolve  each  force  into 
two  components  in  the  dii'ections  OX,  OY  (§  '27). 

Let  the  components  of  Pj  be  X^,  Yj,  respectively, 
P         X    Y. 
and  so  on ;  these  components  being  taken  with  the  sign 
+  or  — ,  according  to  the  direction  in  which  they  act. 

Thns  the  system  of  forces  is  equivalent  to  forces  Xj,  Xj, 
Xj  ...  along  OX,  and  Y,,  Y.,  Y, ...  along  OY. 

Now  these  forces  may  he  compounded  in  any  order  (§  19). 

Let  us  first  compound  together  all  the  forces  acting 
along  OX.     Then,  if  X  denote  their  resultant,  we  have 
X  =  Xi  +  X,  +  X3+.... 

Let  us  next  compound  together  all  the  forces  acting 
along  OY.     Then,  if  Y  denote  their  resultant,  we  have 

Y=  Yi+r,+r3+.... 

The  whole  system  of  forces  is  therefore  reduced  to  two 
known  forces — X  along  OX,  and  Y  along  OY.  Hence,  if 
B  denote  the  final  resultant  of  all  the  forces, 
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•32.  To  find  the  resultant  of  tico  forces  P,  Q,  when  the  angle  between 
their  directions  is  any  multiple  of  1 5°. 

In  §  30,  the  expressions  for  the  resultant  are  given  for  all 
angles  that  are  multiples  of  15°,  with  the  exception  of  15°,  75°, 
105°,  165°. 

If  the  angle  between  the  forces  has  any  one  of  these  four  values, 
we  must  draw  two  perpendicular  lines  OX,  0  Y  inclined  at  angles  of 
4  5°  to  the  direction  of  one  of  the  forces,  say  P.  Then  it  will  be  seen 
from  Figs.  28-31  that  the  other  force  Q  makes  angles  of  30°  and  60° 
with  the  lines  OX,  OY,  or  these  lines  produced.  Hence  the  forces 
P,  Q  can  be  replaced  by  their  components  along  OX,  0  Y,  as  in  §  27, 
Cor.,  and  their  resultant  may  be  foimd  as  in  §  31. 


Fig.  28. 
Angle  between  forces  =  15". 


Fig.  30- 
Angle  between  forces  =  105° 


Fig.  29. 
Anglo  between  forces  =  75". 


Fig.  31. 
Angle  between  forces  =  165°. 
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Example. — To  find  the  resultant  of  two  forces  of  4  lbs.  and  2  lbs. 
inclined  at  an  angle  of  165°. 

Let  OP,  OQ  (Fig.  31)  represent  the  directions  of  the  forces  of  2  lbs. 
and  4  lbs. 

Draw  XOx  making  an  angle  45"  with  OP,  and  draw    YOy  perpen- 
dicular to  XOx. 
Then  IxOQ  =  POQ-POY-YOx  =  16o°-4.5°-90°  =  .30^ 

Z  QOy  =  60^ 
Therefore  the  components  of  the  force  of  4  lbs.  acting  along  OP  are 
4  X  v/J  or  2  ^2  lbs.  along  OX, 
4  X  -v/i  or  2  V-l  lbs.  along  0  Y ; 
and  the  components  of  the  force  of  2  lbs.  acting  along  OQ  are 
2x ^-/a  or  ^3  lbs.  along  Ox, 
2  X  i        or       1  lb.   along  Oy. 
Therefore  the  given  forces  are   equivalent  to  forces  X,   T  along 
OX,  0  Y,  where  X  =  2  V2  -  v^S, 

r=  2^/2-1. 
Therefore,  if  i?  be  the  required  resultant, 

iP  =  i2  +  r^  =  (2  x/2 -  ^/3)'  +  (2  ^2- 1)* 
=  8-4v^6  +  3  +  8-4^/2  +  l 
=  20-4  (  v^6  +  ^^2)  =  4  (5-  v/6-  -Jl) ; 
.-.     i?  =  2  >/  (5  -  ^/6  -  -/2)  lbs. 

=  2*13  lbs.  approximately  (by  calculation). 


33.  Conditions  of  equilibrium.  —  In  order  that  a 
system  of  forces  acting  on  a  particle  in  one  plane  may 
be  in  equilibrium,  it  is  necessary  and  snflBcient  that  the 
sums  of  the  resolved  parts  of  the  forces  along  two  straight 
lines  at  right  angles  shall  be  separately  zero. 

Let  OX,  OK  be  two  straight  lines  at  right  angles.  Then, 
by  §  31,  the  resultant  'R  is  given  by 

X  =  Xj  +  X,  +  . . .  =  sum  of  resolved  parts  of  forces  alongO>Y. 

r=.ri+Y,+...=    „        „        ,.        „        OY. 
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Now,  fur  equilibrinm,  R  must  =  0.  Hence  X^+Y^  must 
=  0.  But  square  quantities,  such  as  X^  and  Y",  cannot 
be  negative;  hence  they  mnst  sBverally  be  zero.  Tlius 
the  condition  JB  =  0  involves  the  pair  of  conditions 
X  =  0  and  Y  =  0. 

Conversely,  if  these  two  conditions  are  satisfiel,  E=0, 
and  the  forces  are  in  equilibrium. 

OitsEiivATiONS. — If  X  were  zero  and  Y  were  not  zero,  the  forces 
would  have  a  resultant  Y  perpendicular  to  OX. 

Tlie  proposition  shows  that,  if  the  forces  are  in  equilibrium,  the  sum  of  the 
resolved  jiarts  along  every  straight  line  is  zero.  But  this  will  lucessarily  be  the 
case  if  the  sums  of  their  resolved  parts  along  tvo  perpendicular  straight  lines  be  zero. 

The  same  thing  is  true  if  the  two  straight  lines  are  not  perpendicular.  For, 
if  the  forces  were  not  in  equilibrium,  their  resultant  would  have  to  be  perpendicular 
to  both  lines,  which  is  impossible. 

Example. — Three  forces  of  2  lbs.,  Q  lbs.,  and  72  lbs.,  acting  on  a 
particle,  are  in  equilibrium,  Avhere  the  second  and  third  include  an 
angle  of  150°,  and  the  third  and  first  an  angle  of  45°.     To  find  Q,  R. 

Let  OP,  OQ,  OR  be  the  lines  of  action  of  the  forces. 


Fig.  31. 

Take    any  point  X  on  OR.      Produce  XO  to  x,  and  draw    YOy 
perpendicular  to  it. 
Then  the  components  of  the  force  of  2  lbs.  along  OP  are 

a/2  lbs.  along  OX  and   V2  lbs.  along  OY. 
The  components  of  the  force  of  Q  lbs.  along  OQ  are 

J  v/3 .  Q  lbs  along  Ox  and  {  Q  lbs.  along  Oy  ; 
and  we  have  also  a  foice  of  H  lbs.  along  OX  ; 
.•.     the  three  forces  are  equivalent  to  forces  of 

v/2  -  i  v/3  .  Q  +  i?  lbs.  along  OX,     Vi-^Q  lbs.  along  0  Y. 
But  those  are  each  zero. 
Therefore  Q  =  2^/2  lbs.,  E  =  a/6-  a/2  lbs. 
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^  *34.  Lami's  Theorem. — If  three  forces  Tceep  a  particle 
iit  equilibrium,  each  force  is  proportional  to  the  sine  of  the 
angle  between  the  other  ttco. 

Let    the   forces   P,   Q,  -R   act   along  OP,  OQ,  OR.     If 
thej  are  in  equilibrium,  we  have,  bj  §  33, 

sum  of  resolved  parts  perpendicular  to  OR  =  0. 
But  R  has  no  resolved  part  perpendicular  to  OR. 
Therefore   resolved  parts   of  P,  Q  perpendicular  to  OR 
are  equal  and  opposite. 


-^r 


Fig.  32. 

.-.     PsmROP  =  Q  sin  QOR. 

P  ^  sin  QOR 
Q       sin  ROP ' 

Similarly,  by  resolving  perpendicular  to  OP,  we  have 

Q  _  sin  ROP 


B       sin  POQ  ' 
P       ^       Q  B 


sin  QOR       sin  ROP       sin  POQ 

J    as  was  to  be  proved. 


(4) 


[Tliis  relation  is  usually  deduced  from  the  Triangle  of  Forces,  by  means  of 
a  well-known  theorem  in  Trigonometry  which  asserts  that  in  any  triangle 
each  side  is  proportional  to  the  sine  of  the  angle  between  tSie  ether  two.] 
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35.  To  find  the  direction  of  the  resultant  of  two 
given  forces  A',   ¥  acting  at  right  angles. 
•    If  the  forces  X,   Y  are  represented   by  AB,  AD,  their 
resultant  is  represented  by  AU,  the  diagonal  of  the  paral- 


Fig.  33. 

lelogram  ABCD.     Also,  since  X,  Y  are  at  right  angles, 
the  angle  ABC  is  right. 
Hence,  by  Trigonometry, 

UnBAC  =  %  =  l    (5). 

This  determines   the  tangent  of  the  angle  BAO,  and 
from  it  the  angle  itself  may  be  found. 

If  tan  BAG  is  ^-/S,  1,  or   a/3,  we  know  that  the  corresponding 
vahics  of  the  angle  BAG  are  30°,  45°,  and  60°  respectively. 
The  magnitude  of  the  resultant  is  R  where 

iP  =  Z2+r=i    (§24). 

Hence  the  resultant  is  completely  determined  both  in  magnitude 
and  direction  by  its  two  components  X,  Y. 

Example. — Two  forces  of  -v/3  lbs.  and  1  lb.  include  an  angle  of 
1-50°.     To  find  the  direction  and  magnitude  of  their  resultant. 

Koplace  the  forces  by  two  forces  X,  Y  acting  along  and  perpen- 
dicular to  the  direction  of  the  force  of  a/3  lbs.     Then,  as  in  §  28, 
X=  v'3-1a/3.  1  =  ^v/3  1bs., 
r^ilb.;" 

"     X        a/3 

.-,     the  resultant  makes  an  angle  30°  with  the  force  of  a/3  lbs. 

A-lSO  J22  =  X2+1T!=   1+^  =   1; 

.••    resultant  E  =  1  lb. 


tan  30° : 


J 
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36.  Work. — Definition. — If  a  particle 
be  moved  from  A  to  C  under  the  action 
of  ii  constant  force  P  acting  parallel  to 
AB,  and  if  CB  be  drawn  perpendiculai'  to 
AB,  then  the  product 

r  X  (distance  AB) 

is  called  the  work  done  by  the  force  on  the  particle  in 
changing;  its  position. 

The  distance  moved  AG  is  called  the  displacement  of  the 
particle,  and  AB  is  called  i\\Q  projection  of  this  displace- 
ment on  the  direction  of  the  foi"ce. 

Obsekvatiox. — This  definition  holds  good  whether  the  displacnn<  iit 
AO  is  large  or  small,  provided  that  the  force  P  remains  constant  while 
the  particle  is  moving  from  ^  to  C. 

37.  The  work  done  by  a  force  is  the  product  of 
the  displacement  of  its  point  of  application  into 
the  resolved  part  of  the  force  in  the  direction  of 
that  displacement. 

Let  AP  represent  any  force  P,  and  let  the  particle  on 
which  it  acts  be  moved  from  A  to  G.     Drop  PM,  GB  per- 


C 

Fig.  35. 

pendicular  on  AG.  AP.  Then  AM  represents  the  resolved 
part  of  P  along  AC.  Since  the  angles  AGP  and  AMP  are 
right,  a  circle  whose  diameter  is  GP  will  pass  through 
B,  G,  M,  P,  and  therefore,  by  Eac.  III.  36,  Cor., 

AP.AB  =  AG.AM; 
that  is,  PxAB  =  AG^  (resolved  part  of  P  along 

_AG), 
or,  work  done  by  force  P  =  displacement  X  resolved  part 

of  P  along  direction  of  dis- 
placement. 
:tat.  d 
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38.  Principle    of    work    for    a    single   particle. 

When  a  particle  is  moved  from  one  jjosition  to  another  under 
the  action  of  any  number  of  forces,  the  algebraic  sum  of  the 
works  done  by  the  several  forces  is  equal  to  the  work  done  by 
the  residtant. 

For  if  the  pai'ticle  move  from  A  to  G,  then  algebraic 
Sum  of  woi'ks  done  by  the  several  forces 

=  AG  X  algebraic  sura  of  resolved  pai'ts  of  the  several 
forces  along  AG 

==  AG  X  resolved  part  of  resultant  along  AG  (§  29) 

=  Avork  of  resultant. 

39.  From  this  we  get  tlie  folhAving  important  corol- 
lary :— 

Cor.  If  a  particle,  acted  on  by  any  mtmber  of  forces  in 
equilibrium,  is  moved  from  one  position  to  another,  the  al- 
gebraic sum  of  the  icorks  done  by  the  several  forces  is  zero. 

Foi',  iu  this  case,  the  algebraic  sum  of  the  resolved 
parts  of  the  forces  along  AG  is  zero,  "whence  the  result 
follows  at  once. 

Summary  of  Results. 

Components  of  P  along  and  perpendicular  to  line  inclined 
at  angle  A  are  X  =  F  cos  .4,  Y  =  T  sin  A  ...(i),  (§  27.) 
and  X  is  called  the  resolved  part  of  P  along  the  line.  (§  28.) 

For  A  =  30°,     X  =^  ^  V3  .  P,       Y=  iP. 

For  A  =  60°,     r  =  i  v/3  .  P,      X  =  Jp. 

For  A  =  45°,     X=Y  =  ^^2.P 

Magnitude  of  the   resultant  of  any   two  forces  P,   Q  is 

given  l.y  li'  =  I'-\-Q-\-2PX  (2),  (§  30.) 

=  P'+Q'  +  2PQ  cos  (P,Q), 
^'here  X  =  resolved  part  of  Q  along  P, 

and  (P,  Q)  =  angle  between  forces  P,  Q. 

If  B  is  resultant  of  forces  whose  rectangular  com- 
ponents are  Xj,  Y, ;  X^,  Y^,  &c., 

E*=  (X,  +  X,+  ...)^-f  (r,  +  Y,+  ...)^  ...  (3).     (§31.) 
For  equilibrium  both 

X,+  X,+  ...  =0  and  Y,+  Y,+  ...=0.  (§33.) 
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If  three  forces  P,  Q,  B  balance, 

^         —         Q         —         ^  C4,^      (s.  Q4 1 

sin  (Q,R)       sin(/i',  P)       sm(P,  Q)""  ^  '''     ^^      '^ 

■     Direction  of  resultant  of  perpendicular  forces  X,  Y  makes 

witli  X  an  angle  whose  tangent  =  Y/X (5).     (§  35.) 

Work  done  by  P  in  displacement  AG 

=  Px  (projection  of  >?(?  on  P)  (§36.) 

—  AGx  resolved  part  of  P  along  AG.       (§  37.) 
Principle  of  Worh. — Algebraic  sum  of  works  of  com- 
ponents =  work  of  resultant.  (§  38.) 

^  EXAMPLES  II. 

1.  Eesolve  the  following  forces  into  components,  along  and  perpen« 
dicularto  the  straightlines  to  which  theyare  inclinedatthe  given  angles: 

(i.)  4  lbs.,  30°;         (iv.)  3  tons,  90°;  (vii.)  8  cwt.,  150°; 

(ii.)  8'/2oz.,45°;      (v.)  12  grammes,  120°  ;    (viii.)  4  mgr.,  180°; 
(iii.)  10  kilog.,  60°;   (vi.)  5  lbs.,  135°  ;  (ix.)  6  stone,  0°. 

2.  A  force  equal  to  20  Yha.  weight,  acting  verticallj-  upwards  is  re- 
solved into  two  forces,  one  of  which  is  horizontal  and  equal  to  1 0  lbs. 
weight.   What  is  the  magnitude  and  direction  of  the  other  component  ? 

3.  A  force  of  ^3  lbs.  bisects  the  angle  between  two  straight  lines 
which  include  an  angle  of  60°.  Find  (i.)  the  components,  (ii.)  the 
resolved  parts,  of  the  force  along  these  lines. 

4.  Find  the  magnitudes  of  the  resultants  of  the  following  pairs  of 
forces  inclined  at  the  given  angles,  namely — 

-      (i.)  3  and  4  lbs.,  0° ;  (vi.)  2  and  4  lbs.,  60° ; 

(ii.)  10  and  24  grammes,  90° ;       (vii.)  5  and  10  lbs.,  120° ; 
(iii.)  5  and  6  tons,  180°;  (viii-)  4  and  12  mgr.,  30°; 

(iv.)  1  and  3  v/2  kilog.,  45° ;  (ix.)  4  and  6  oz.,  150°. 

(v.)  4  V2  and  1  cwt.,  135° ; 
I        5.  Two  forces  of  4  lbs.  and  10  lbs.  respectively  act  at  a  point  and 
are  inclined  to  each  other  at  an  angle  of  60°.    What  is  the  magnitude 
of  their  resultant  ? 

6.  Indicate  two  forces,  at  right  angles  to  each  other,  •which  could 
-maintain  equilibrium  with  the  above  (see  Ex.  5). 

7.  Show  how  to  find  the  resultant  of  two  forces  represented  by  the 
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diagonal  of  a  square  and  one  of  the  sides  meeting  the  diagonal,  botk 
acting  from  the  point  where  they  meet.  Prove  that  its  magnitude 
=  a/o  X  a  side. 

8.  A  force  of  10  lbs.,  acting  northwards,  is  resolved  into  three 
components,  of  which  one  is  6  lbs.  north-eastwards,  and  another 
2  lbs.  westwards.     Find  the  third  component. 

9.  A  straight  line  COB  has  a  lino  OA  at  right  angles  to  it,  and 
forces  each  of  7  lbs.  act,  one  along  OA,  another  along  OB,  and  a  third 
along  the  bisector  of  the  angle  CO  A.  Find  the  magnitude  of  the 
resultant. 

10.  What  is  the  resultant  of  three  forces,  3,  4,  and  5  lbs.,  acting 
at  a  point  along  lines  making  angles  of  120°  with  each  other  ? 

11.  If  two  forces  P  and  Q  act  upon  a  particle  (i.)  when  the  angle 
between  their  directions  is  60°,  (ii.)  when  it  is  120°,  and  if  E  and  S 
are  the  resultants  in  these  two  cases,  prove,  geometrically  if  possible, 
that  ie^  +  ^S^  =  2(P2+Q2). 

12.  i?,  S  &Te  the  smallest  and  greatest  forces  which,  along  with  P 
and  Q,  can  keep  a  particle  at  rest.  Show  that,  if  P,  Q,  \/ltS  keep 
a  particle  at  rest,  two  of  the  forces  are  perpendicular  to  each  other. 

13.  Two  forces,  of  magnitudes  1  and  3,  have  a  certain  resultant  when 
their  directions  contain  a  certain  angle ;  the  square  of  the  resultant 
is  doubled  if  the  direction  of  one  of  the  forces  is  reversed.  Find  the 
resolved  part  of  the  former  force  along  the  direction  of  the  latter. 

14.  Find  the  cosine  of  the  angle  between  the  directions  of  forces 
of  5  and  7  units,  which  have  a  resultant  of  8  units.  Show  that  the 
angle  itself  exceeds  90°. 

16.  A  force  of  10  a/2  lbs.  is  inclined  at  angles  75°  and  15°  to  two 
perpendicular  straight  lines.  Find  the  resolved  parts  of  the  force 
along  these  lines  by  first  replacing  it  by  its  components  along  the 
internal  and  external  bisectors  of  the  angles  between  them. 

16.  Calculate,  to  two  places  of  decimals,  the  resultants  of  5-^/2  and 
10  lbs.  when  the  angle  between  them  is  15°  and  when  it  is  105°; 
also  the  resultants  of  2^/2  and  3  lbs.  at  an  inclination  of  75°  and 
also  of  165°. 

17.  If  i?  be  the  resultant  of  forces  F+X  and  Y  acting  at  right 
angles,  write  down  the  expression  iovJi^;  and  itX,  Fare  the  resolved 
parts  of  a  force  Q  along  and  perpendicular  to  the  direction  of  F, 
deduce  the  formula  Jt^  =F^  +  Q^  +  2FX. 
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EXASnNATIOX  PAPER  I. 

1.  What  is  meant  by  the  rettiltant  of  two  forces,  and  how  can  it  be 
determined  ? 

2.  State  the  proposition  known  as  the  "  Parallelogram  of  Forces," 
and  describe  an  apparatus  for  verifying  it  experimentally. 

3.  Assuming  the  truth  of  the  "  Parallelogram  of  Forces,"  enun- 
ciate and  prove  the  proposition  known  as  the  "  'i'riangle  of  Forces." 

4.  Forces  of  2,  .3,  and  4  lbs.  act  at  a  point  0  in  directions  parallel 
to  the  sides  AB,  AC,  BC  of  an  equilateral  triangle,  re8i)ettively. 
Find  their  resultant. 

5.  State  the  proposition  known  as  the  "  Polygon  of  Forces."  How 
far  is  the  converse  true  ? 

6.  If  P  be  a  point  in  a  straight  line  AB  .<uch  that  m .AP  =  u.PB, 
and  if  0  be  any  other  point,  prove  that  two  forces  repKScuttd  by 
»i .  OA  and  n .  OB  have  a  resultant  represented  by  {m  +  n) .  OP. 

7.  Show  that  a  force  may  be  resolved  into  two  components  in  any 
number  of  different  ways,  and  explain  what  ia  meant  by  the  resolved 
part  of  a  force  in  any  given  direction. 

8.  ABDC  is  a  parallelogram ;  f  is  a  point  in  CD.  Find,  when 
possible,  a  point  F  in  AB  such  that  the  magnitude  of  the  resultant  of 
two  forces  represented  by  AE,  AF  may  be  represented  in  magnitude 
by  AD. 

9.  State  and  prove  the  formula  giving  the  magnitude  of  the 
resultant  of  any  two  forces  in  terms  of  the  components  and  the 
resolved  part  of  one  component  along  the  line  of  action  of  the  other. 

10.  Three  forces  act  at  a  point  and  keep  equilibrium ;  find  their 
ratios,  having  given  the  angles  between  them. 


CHAPTEE    III. 


THE  INCLINED  PLANE. 

40.    Equilibrium    on    a   smooth    inclined  plane. — 

The  conditions  of  equilibrium  of  a  weight  resting  ou  an 
inclined  plane  may  be  found  very  readily  by  means  of 
either  the  Triangle  of  Forces  or  the  Principle  of  Work, 


when  the  weight  is  either  pushed  against  the  plane  by 
a  horizontal  force,  or  is  supported  by  a  foi-ce  acting  along 
the  plane. 

The  force  employed  to  support  or  raise  the  weight  is  sometimes 
called  the  cjl^'ort  ov  power. 

The  Ie»gth,  base,  and  /leiffht  of  the  plane  will  sometimes  be  denoted 
by  the  letters  /,  b,  h ;  the  meaning  of  these  terms  is  evident  from  Fig.  36. 

In  diagrams  it  is  usual  to  represent  an  inclined  plane  by  its  section 
ABC. 

In  what  follows  we  shall  have  to  make  use  of  Newton's 
Third  Law,  which  asserts  that  action  and  reaction  are  equal 
and  opposite. 

When  the  surface  of  a  body  is  perfectly  smooth,  the 
reaction  which  it  exerts  on  any  other  body  is  always  per- 
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peudieular  to  the  surface,  this  being  the  definition  of 
smoothness.  This  reaction  is  often  called  a  thrust  or 
force  of  pressure  {incorrectly  termed  a  pressure). 

When  one  smooth  body  slides  on  another,  no  work  is  done  by  or 
against  their  reactions. 

41.  Equilibrium  on  an  inclined  plane  under  a 
supporting  force  applied  horizontallij. 

Let  a  body  of  weight  W  be  supported  at  any  point  0 
on  the  plane  ABC  by  a  horizontal  lorce  P. 

It  is  required  to  find  P,  the  dimensions  of  the  section 
ABC  being  supposed  given. 

The  three  forces  which  keep  the  body  in  equilibrium 
are: 

(i.)  The  weight  W  acting  vertically  downwards,  and 
therefore  perpendicular  to  AB. 

(ii.)  The  applied  force  P  acting  horizontally,  and  there- 
fore perpendicular  to  BG. 

(iii.)  The  reaction  of  the  plane,  acting  perpendicular  to 
CA.     Let  this  reaction  be  denoted  by  B. 


Therefore  the  three  forces  W,  P,  22  act  perpendicular 
to  AB,  BG,  GA  respectively. 
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Turn  the  inclined  plane  round,  through  a  right  angle, 
into  the  position  DBF,  so  that  its  base  DE  is  now  vertical 
and  its  height  EF  horizontal  (Fig.  38).  Then  the  forces 
W,  P,  B  are  parallel  to  DE,  EF,  FD. 

Hence,  by  the  Triangle  of  Forces,  the  three  sides  of  the 
triangle  DEF  can  represent  the  three  acting  forces  W,  P,  B 
both  in  direction  and  in  masfnitude. 

Also  the  triangles  DEF,  ABC  are  equal  in  all  respects ; 

tlierefore     7^=  ^rp 
cF      Dt 


B 

P        W       B 

FD^    '' 

BG     AB      CA 

Fig.  37. 


Fig.  38. 


Therefore 


r 

h 


W 
h 


I 


p=  Tr'x^!?ii^*-5^p^^ (1), 

base  of  plane 

jl-^  jyy  length  of  plane  ^2), 

base  of  plane 

Since  action  and  reaction  are  equal  and  opposite  (by 
Newton's  Third  Law),  the  weight  presses  against  the 
plane  with  a  force  equal  and  opposite  to  the  reaction  of 
the  plane,  and  the  magnitude  of  this  force  of  pressure  is 
therefore  B  and  is^given  by  (2). 


I 
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42.  Alternative   metliod.  —  The   expression  for  the  stippoi-thiff 
force  P  also  follows  vei'i/  simphj  fiom  the  Principle  of  Woik. 

Let  the  force  P,  acting  horizontally,  push  the  weight  up  the  plane 
from  ^  to  C  with  uniform  velocity.*  Then  the  horizontal  and  vertical 
distances  traversed  by  the  weight  are  AB,  BC  respectively ;  hence  the 
works  done  by  Pand  against  TFare  Px  AB  and  77"  x  BC.  Therefore, 
since  the  work  of  £  is  zero,  we  have,  by  the  Principle  of  Work, 
PxAB  =  TTxBC: 

.:    P=Wx^^=Wx^^^    (1). 

AB  base  ^   ' 

as  before. 

[It  would  be  less  easy  to  determine  the  reaction  R  by  means  of  the 
Principle  of  Work.] 

43.  Trigonometrical  Expression. — If  A  denote  the  angle  of  inclinu- 

BC 
tion  BAC,  we  have  tan  ^  =  —  , 

.-.     P=  77'tan^    (!«}. 

[This  relation  may  also  be  found  by  eqnating  the  resolved  parts  of  P  and  W 
along  the  plane.    For  P  makes  an  angle  A  with  the  plane,  while  W  make.s  an 
angle  A  with  a  line  perpendicular  to  the  plane.    Hence  we  obtain 
P  cos  ^  =  jr  sin  J  ; 

.-.    P  =  If'^HLd  =  n'tan  A.      [Trig.  §  14.] 
cos^ 

In  like  manner,  by  re-solving  vertically,  we  should  have 

iJ  cos  ^  =  IT, 

or  JJ  X  —  =  IT, 

AC 
a  resnlt  in  accordance  with  (2)]. 

Cor.    The  follmoing   remits   should   be    verified    by    the 
student  as  an  exercise : — 

If  the  inclination  of  the  plane  is 

0°,        30°,         45°,         60°, 
the  horizontal  force  required  to  support  W  is 

0,        yiTF,       W,       v/3TF, 
and  the  force  of  pressure  on  the  plane  is 

W,      v/iTF,    v/2Tr,      2TF. 

•  If  the  velocity  were  not  nnifonn,  the  forces  IF,  P,  It  wonld  not  be  in 
equilibrium,  and,  moreover,  we  should  Iwve  to  take  account  of  the  work  done 
?n  producing  kinetic  energy. 
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Example. — To  find  the  horizontal  force  which  will  support  a  weight 
of  half  a  ton  on  an  incline  of  30°. 

Here  Z.BAC  =  30°, 

.-.     fiC  =  >lfitan30°  =  >1flxiv/3; 
also    7F  =  J  ton  =  10  cwt.,  and  the  applied  force  P  acts  horizontally ; 

.-.    P  =  7rxiy3=i^v/3cwt., 
or  required  force  =  5-7735  ...  cwt. 

=  5  cwt.  3  qrs.  2f  lbs.  wt.  nearly. 


44.  Eq-ailibrium  on  an  inclined  plane,  the  sup- 
porting force  acting  along  the  2)lane. 

Let  a  given  weight  W  rest  on  a  smooth  inclined  plane 
of  given  section  ABC,  and  let  it  be  kept  from  sliding  down 
by  a  force  P  acting  up  the  plane. 


Fi-.  40. 


It  is  required  to  find  the  magnitude  of  P. 
Let  R  be  the  reaction  of  the  plane. 
Then  the  forces  acting  on  the  weight  are 

P,  acting  in  the  direction  AC  ; 

W,  acting  vertically  downwards  ; 

11,  acting   perpendicular  to  the  plane  (since  the 
plane  is  smooth). 

Pioduri;   iho   vertical  CB   to    D,    and    make    CD  =  CA. 
Also   diaw  DE  perpendicular  on  the  plane,     Theu  the 


THE    INCLINED   PLANE.  43 

triangles  ABC,  DEC  are  equal  in  all  respects,  and  tberefoi  e 

EC  =  BC,    DE  =  AB. 

Now,  the  forces  P,  TF,  K  are  parallel  to  the  sides  EO, 
CD,  DE  of  the  triangle  DEC.     Therefore,  by  the  Triangle  of 

T.  F       W       B  P        w       n 

^''''''      EC  =  GD  =  DE'   ''    BG  =  CA  =  AB- 


whence 


h         I         b 


Therefore         1>  =  W  x  ^^^^^^^  of  plane    ^3^^ 

length  of  plane 

^^,^.^Jba^eofplane_    ^^^^ 

length  of  plane 

45.  Alternative  method. — The  expression  for  F  aho  fallout  very 

simply  from  the  Principle  of  Work. 

Let  the  force  P  applied  along  an  inclined  plane  pull  the  weight  W 
from  the  bottom  to  the  top  of  the  plane  with  uniform  velocity.  Then 
P  moves  its  point  of  application  along  the  length  AO,  and  the  weight 
W  is  raised  against  gravity  through  the  vertical  height  BC  of  the 
plane.    Equating  the  two  amounts  of  work,  we  have 

Px  length  of  plane  =  JTx  height  of  plane, 

p  ^  ^,  ^  height^Tplane  .3. 

length  of  plane 

Example. — A  road  rises  440  feet  in  a  mile.  To  find  the  pull  that  a 
horse  must  exert  on  a  cart  weighing  6  cwt.  to  draw  it  up  the  road. 

Let  the  force  be  P  cwt.  Tlien  work  done  by  P  in  moving  its  point 
of  application  through  1  mile  =  work  required  to  lift  6  cwt.  through 
440  feet;  .-.     Px  5280  =  440  x  6  ; 

6^x  440  ^  ^ 
5280    ~  12 


P  =  ^^'^^^^  =  ^  =  ^  cwt.  =  56  lbs.  wt. 


46.  Trigonometrical  Expressions. — Taking  Z  BAC  =  A, 

we  have  sin  A  =  — -,    cos  A  =  — : 

AC  AG 

therefore  P=  JTsin^ (3a), 

R  =  WcaaA (4fl). 
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[These  expressions  may  also  be  found  by  resolving  along  the  plane  and 
peri)endicular  to  it,  for  the  resolved  parts  of  (K  perpendicular  and  along  the 
plane  are  JFcos^  and  IFsin  A,  and  these  are  equal  respectively  to  P  and  ii.] 

Cor.   The  following  results  should  be  verified  by  the  studeul 
as  an  exercise  : — 

If  the  inclination  of  the  plane  is 

0,        30°,        45°,        60°,        90°, 
tlie  force  up  the  plane  which  will  support  W  is 

0,         ^/W,     yi^^,      v/f^.     ^^W, 
and  the  force  of  pressure  on  the  plane  is 

yflF.    yiTF,    ^^W,    ^\W,        0. 

Example. — To  find  the  force  acting  up  an  incline  of  30°  that  will 
support  a  weight  of  ^  cwt. 

In  this  case  the  required  force 

height  of^lane^,^^^^.^3Q, 
length  of  plane 
=  i  cwt.  =  28  lbs.  wt. 


=  weight  X 


47.  Equilibrium   on   an   inclined  plane,   the    supporting 
force  being  applied  in  any  direction  whatever. 

When  the  supporting  force  P  is  applied 
in  any  direction  other  than  those  con- 
sidered above,  its  magnitude  can,  in 
general,  only  be  calculated  by  Trigono- 
metry, but  it  may  be  determined  graphic- 
ally thus: — 

On  the  vertical  through  0  measure  OD 
downwards  containing  as  many  units  of 
length  as  tliere  are  units  of  force  in  the 
weiglit  TT'.  Draw  DF  perpendicular  to 
the  inclined  plane,  and  let  it  meet  the 
line  in  which  F  is  applied  in  the  point  £. 
Then,  by  the  Triangle  of  Forces,  EO  re- 
presents the  force  F,  and  DE  represents 
the  reaction  R.  Hence,  if  the  figure  is  carefully  drawn,  F  and  X  can 
be  found  by  measuring  the  lengths  EO,  DE. 

For  difiForent  direolions  of  P,  the  point  £  always  lies  on  the  straight 
Jine  DF.     Fividently  EO  is  least  when£  is  at  F,  because  the  perpen 


Fig.  41. 


The  inclined  plane. 
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dicular  OF  is  less  than  any  other  straight  line  drawn  from  0  to  the 
line  DE. 

Hence  the  force  required  to  support  a  given  weight  is  least  ichcu  it 
acts  along  the  plane. 

To  find  P  and  S,  having  given  that  the  inclination  FOE  =  B,  we 
tnay  resolve  along  and  perpendicular  to  the  plane  (applying  §  33),  and 
obtain        FcoaB  =  WsinA,     £+ Ps'm  Ji— TFcosA  =  0, 
where  A  —  L  FDO,    =  inclination  of  plane, 

sin  ^  =  hi,   and   cos^  =  bjl. 

48.  The  Triangle  of  Forces  can  often  be  applied  to 
the  equilibrium  of  weights  supported  by  strings,  rods,  or 
inclined  planes,  when  it  is  required  to  calculate  the  sup- 
porting forces.  In  drawing  a  diagram  to  represent  these, 
it  frequently  happens  that  cert^iin  lines  naturally  fonn  a 
triangle  of  forces,  and  the  problem  is  then  very  simple. 

The  following  may  be  taken  as  types  of  such  problems : — 

Examples. — (1)  Tn  the  crane  ACB,  the 
jib  or  rod  CA  is  12  ft.  long,  and  is  con- 
nected to  the  wall  BC  by  a  chain  AB,  8  ft. 
long,  attached  at  a  point  B  6  ft.  above  C- 

To  find    T  the  pull  of  the    chain  and 
Pthe  thrust  of  the  rod,  when  a  weight  W, 
equal  to  18  cwt.,  is  hung  from  A 
The  forces  at  A  are 
(i.)  r  along /Ifi, 
(ii.)  P  along  CA, 
(iii.)   JF  or  18  cwt.  acting  vertically, 

that  is,  is  parallel  to  BC. 
Hence  these  forces  are  parallel  to  the 
sides  of  the  triangle  ABC 

Therefore,  by  thr^  Trianglf^  of  Forces,  T,  P,  W  can  be  represented 
in  magnitude  by  AB,  CA,  BC 

But  AB  =  ?>  ft.,     CA  =  12  ft.,     BC  =  &  ft. ; 

.-.    AB  =  iBC    and    CA  =  1BC; 
.-.     T=±TF     and       P  =  2TF. 
But  IF  =  18  cwt. : 


and 


tension  of  chain  T  =  ^  x  18  =  24  cwt., 
thrust  of  jib  P  =  2  X  18  =  36  cwt. 
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(2)  A  string  is  attached  to  two 
pegs  A,Gina,  horizontal  line  24  ft. 
apart,  and  a  weight  of  10  Ihs. 
is  suspended  from  its  middle  point 
B.  If  this  point  falls  5  ft.  below 
the  line  AC,  to  find  the  tension 
in  the  string. 

Complete  the  parallelogram 
ABCD. 

Since  AB  =  BO,  BD  evidently 
bisects  /4C  at  right  angles  in  E, 
and  BED  is  vertical. 

Let  BA,  BO  represent  the  ten- 
sions in  the  two  portions  of  the  strinj 


Then,  by  the  Parallelogram 


of  Forces,  DB  represents  the  weight  of  10  lbs. 

Now,  we  are  given  that    BE  =^  5  ft.,     £C  =  12  ft. 

.-.     BC-  =  fif'  +  fC-  =  o2  +  122  =  13-^;     or    fiC  =  13  ft. 
Also  BD  =  2BE  =  10  ft. 

Since  i5f  or  10  ft.  represents  a  force  of  10  lbs., 

.-.     BO,  which  is  13  ft.,  represents  a  force  of  13  lbs. 
Therefore  the  tension  of  the  string  =  13  lbs. 

(3)  AB  and  AO  are  two  chains  9  ft.  and  12  ft.  long  attached  to  pegs 
B,  C  at  a  horizontal  distance  of  15  ft.  apart.  To  find  the  pulls  in  the 
chains  when  a  weight  of  I  ton  is  suspended  from  A . 

Here  the  lengths  AB,  AO,  BO  are  proportional  to  3,  4,  5 ; 

.-.    B0'  =  BA^  +  AO'; 

therefore  BAO  is  a  right  angle  (by  Euc.  I.  48). 

Let  P  be  the  pull  in  AB,  Q  that 
in  AO,  and  let  TF=  I  ton,  the 
weight  at  A.  Then  P  acts  per- 
pendicular to  OA,  Q  perpendicular 
to  AB,  and  TF  acts  perpendicular 
fo  BO.  Hence  the  three  forces  at 
A  act  perpendicular  to  the  sides  of 
ABO.  Therefore,  by  the  Perpendi- 
cular Triangle  of  Forces,  F,  Q,  IF 
are  ropresfintable  in  magnitude  by 
OA,  AB,  BO,  that  is,  by  9,  12, 
\o  ft.  respectively. 

Therefore 
P  =  ifTT  =  f  of  a  ton  =  16  cwt., 

Q  =  JL^  =  I  of  a  ton  =  12  cwt. 


J5/i 


Fig.  44 
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(4)  A  -weight  of  1  lb.  is  suspended  by  a  string.  To  find  the  angle 
through  which  the  string  will  be  puHei  aside  out  of  the  vertical  by 
horizontal  force  of  V3  lbs.,  and  to  find  the  puU  in  the  string. 

-  Let  T  be  the  required  pull  in  the  string, 
W  the  weight  (=  1  lb.),  F  the  horizontal 
force  (=  -yz  lbs.). 

Let  PK  be  the  position  of  the  string,  the 
weight  being  at  K.  Then  if  the  horizontil 
line  KM  meets  the  vertical  PM  at  M,  the 
forces  TT.  F,  T  are  represented  in  direction  " 
by  PMy  MK,  KP,  and  therefore  they  can  also 
be  represented  in  magnitude  by  these  lines. 

Now  F^  ViW- 

MK  =  ^'ZPM; 
.-.      Z  MPK  =  60^ 
and  I  MKP  =  30°. 

Therefore  the  string  makes  an  angle  60'  with  the  vertical. 

Also  PK  =  2PM ; 

.-.     the  required  pull  T  =  2  /T  =  2  lbs.  wt. 

(5)  A  weight  of  1  ton  is  attached  at  fl  to  a  rod  AB,  which  is  drawn 
aside  from  the  vertical  position  through  30°  by  a  chain  BD  attached 
to  B.  Find  the  pull  in  the  rod,  supposing  BD  to  make  an  angle  of 
60',  (i.)  with  the  upward  drawn  vertical,  (ii.)  with  the  downward 
drawn  vertical. 

Let  R  be  the  required  pull  in  the  rod  BA,  P  the  pull  in  the  chain 
£D,  Q  (=  1  ton)  the  given  weight. 


<L 
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Take  any  point  A  on  Hxe  rod,  and  let  the  vertical  through  A  meet 
!DB  produced  in  C. 

Then  the  forces  P,  Q,  E  are  represented  in  direction  by  CB,  AC.BA. 
'Therefore  they  can  also  he  represented  in  magnitude  by  these  lines. 
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(i.)  In  the  first  figure, 

Z^/4C  =  30°,      lACB=&Q°\     and     .-.      Z  Gfl>4  =  90°. 

...     BA  =  ^AC. 
2 

.*.    required  pull  J?  =  —-  Q  =  —  tona  weight, 

(ii.)  In  the  second  figure, 

Z  BAO  =  60°,     Z  ECB  =  30° ;     and     .-.      z  CBA  =  30°. 

Therefore  ACB  is  an  isosceles  triangle  having  its  b;ise  angles  ench 
30°,  and  if  C  be  joined  to  the  middle  point  of  AB,  the  triangle  ACB 
will  be  divided  into  two  triangles  whose  angles  are  30°,  60°,  90°. 
(Trig.,  §  19.) 

.-.     AB  =  2x  ^  AC  =  V3AC. 

2 

.-.    required  pull  i2  =  \/3  Q  =  -/S  tons  weight. 


Summary  of  Results. 

For  equilibrium  of  weight  IF"  on  a  smooth  inclined  plane, 
if  supporting  force  P  be  horizontal, 

P  =  Wx  (heiglit)-^(base)...  (1),     (§  41.) 
reaction  B=Wx  (length) -=- (base)  ...  (2).     (§  41.) 
Work  done  in  drawing  W  up  plane 

=  Wx  (height)  =  Px  (base). 
[In  terms  of  the  inclination  A, 

P=  Wta.nA    (la).     (§43.)] 

If  P  acts  up    the  plane,   i.e.,  in   the   most   favourable 
direction  (§  47),  then 

P  =  Wx  (height) -f- (length)  ...(3),(§  41-.) 

B=  IF X  (base) -T- (length)  ...  (4).  (§44.) 

Work  done  in  drawing  W  up  plane 

=  IFx height  =  Px  length. 

[In  terms  of  the  inclination  A, 

P=WainA,     Ii  =  W cos  A.  (§40.)] 
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EXAMPLES  III. 


1.  Find  (fl)  the  horizontal  forces,  and  (i)  the  forces  up  the  plane 
required  to  support  each  of  the  following  weights  on  the  given 
inclined  planes : — 

(i.)  10  lbs.  on  an  incline  of  length  10  ft.  and  height  6  ft. ; 
(ii.)  78  lbs.  on  an  incline  of  height  5  ft.  and  base  12  ft. ; 
(iii.)  30  tons  on  an  incline  of  length  2.5  yds.  and  base  24  yds. ; 
(iv.)  85  kilogs.  on  an  incline  of  8  in  17  of  length  34  metres. 

2.  Find  also  the  works  done  in  drawing  the  weights  of  the  last 
question  up  the  planes. 

3.  Find  the  horizontal  force,  and  find  also  the  force  acting  up  the 
plane,  required  to  support  a  weight  of 

(i.)  0  tons  on  an  incline  of  30° ; 
(ii.)  28  lbs.  on  an  incline  of  45° ; 
(iii.)  10  kilogs.  on  an  incline  of  60°. 
In  each  case  find  the  reaction  of  the  plane. 

4.  The  lengths  of  the  three  inclined  planes  of  the  preceding  ques- 
tion are,  respectively,  (i.)  9  ins.,  (ii.)  3  ft.,  (iii.)  150  centimetres. 
Find  the  works  done  in  drawing  the  weights  up  the  planes. 

n.  A  weight  of  9  lbs.  is  pulled  up  an  inclined  plane  of  which  the 
height  is  H  ft.  and  the  base  is  2  ft.  What  force  (i.)  acting  hori- 
zontally, (ii.)  acting  along  the  plane,  is  required  for  the  purpose? 
What  amount  of  work  is  done  in  each  case  r 

6.  A  weight  of  12  lbs.  is  supported  by  two  strings,  each  inclined  at 
an  angle  of  45°  to  the  vertical.     Find  the  tension  of  the  strings. 

7.  A  weight  of  10  lbs.  is  supported  by  two  strings  which  are  in- 
clined at  angles  of  30°  to  the  vei-tical.   Find  the  tensions  in  the  strings. 

8.  A  stone  weighing  1  ton  is  suspended  in  the  air  by  a  chain  ;  a 
rope  fastened  to  the  stone  is  pulled  so  that  the  chain  makes  30°  and 
the  rope  60°  with  the  vertical.  Draw  a  very  careful  figure  showing 
the  three  forces  acting  on  the  stone,  and  a  triangle  representing  them. 
Find  the  pull  on  the  rope. 

9.  A  small  heavy  ring,  which  can  slide  freely  upon  a  smooth  thin 
rod,  is  attached  to  the  end  of  the  rod  by  a  fine  string.  If  the  rod  be 
held  in  any  position  inclined  to  the  vertical,  draw  a  triangle  repre- 
senting the  forces  acting  upon  the  ring. 
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10.  A  body  of  weight  10  lbs.  rests  on  a  smooth  piano  inclined  at 
an  angle  of  S0°  to  the  horizontal.  Find  the  least  value  of  the  force 
requiied  to  sustain  it  and  the  reaction  of  the  plane. 

11.  A  weight  rests  on  a  smooth  inclined  plane.  Determine  the 
direction  and  magnitude  of  the  least  force  which  will  keep  it  in 
equilibrium  Find  also  the  direction  of  the  force  in  order  that  the 
thrust  on  the  plane  may  be  double  of  that  exerted  in  the  first  case. 

1 2.  Two  weights  support  each  other  on  two  smooth  inclined  planes 
of  the  same  height,  the  weights  being  connected  by  a  string  passing 
over  a  smooth  pulley  at  the  junction  of  the  planes.  The  angles  of 
the  planes  are  30°  and  60°.  What  is  the  ratio  of  the  weights  and  the 
tension  of  the  string  ? 

13.  A  wedge,  whose  triangular  section  ABC  is  right-angled  at  A, 
is  placed  with  BC  on  a  horizontal  plane  ;  a  horizontal  force  P  will 
support  a  weight  Q  on  AB.  What  horizontal  force  would  be  required 
to  support  a  weight  Q  placed  on  AC  ? 

14.  A  picture,  weighing  56  lbs.,  is  slung  over  a  nail  in  the  ordinary 
way  by  a  cord  attached  to  two  eyes  in  the  top  horizontal  bar  of  its 
frame.  If  the  height  of  the  nail  above  this  bar  is  half  the  distance 
between  the  eyes,  what  is  the  tension  in  the  cord  ?  Under  what 
circumstances  would  the  tension  be  equal  to  or  greater  than  the  whole 
weight  of  the  picture  ? 

•  15.  A  particle  P  is  placed  inside  a  smooth  circular  tube,  and  is 
acted  on  by  two  forces  towards  the  extremities  A  and  B  of  a,  fixed 
diameter  AB.  The  forces  are  respectively  proportional  to  PA  and  PB. 
Find  the  position  of  equilibrium. 

^  16.  A  wedge,  whose  triangular  section  ABC  is  right-angled  at  A, 
is  placed  with  BC  on  a  horizontal  plane.  Two  weights  P  and  Q, 
connected  by  a  string,  will  balance  if  placed  with  the  string  passing 
over  A  and  F  resting  on  AB,  and  Q  on  AC.  If  AB  be  placed  horizon- 
tally, they  will  balance  with  P  on  BC  and  Q  hanging  vertically. 
Show  that  the  sides  of  the  triangle  are  in  a  geometrical  progression 
whose  common  ratio  is  equal  to  the  ratio  P  :  Q. 

17.  Determine  the  tension  of  the  threads  of  a  rectangular  piece  of 
network  hung  from  a  horizontal  bar,  due  to  suspending  a  series  of 
equal  weights  in  a  horizontal  line  at  the  lowest  points  of  the  net,  sup- 
posing the  meshes  are  equal  hexagons  of  whichapair  of  sides  are  vertical, 
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TRANSMISSION  OF  FORCE— THE  WEDGE. 

49.  Kigid  bodies.  —  In  treating  the  conditions  of 
equilibiiam  of  several  forces  acting  "  at  a  point,''  we  have 
supposed  the  forces  to  be  all  applied  to  a  single  particle 
placed  at  that  point.  When  two  or  more  forces  act  m 
parallel  straight  lines,  it  is  impossible  to  suppose  them  to 
be  applied  to  the  same  particle,  for  parallel  lines  never 
meet.  They  must,  therefore,  be  supposed  to  be  applied 
to  a  body  of  extended  size.  Accordingly,  it  will  le 
nectssaj'y  to  state  what  is  meant  by  a  rigid  body  before 
proceeding  further. 

Definhio.v. — A  rigid  body  is  a  body  whose  size  and 
shape  alivays  remain  the  same  ivhatever  fmxes  he  applied  to 
diffh-ent  parts  of  it. 

liy  this  it  is  implied  that  the  distance  helivcen  any  ttvo 
particles  of  a  riijid  body  always  remains  the  sunie. 

In  reality  no  body  is  perfectly  rigid,  but  many  solid  bodies  may  be 
regarded  as  rigid  for  all  practical  purposes. 

50.  B>otation. — A  rigid  body  can  be  rotated. 

"When  a  top  is  spinning,  the  different  particles  of  the  top  rotate  or 
move  round  and  round  rapidly,  though  the  top  does  not  change  its 
position  as  a  whole.  The  same  is  true  when  a  wheel  rotates  or  turns 
round.  When  a  door  is  opened,  the  hinge  remains  where  it  is  and 
the  other  parts  of  the  door  rotate  or  turn  about  it,  those  furthest  from 
the  hinge  moving  most  rapidly. 

When  a  body  changes  its  position  as  a  whole,  this  motion  is  said  to 
be  a  motion  of  translation  to  distinguish  it  from  rotation. 

When  a  number  of  forces  acting  on  a  rigid  body  are  in  equilibrium, 
they  must  have  no  tendency  to  produce  motion  either  of  translation  or 
of  rotation  ;  otherwise  the  body  will  not  remain  at  rest. 


52  STATICS. 

51.  Statical    Property    of    a    Rigid    Body.   —   In 

the  first  place,  it  will  be  observed  that 

Tivo  forces  acting  at  two  points  of  a  rigid  hody  are  in 
equilibrium  if,  and  only  if,  they  are  equal  and  opposite,  ami 
act  in  the  same  straight  line. 

This  may  readily  be  verified  by  attaching  strings  to  two  points 
^,  6  of  a  body  (say  a  board)  resting  on  a  horizontal  table,  and  pulliii;^: 


Fig.  49. 

their  ends  apart  horizontally.  The  bodj'  will  turn  round  until  the 
strings  MA,  BN  are  both  in  one  straight  line,  and  will  then  come  to 
rest.  And,  since  the  forces  produc3  no  motion  of  the  body  as  a  whole 
{i.e  ,  no  motion  of  translation),  they  must  be  equal  and  opposite. 

[If  the  body  is  again  displaced  so  as  to  bring  tlie  strings  out  of  one  straight  line, 
it  will  not  remain  at  rest,  but  will  rotate  back  to  its  former  position.  Hence  two 
equal  and  opposite  forces  which  do  not  act  in  the  same  straight  line  are  not  in 
equilibrium,  out  tend  to  produce  rotation.] 

From  the  above  property  we  deduce  the  following 
principle : — 

52.  Principle  of  Transmission  (or  Transmissi- 
bility)  of  Force  : 

A  force  acting  on  a  rigid  body  may  have  its 
point  of  application  transferred  to  any  point  what- 
ever in  the  straight  line  in  which  it  acts  without 
affecting  the  conditions  of  equilibrium. 

Let  P  be  any  foi'ce  applied  to  a  body  at  B  in  the 
direction  BN.  Let  A  bo  any  point  of  the  body  in  the 
straight  line  BN  or  BN  produced,  ki  A  apply  two  equal 
and  opposite  forces  of  magnitude  P  in  the  straight  line 
AB.  Tlicse  two  forces  balance  each  other,  and  therefore 
do  not  affect  the  conditions  of  equilibrium  of  the  original 
forces.     Now  consider  the  two  forces  -j-P  at  ^  and  — P 
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at  A.  By  the  property  just  proved,  these  two  forces 
balauce  each  other,  and  therefore  they  can  be  removed 
without  affecting  the  conditions  of  equilibrium.  We  are, 
therefore,  left  with  the  force  4-P  at  i4  as  the  statical 
equivalent  of  the  original  force  P  a,t  B  applied  in  the 
same  straight  line ;  as  was  to  be  proved. 

The  principle  of  the  Transmission  of  Force  may  also 
be  stated  thus  : 

When  a  force  acts  on  a  rigid  body,  it  is  immaterial  lohat 
point  in  its  line  of  action  is  considered  to  be  the  point  of 
application  of  the  force. 

The  point  of  application  may  even  be  taken  outside  the  body, 
prodded  that  the  force  is  applied  to  a  particle  rigidly  connected  with 
the  body.  But  a  force  cannot  be  replaced  by  an  equal  and  parallel 
force  acting  at  any  point  not  in  its  original  line  of  action. 

Tension  of  a  string*. — In  the  same  way  it  is  evident  that  the 
tension  of  a  stretchcil  ttring  is  the  same  at  all  points  of  its  length.  This 
property  is  very  important. 

53.  Conditions  of  equilibrinm  of  three  forces  in 
one  plane. 

If  a  rigid  hodij  is  in  equilibrium  under  three  forces  in  one 
plane,  their  lines  of  action  must  all  be  parallel  or  all  pass 
through  one  common  point. 

For  let  the  three  forces  be  not,  ^- ^ 

all  parallel.      Then    the    lines   o£       ^^^""^^  ^<B 

action  of  two  of  them  must  meet  /^""-^^  ,'''    \ 

in    some    point,    say   0.      By  the  \  '^        / 

principle  of  Transmission  of  Force,  V        [      y/ 

we  may  suppose  these  two  forces  — JJC^ 

to  be  applied  to  a  particle  of  the  | 

body  (or   rigidly  connected   with  T 

the   body)   at   0.      Hence,  as   in  pj„  ^q 

Chap.  I.,  they  are  equivalent  to  a 

single  resultant  force  acting  at  0.  This  resultant  and  the 
third  force  balance  ;  therefore  they  mast  be  equal  and 
opposite  and  in  the  same  straight  line  (§  51).     Hence  the 
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line  of  action  of  the  third  force  must  pTss  through  0,  and 
therefore  the  three  lines  of  action  must  all  pass  through 
one  common  point. 

In  addition  to  passing  through  one  common  point,  the 
three  forces  must  satisfy  the  same  conditions  of  equi- 
librium as  if  they  acted  on  a  particle  at  that  point ;  that 
is,  they  mast  be  capable  of  being  represented  in  magni- 
tude and  direction  by  the  sides  of  a  triangle  taken  in 
order. 

The  conditions  of  equilibrium  of  three  parallel  forces 
will  be  investigated  in  Chap.  VI. 

54.  The  point  of  intersection  of  the  forces  need  not  be 
toitldn  the  body. 

Thus,  let  three  cords  be  attached  to  a  ring  or  hoop  at  the  equi- 
distant points  A,  B,  C  (Fig.  50),  and  let  these  cords  be  pulled  with 
equal  forces  in  the  direction  of  radii  OA,  OB,  OC  Then  these  forces 
will  be  in  equilibrium,  for  their  directions  pass  through  one  common 
point  (viz.,  the  centre  0),  and  are  inclined  at  angles  of  120°.  Hence 
the  ring  will  remain  at  rest  notwithstanding  the  fact  that  the  point  0 
is  not  in  the  substance  of  the  ring  itself.      (See  also  \  57,  Ex.  1.) 

55.  The  wedge  is  a  triangular  block  which  is  used 
either  for  splitting  a  body  {e.g.,  a  piece  of  wood)  into  two 
pai'ts,  for  separating  two  bodies,  or  for  slightly  raising 
heavy  weights  off  the  ground.  The  section  of  the  block 
is  a  triangle,  and  the  wedge  generally  studied  on  account 
of  its  greater  utility  and  simplicity  is  isosceles,  and  could 
be  formed  by  two  right-angled  inclined  planes  put  back  to 
back.  A  knife  and  a  chisel  afford  good  illustrations  of 
the  principle  of  the  wedge. 

The  wedge  we  consider  in  theoretical  mechanics  is  smooth  ;  but 
most  wedges  are  so  rough  that,  when  they  have  been  driven  in 
between  two  bodies,  the  friction  prevents  them  from  coming  out 
again.  Usually,  too,  wedges  are  driven  in  by  blows  of  a  hammer; 
hence  the  conditions  of  equilibrium  found  below  are  usually  far  from 
being  realized  in  practice. 

56.  Conditions  of  equilibrium  of  a  smooth  wedge. 

— Let  a  smooth  wedge,  whose  section  is  the  triangle  ABC, 
be   driven   in    between  two  bodies  M,  N   by  a   force  P 
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applied  on  its  face  BG.     Let  Q,  iJ  be  the  reactions 
which  M,  N  resist  the  insertion  of  the  wedge. 


with 


Fig.  51. 

Then  the  wedge  is  kept  in  equilibrium  by  the  three 
forces  P,  Q,  B,  and,  since  the  wedge  is  smooth,  these 
forces  act  perpendicularly  to  BG,  GA-,  AB,  their  directions 
meeting  in  some  point  0. 

Therefore,  by  the  Perpendicular  Triangle  of  Forces  (or 
as  shown  by  the  trianele  DEF),  P,  Q,  R  can  be  represented 
in  magnitude  by  BG,  GA,  AB,  respectively,  that  is, 

BG  ~  G/f      AB' 

or,  if  a,  b,  c  denote  the  lengths  of  BG,  GA,  AB, 

a  b  c 

In  the  case  generally  considered  the  section  of  a  wedge 
is  isosceles,  or  6  =  c.     Therefore 

Q  =  E  =  Px— . 

a 

By  sufficiently  increasing  the  length  b  and  making  the 
breadth  a  very  small,  a  very  small  force  P  can  be  made 
to  overcome  a  very  large  resistance  Q.  A  hatchet  is  a  good 
example  of  this. 


(!)• 
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Example. — A  stone  rests  against  a  vertical 
wall  AC,  and  can  be  separated  from  the  wall 
by  a  smooth  wedge  weighing  28  lbs.,  whose 
triangular  section  ACB  is  right-angled  at  C, 
and  has  its  sides  7,  24,  25  inches  long.  To 
find  ihe  horizontal  force  with  which  the 
stone  presses  against  the  wedge,  no  other 
forces  being  applied  to  the  wedge. 

Let  Q  be  the  reaction  of  the  wall,  i?  the        'i^hllbi 
force  of  pri  ssure  of  the  stone  on  the  wedge,         ''M 
i*(  =  28  lbs.)  the  weight  of  the  wedge.   Then  Fig.  52. 

the  wedge  is  kept  in  equilibrium  by  forces  P,  Q,  R.      ' 

Since  ACB  is  a  right  angle,  CB  is  horizontal,  and  therefore  Pacts 
perpendicular  to  BC  Since  the  wedge  is  smooth,  Q,  It  act  perpen- 
dicular to  CA,  AB  respectively.    Therefore,  by  the  Triangle  of  Forces, 

BC  ~  CA       AB'    °^     7        24       25 ' 

whence  Q  =  96  lbs.,        S  =  100  lbs. 

Also,  required  horizontal  component  oi  H  =  Q  =  96  lbs. ; 
therefore  the  stone  presses  with  a  horizontal  force  of  96  lbs. 

57.  Equilibrium  of  a  heavy  body. — Applications 
to  problems.  —  The  theorem  of  §  53  is  very  useful  in 
enabling  us  to  find  the  conditions  of  equilibi'ium  of  a 
heavy  body  supported  at  two  given  points  by  forces  that 
are  not  vertical.  The  cases  where  the  supporting  forces 
are  vertical  will  be  considered  later. 

It  will  be  proved  in  Chap.  X.  that  the  whole  weight  of 
a  rigid  body  may  always  be  suppased  to  act  vertically  at 
a  single  point  of  the  body,  called  its  centre  of  gravifi/  or 
centre  of  mass.  For  the  present,  the  following  particular 
results  will  be  assumed  : — 

(1)  The  weight  of  a  heavj''  uniform  rod  or  heam  acts  at 
its  middle  point. 

(2)  The  weight  of  a  uniform  sphere  or  cube,  or  of  a 
circular  disc,  acts  at  its  centre. 

It  will  also  be  necessary  to  remember  (§  40)  that — 
Action  and   reaction   are   equal  and  opposite  (Newton's 
Third  Law) ;  and  that 

The  reaction  of  a  perfectly  smooth  surface  is  always  per- 
pendicular to  that  surface. 
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58.  Examples. — (1)  Equilibrium  of  a  ladder. — A  uniform  ladder 
of  weight  W  leans  against  a  perfectly  smooth  wall.  To  find  the 
thrusts  which  it  exerts  against  the  wall  and  ground  when  the  ladder 
is  20  ft.  long  and  reaches  a  height  of  16  ft. 

Let  AB  be  the  ladder,  G  its  middle  point. 

Let  P  denote  the  reaction  of  the  wall, 
R  that  of  the  ground. 

Then  the  three  forces  acting  on  the 
ladder  are — 

(i.)  Its  weight  W  acting  vertically 
through  G  (since  the  ladder  is  uniform)  ; 

(ii.)  The  reaction  F  aA  B  acting  hori- 
zontally (since  the  wall  is  smooth  and 
vertical)  ; 

(iii.)  The  reaction  R  acting  at  A. 

Since  these  forces  are  in  equilibrium, 
they  must  pass  through  one  point.  Let 
the  vertical  through  G  meet  the  horizontal 
through  B  in  M.  Then  the  reaction  R 
must  act  in  the  line  AM. 

Let  MG  meet  the  ground  in  N.  Thtn 
the  forces  JV,  P.  R  act  in  the  directions  of  MN,  NA,  AM,  the  sides  of 
the  triangle  AMN  taken  in  order.  Therefore,  by  the  Triangle  of 
Forces,  these  sides  may  be  made  to'represent  the  forces  in  magnitude, 
so  that  if  BO  or  MN  represents  JV,  NA  and  AM  will  represent  P  and  R 
respectively.     Therefore 

NA        J,       „-     ^M 
MN'      ''=''''  MN- 
Now  AB  =  -10  ft.,     BO  =  16  ft. ; 

.'.     AO^  =  202-  162  =  4-(5«-42)  =  4- .  3=  =  122 ; 
.-.     >IO=12ft. ; 
and  it  is  easily  seen*  that 

AN  =  i/10  =  6  ft. 
Therefore  also 

AM--  =  AN"-  +  NM-^  =  62+  162  =  22(52  +  82)  =  22x  73  ; 
.-.    AM  =  2  y/73  it. 

1  _  37r 
16         "     8  * 

2  ^/73        TFVlo 


P=  Tr> 


•.     Reaction  of  wall  P  =  TTx 
Eeaction  of  ground  R  —  JJ'x 


16 


*  For  AG  =  GB;    .:  triangles  AGN.  BOif  are  equal  in  all  respects  ;     .-.   AN 
—  NO  tthe  opposite  side  of  the  parallelugraui  MBON) ;    .:  AN  =  {AO. 


58 


STATICS. 


(2)  A  uniform  rod  AB  weighing  1  cwt.,  hinged  at  A,  is  supported  in 
a  horizontal  position  by  a  rope  attached  to  B,  and  making  an  angle  of 
45°  with  the  rod.  To  find  the  tension  in  the  rope  and  the  force  at 
the  hinge. 

Let  G  be  the  middle  point  of  AB. 

Let  F  be  the  tension  in  the  rope,  Q  the 
force  at  the  hinge,  and  let  W  denote  the 
weight  of  the  beam  (I  cwt.). 

Then  the  forces  acting  on  the  rod  are — 

(i.)  Its  weight  1  cwt.  acting  vertically 
through  G ; 

(ii.)  The  tension  P  acting  along  the 
string  at  fl ; 

(iii.)  The  reaction  Q  of  the  hinge  at  A.  ' 

These  three  forces  must  all  pass  through 
one  point.  Let  the  vertical  through  G 
meet  the  rope  at  C.  Then  Q  must  act 
alon gAC.  Draw  A D  parallel  to  CB,  meetin g 
GO  produced  in  D.  yj-  §4^ 

Then  7*,  Q,  7rare  representable  in  direc-  °'      '   . 

tion,  and  therefore  also  in  magnitude,  by 
DA,  AC,  CD. 

Since  Z  ABC  =  45°  and  GA  =  GB,  every  triangle  in  the  figure  is 
easily  seen  to  be  a  right-angled  isosceles  triangle,  and  every  angle  in 
the  figure  is  either  90°  or  45°.     In  the  triangle  DAG, 

DA  =  AC  =  W2CD; 

,-.     i'=    Q  =  iV2TF=W2cwt. 

Therefore  the  tension  in  the  string  is  J  \/'2  of  a  cwt.,  and  the  force 
at  the  hinge  is  also  J  v^'i  of  a  cwt.,  and  its  direction  makes  an  angle 
45°  with  the  horizon. 

[As  an  exercise  the  student  should  work  out  the  case  where  the 
string  is  in  the  straight  lino  DB  produced,  making  an  angle  of  45°  in 
the  opposite  direction  with  AB.  It  will  readily  be  found  that  the 
tension  of  the  string  and  the  force  at  the  hinge  are  each  ^-/2  cwt.,  as 
before,  and  that  the  latter  force  acts  in  the  direction  DA.] 


(3)  A  ball  1  ft.  in  radius,  and  weighing  5  lbs.,  rests  against  a  smooth 
wall,  and  is  attached  to  a  string  which  passes  through  a  hole  in  the 
wall  at  A,  and  is  pulled  with  a  force  of  10  lbs.  To  find  the  length  of 
string  projecting  from  the  hole.  ^ 

Let  R  be  the  reaction  of  the  wall. 

The  forces  on  the  l)all  arc — 

(i.)  Its  weight  5  lbs.  acting  vertically  through  its  centre  C  ; 
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(ii.)  The  reaction  B  acting  perpendicu- 
lar to  the  wall,  and  therefore  in  direction 
BC; 

(iii.)  The  pull  of  the  string  or  10  lbs. 

Since  these  pass  through  a  point,  the 
direction  of  the  string  passes  through  C, 
and  the  three  forces  are  represented  in 
direction  by  AB,  BC,  CA. 

Therefore,  if  the  length  AB  represents 
the  weight  5  lbs.,  BC  will  represent  the 
reaction  R  and   CA   the  pull  of    10  lbs. 

Now  CBA  =  90°  and  AC  =  2AB ; 

.-.    ZfiC/I  =  30°,        BAC  =  m^; 
.-.  BC  =  AB^/Z; 
whence  J?  =  5  v'S  lbs.  =  8  66 

But  ^      fiC  =  12  inches; 

2    „/,       24 


Fig.  55. 


lbs. 


AC  = 


BC  =  -^^  inches  =  8  v^3  inches : 
3  a/S 


and,  if  D  is  the  point  of  attachment  of  the  string, 

AD  =  AC-DC  =  8^/3-12  =  1-856  in. 

Therefore  the  required  reaction  is  8-66...  lbs.  and  r8o6  in.  of  the 
string  projects  from  the  wall. 


fi^N/ 


59.  Theorems. —  (1)  Three  forces  proportional  in  magnitude  to 
the  sides  of  a  triangle  and  bisecting  these  sides  at  right  angles  will 
be  in  equilibrium  if  they  act  all  inwrards  or  all  outwards. 

For,  by  Euc.  IV.  5,  the 
perpendicular  bisectors  of  . 

the  sides  all  meet  in  the 
centre  of  the  circum- 
scribing circle.  Hence  the 
forces  all  pass  through 
one  point. 

Moreover,  if  the  tri- 
angle is  turned  through 
a  right  angle,  its  sides, 
taken  in  order,  will  be 
parallel  to  the  forces, 
and  will  represent  them 
both  in  magnitude  and  direction.   Hence  the  forces  are  in  equilibrium. 

(2)  Any  number  of  forces  proportional  to  the  sides  of  any  polygon 
and  bisecting  these  sides  at  right  angles  will  be  in  equilibrium  if 
they  act  all  inwards  or  all  outwards. 
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Let  ABODE...  be  tho  given  polygon.  Join  AC.  AD,  ...,  and  suppose 
the  forces  to  all  act  outwards. 

From  the  last  theorem,  the  forces  of  magnitude  AB.  BC,  bisecting 
AB,  BC  at  right  angles,  have  a  resultant  of  magnitude  AC,  bisecting 
AC  at  right  angles,  acting  inwards  with  respect  to  the  triangle  ABC. 
or  outwards  with  respect  to  ACD. 

Similarly,  the  forces  AC  an!  CD  have  a  resultant  AD  bisecting  AD 
at  right  angles. 

Finally,  the  forces  AD,  DE,  EA,  bisecting  their  respective  sides  at 
right  angles,  are  in  equilibrium. 

Therefore  the  given  forces  are  in  equilibrium.  The  same  is  simi- 
larly true  if  they  act  inwards. 

(3)  To  deduce  the  conditions  of  equilibrium  of  three  parallel  forces 
acting  on  a  rigid  body.* 

Three  forces  P,  Q,  R  acting  perpen- 
dicular to  the  sides  of  a  triangle  ABC 
at  the  angular  points  will  meet  in 
the  orthocentre,  and  therefore  (as  in 
Theorem  1)  they  balance  if  they  are 
proportional  to  the  sides,  that  is,  if 
P  ^  Q  ^  R 
BC      CA      AB'  Fig.  57. 

This   is    true    however    small     the 
altitude  of  the  triangbi  ABC.       Hence    it    must   be   true   when  the 
altitude  is  infinitesimal.      In  this  case  the  points  A,  B,  C  lie  in  one 
straight  line,  and  tho  forces  P,  Q,  R  act  perpendicular  to  this  line, 
and  are  therefore  parallel. 

Plence  the  conditions  of  equilibrium  of  the  three  parallel  forces 
P,  Q,  R  acting  at  A,  B,  C  become 

P  ^  Q  ^li  (o) 

BC      CA      AB    ^''^' 

In  tho  above  figure  BA  =  BC  +  CA, 

ami  AB  is  equal  and  opposite  to  BA. 

Therefore,  from  (I),  i^  is  equal  and  opposite  to  P-\-  Q,  so  that,  if  the 
directions  of  forces  are  denoted  by  their  signs,  then,  algebraicallij, 

P+Q  +  R  =  0 

is  a  necessary  condition  of  equilibrium. 


*  Till!  coiKlilinns  of  eqiiilibritiiii  of  three  or  more  parallel  forces  will  be  treated 
more  fully  by  other  luethods  in  Chap.  VT.  The  prcsoiit  trwilineiit  may  therefore 
be  omitted  on  first  reading,  although  it  atfords  an  instructive  exercise. 
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Summary  of  Results. 

The  Principle  of  Transmission  of  Force  asserts  that  the 
effect  of  a  force  acting  on  a  rigid  body  does  not  depend  on 
what  point  in  its  line  of  action  is  its  point  of  application. 

(§52.) 

Three  Forces  in  equilibrium  must  either  be  parallel  or 

intersect  in  one  point.  (§  53.) 

Conditions   of    equilibrinm   of   a    smooth   wedge    under 

forces  P,  Q,  B  perpend  ic  alar  to  faces  a,  h,  c  are 

P^a  =  Q!h  =  Pjc (1).     (§56.) 

The  weight  of  a  uniform  rod  acts  at  its  middle  point. 
The  weight  of  a  sphere,  cube,  or  circle  acts  at  its  centre. 

(§57.) 
EXAMPLES  IV. 

1.  A  person  ascends  a  ladder  resting  on  a  rough  horizontal  floor 
against  a  smooth  vertical  wall ;  determine  the  direction  and  magni- 
tude of  the  force  with  which  the  ladder  presses  against  the  floor. 

2.  A  uniform  rod  BC,  6  ins.  long,  weighs  2  lbs.,  and  can  turn  freely 
about  its  end  B.  It  is  supported  by  a  string  AC,  8  ins.  in  length, 
attached  to  a  point  A  in  the  same  horizontal  line  as  B,  the  distance 
AB  being  10  ins.     Find,  by  a  diagram,  the  tension  of  AO. 

Z.  AB  i%  &  wall,  and  C  a  fixed  point  at  a  given  perpendicult.r 
distance  from  it ;  a  uniform  rod  of  given  length  is  placed  on  C,  with 
one  end  against  AB.  If  all  the  surfaces  are  smooth,  find  the  position 
in  -which  the  rod  is  in  equilibrium. 

4.  Two  forces  applied  at  two  points  A,  fl  of  a  rigid  body  in  the 
straight  line  AB  are  such  as  to  balance  one  another.  Prove  (without 
assuming  the  Principle  of  Work)  that,  when  the  body  moves  in  the 
direction  AB,  the  works  done  by  the  forces  are  equal  and  opposite. 

5.  A  uniform  rod,  whose  length  ia  8  ft.  and  weight  16  lbs., is  placed 
over  a  smooth  peg,  so  that  one  end  rests  against  a  smooth  vertical 
wall.  The  distance  of  the  peg  from  the  wall  is  6  ins.  Find  the 
position  of  equilibrium  and  the  force  of  pressure  on  the  peg. 

6.  A  uniform  rod,  whose  length  is  2  ft.  and  weight  1  lb.,  is  placed 
over  a  smooth  peg,  so  that  one  end  rests  against  a  smooth  vertical 
wall.  The  thrust  on  the  peg  is  2  lbs.  Find  the  distance  of  the  peg 
from  the  wall  and  the  positioa  of  equilibrium. 
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7.  A  uniform  rod  AB,  inclined  at  an  angle  of  30°  to  the  horizon, 
rests  with  the  end  A  in  contact  with  a  rough  horizontal  tahle,  the  end 
B  being  supported  by  a  string  attached  to  a  point  C  vertically  above 
A,  If  BC  be  inclined  at  an  angle  of  60°  to  the  horizon,  find  the 
reaction  of  the  table  and  the  tension  of  the  string. 

8.  A  rod  AB  is  hinged  at  A,  and  supported  in  a  horizontal  position 
by  a  string  BC  making  an  angle  of  45°  with  the  rod.  The  rod  has  a 
weight  of  10  lbs.  suspended  from  B.  Find  the  tension  in  the  string 
and  the  force  at  the  hinge.     The  weight  of  the  rod  may  be  neglected. 

9.  A  rectangular  box,  containing  a  ball  of  weight  JF,  stands  on  a 
horizontal  table,  and  is  tilted  about  one  of  its  lower  edges  through  an 
angle  of  30°.     Find  the  thrusts  between  the  ball  and  the  box. 

10.  AC  and  BC  are  two  smooth  inclined  planes  at  right  angles  to 
one  another  and  intersecting  at  their  lowest  point  C.  A  uniform 
heavy  rod  AB  rests  in  equilibrium  against  them.  Show  Wiat  its 
middle  point  is  vertically  above  C. 

11.  Construct  a  triangle  whose  sides  represent  the  forces  acting  on 
the  rod  in  Q,.  10,  and  calculate  the  forces  of  pressure  of  the  rod  against 
the  planes,  the  inclinations  of  the  planes  being  30°  and  60°,  and  the 
weight  of  the  rod  1  lb. 

12.  A  picture  is  suspended  from  a  nail  A  by  strings  ABOCA  and  OA. 
The  former  passes  through  two  smooth  rings  at  B,  G,  so  placed  that 
ABC  is  an  equilateral  triangle,  and  at  0,  the  centre  of  ABC,  it  is 
knotted  to  the  string  OA,  which  is  also  suspended  from  A.  Given 
the  weight  TT  of  the  picture,  determine  the  tensions  of  the  strings. 
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EXAMINATION  PAPER  II. 

1.  State  and  prove  the  principle  of  Transmissibility  of  Force. 

2.  If  three  forces  in  one  plane  keep  a  body  in  equilibrium,  show 
that  their  lines  of  action  will  either  meet  in  a  point  or.  be  all  parallel. 

3.  If  a  body  is  partly  supported  by  resting  against  a  smooth  fixed 
surface  which  it  touches  at  one  point,  in  what  direction  does  the 
surface  react  against  the  body  ? 

i.  Find  the  ratio  of  the  effort  to  the  weight  on  an  inclined  plane 
when  the  effort  acts  parallel  to  the  plane. 

5.  If  a  power  of  8  lbs.  applied  parallel  to  an  inclined  plane  sup- 
port a  weight  of  17  lbs.,  what  is  the  thrust  on  the  plane  ? 

6.  A  weight  rests  on  a  smooth  inclined  plane.  Show  that  the 
smallest  force  which  will  keep  it  in  equilibrium  must  act  along  the 
plane. 

7.  Forces  of  3,  5,  and  7  lbs.,  respectively,  act  on  a  particle  at  the 
centre  of  a  circle,  towards  points  on  the  circumference  which  divide 
it  into  three  equal  parts.  Find  the  magnitude  and  direction  of  the 
force  that  will  balance  them. 

8.  A  heavy  uniform  beam  AB  is  supported  at  a  point  C  by  the 
prop  CD,  its  extremity  A  pressing  against  a  smooth  wall  EF.  Deter- 
mine the  conditions  of  equilibrium. 

9.  If  a,  b,  ehe  the  breadths  of  the  three  faces  of  a  wedge,  supposed 
forced  into  a  fissure  in  the  usual  manner,  given  the  action  P  against 
its  back  a,  determine  the  two  reactions  Q  and  S  against  its  two  sides 
b  and  c. 

10.  A  uniform  ladder  rests  against  a  smooth  house  wall  at  a  slope  to 
the  ground  of  45°.  Draw  a  figure  showing  the  dirtctions  of  the 
forces  acting  on  the  ladder,  and  prove  that  the  force  exerted  by  the 
ground  is  -/o  times  the  force  exerted  by  the  wall. 
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MOMENTS   OF   FORCES   IN   ONE   PLANE. 

60.  Forces  tending  to  produce  rotation. — If  a  body 
is  attached  to  a  fixed  axis  or  hinge  about  which  it  can 
turn  freely,  we  can  set  the  body  in  motion  by  applying  to 
it  a  force  in  any  direction  not  passing  throngh  the  axis. 
And  it  is  easy  to  verify  by  a  few  simple  experiments  that, 
the  further  off  from  the  axis  the  force  is  applied,  the  more 
effect  it  has  in  turning  the  body. 

Consider,  for  example,  a  door  which  can  turn  about  its  hinges.  To 
open  or  shut  the  door,  we  apply  a  force  to  its  handle  in  a  direction 
perpendicular  to  the  plane  of  the  door,  and  at  a  considerable  distance 
from  the  hinge.  If  we  press  against  the  woodwork  of  the  door  at  a 
point  very  near  the  hinge,  we  shall  have  to  exert  a  much  greater 
effort  to  set  the  door  turning,  while  if  we  lean  against  the  edge  of 
tho  door  and  push  it  directly  against  the  hinge,  it  will  not  turn 
at  all. 

When  a  wheel  is  turned  by  a  handle,  we  apply  to  it  a  force  perpen- 
dicular to  the  arm  of  the  handle.  It  is  easy  to  verify  that,  the  further 
tlic  handle  is  from  the  centre  of  the  wheel,  the  less  will  be  the  force 
required  to  turn  the  wheel,  although  the  handle  will  have  to  be 
moved  through  a  greater  distance  in  each  revolution. 

In  this  chapter  we  shall  consider  the  equilibrium  of  bodies  under 
forces  which  tend  to  turn  them  about  a  fixed  point  or  axis ;  but  shall 
not  consider  tlie  actual  motion  of  such  bodies  when  the  forces  cause 
Ihem  to  rotitc. 
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61.  Definition. — The  moment  of  a  force  about  a  fixed 
point  is  the  product  of  the  •measure  of  the  force  into  the 
perpendicular  distance  of  the  point  from  its  line  of  action.* 

Thus,  if  P  be  the  force,  and  if  Oli/f  is  drawn  from 
any  point  0  perpendicular  on  the  line  of  action  of  P, 

the  product     PxOM  ^, ^ 

is  called  the  moment  of  the  force  y  '^v 

P  about  0.  ! 

The   lencjth   OM  may   be    called 
the  arm  of  the  moment.    Therefore        \ 
moment  =  force  x  arm. 

The  pioduct  P  x  OM  becomes 
zero  if  either  of  its  factors  diminish 
to  zero,  that  is,  Fig.  58. 

if   P  =  0,   or  if  Ofl\  =  0. 

In  the  latter  case  0  is  on  the  line  of  action  of  P. 

Henco  the  moment  of  a  force  about  a  point  vanishes 
■when  either — 

(i.)  the  force  itself  is  zero  ; 

(ii.)  the  line  of  action  of  the  force  passes  through 
the  point. 

If  the  body  be  fixed  so  that  it  can  only  tnrn  about  0, 
the  force  P  cannot  set  the  body  in  motion  if  its  line  of 
action  passes  through  0.  (For,  by  the  Principle  of  Trans- 
mission of  Force,  P  may  be  supposed  to  act  at  0,  and  0  is 
prevented  from  moving  by  the  hinge  or  support.) 

Hence,  wheti  the  moment  of  a  force  about  a  fixed  point 
vanishes,  the  force  has  no  tendency  to  turn  the  body  about 
that  point. 

On  the  other  hand,  if  the  moment  is  not  zero,  the  force 
P  cannot  pass  through  0.  Bnit  the  reaction  of  the  hinge 
or  support  passes  through  0.  Hence  these  two  forces 
cannot  act  in  the  same  straight  line,  and  the  body  cannot 
remain  in  equilibrium.  It  must  therefore  tarn  about  0, 
since  no  other  motion  is  possible. 

*  Notice  that  the  wonis  moment  and  momentum,  have  entirely  different  meanings. 
They  must  be  carefully  distimjuisked,  for  no  connection  whatever  exists  between  them. 
STAT.  p 
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I'rom  these  and  other  considerations  to  be  proved 
shortly,  it  may  be  inferred  that  the  moment  of  a  force 
about  any  point  is  a  propijr  measure  of  the  tendeuc}''  of 
the  force  to  produce  rotation  about  that  point. 

62.  Positive  and  negative  moments.  —  Tn  dealing 
with  forces  in  one  plane,  it  is  convenient  to  regard  the 
moment  of  a  force  about  a  point  as  positive  or  negative 
according  to  which  way  the  force  tends  to  rotate  a  body 
a^out  that  point. 

Moments  which  tend  to  produce  relation  in  the  opposite 
direction  to  that  in  which  the  hands  of  a  watch  go  are 
considered  positive. 

Moments  which  tend  to  produce  rotation  in  the  same 
direction  as  the  hands  of  a  watch  go  are  therefore  to  be 
regarded  as  negative,  and  a  minus  sign  is  prefixed  to 
their  amount. 


Po5 


ni\/^ 


L-.k 


Fiir.  .59. 


Fis?.  60. 


Thus,  in  Figs.  58,  59,  the  moments  about  0  of  the  forres  indicated 
bj'^  the  arrows  are  all  positive  ;  but  in  Fig.  60  they  are  all  negative. 

The  following  rule  is  also  convenient — 

The  moment  of  a  force  is 
positive   about  all  points  on  the  left  of  its  line  of  action, 
negative  „  „  „  right 

as  seen  by  a  person  looking  in  the  di)"ection  of  the  force. 

In  forming  the  algebraic  sum  of  the  moments  of  nny 
number  of  forces,  each  moment  is  tiiken  with  its  proper 
algebraic  sign. 

Thus,  if  two  forces  have  equal  moments  about  a  point,  but  tend  to 
produce  rotation  in  opposite  directions,  their  algebraic  sum  is  zero, 
for  one  moment  is  a  p/ics  and  the  other  a  mums  quanlitj'.  In  parti- 
cular, two  equal  and  parallel  forces  tending  in  the  same  direction  will 
have  equal  and  opposite  moments  about  a  point  midwa}'  between 
them,  and  the  algebraic  sum  of  the  moments  will  be  zero. 
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63.  Geometrical  representation  of  the  moment  of 
c  force. 

If  a  force  he  completely  represented  by  a  straight  line,  its 
moment  about  any  point  shall  be  measured  by  twice  the  area 
of  the  triangle  which  the  straight  line  subtends  at  that  point. 

Let  AB  represent  any  force  P,  then  shall  the  moment  of 
P  about  0  be  represented  by  twice  the  area  OAB. 


/ 


Fig  61. 

Draw  OM  perpendicular  to  AB.     Then 

area  of  AOAB  =  I  base  x  altitude  =  ^AB  x  OM. 
Now  AB  represents  the  force  P,   thei'efore    AB    must 
contain  P  units  of  length.     Hence 
moment  of  P  about  0  =  P xOM  =  AB  xOM  =  2A0AB. 


64.  If  a  given  force  is  compounded  with  any  force 
which  passes  through  0,  the  moment  about  0  will  be 
unaltered. 

Fur  if  AB  represents  the  given  force  P,  and  AD  repre- 
sents    any     force    Q    passing  . 

through  0,  their  resultant  B  ^^ ~Z^' 

will  be  represented  by  AC  the  y^ ^X'^^^/^  \ 

diagonal  of  the  parallelograiu  y^^^--"''^^^^  /^      ! 

ABCD.     Since  OAD  and  BO  are        ^^;::>^^         [/  ! 

parallel,  q  A       Q.     D 

.:     aOAB=  aOAO;  Fig.  62. 

moment  of  P  about  0  =  moment  of  B  about  0  ; 
as  was  to  be  proved. 
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65.  If  a  force  P  is  applied  at  any  point  A,  its 
moment  about  any  point  0  is  equal  to  the  product 

O^x  resolved  part  of  JP  perpendicular  to  OA, 

For  let  AC  represent  the  force  P.  Complete  the  rect- 
angle ABCD,  whose  side  AD  passes  through  0.  Then,  by 
the  Parallelogram  of  Forces,  AD,  AB  represent  the  com- 
ponents of  P  along  and  perpendicular  to  OA. 

Now     AOAB  =  AOAG  b  C 

(since  they  are  on  the  same  base  >^    ^^y^  \ 

and  between  the  same  parallels).  y^^^^^''''^     TT      ' 

Therefore  momentofPaboutO       x:^^^-'^'^  [/  1 

=  "ll^OAG  =  2A0AB   o  .  A      "      d' 

=  OAxAB  Fig.  03. 

=  OA  X  resolved  part  of  P  perpendicular  I oOi4. 

66.  Another    expression   for  the   moment   of  a  force. — 

In  the  right-angled  triangle  0AM  (Fig.  6fc)  we  have 

sin  MAO  =  '^i  =  ^^\      .-.     OM  =^0A  sin  MAO  ; 
AO       OA 

.-.     moment  of  P  about  0  =  P  .  OM  =  F .  OA  .am  MAO. 

Hence  the  moment  of  a  force  about  a  point  is  the  product  of  the 

force,  the  distance  of  its  point  of  application  from  the  point,  and  the 

sine  of  the  angle  which  this  distance  makes  with  the  line  of  action  of 

the  force. 

CoR.  Since  P  sin  MAO  =  resolved  part  of  P  perpendicular  to  OA, 
we  have  an  independent  proof  of  the  property  proved  in  §  65. 

67.  The  moments  of  two  intersecting  forces  about 
any  point  in  the  line  of  action  of  their  resultant 
are  equal  and  opposite. 

Let  two  forces  P,  Q  act  in  the  lines  AB,  AD,  and  let  C 
be  any  point  in  the  line  of  action  of  their  resultant  li. 
Complete  tlie  parallelogram  ABGD. 
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Choose  the  scale  of  representation  siich  that  AD  represents 
the  force  Q  in  magnitude* 

Then,  by  the  Parallelo- 
gram of  Forces,  AB  and 
AC  represent  the  forces 
P,  B. 

Since  ABGD  is  a 
parallelogram, 

.'.     ACAB  =  ACDA. 

But  the  triangles  CAB,  CAD  represent  half  the  moments 
of  P  and  Q  about  C,  and  these  moments  tend  to  tarn  about 
C  in  opposite  directions. 

Therefore  the  moments  of  P,  Q  about  C  are  equal  and 
opposite. 

68.  EqtiilibriTiiu  about  a  fixed  point.  —  If  a  rigid 
body,  moveable  about  a  fixed  point,  is  kept  in  equilibrium 
by  two  forces  in  any  plane  containing  that  point,  the 
moments  of  these  forces  about  the  point  will  be  equal  and 
opposite. 

For,  if  the  foi-ces  balance,  their  resultant  must  pass 
through  the  fixed  point.  Hence  the  moments  of  the  forces 
about  that  point  must  be  equal  and  opposite,  from  §  67. 

Either  of  the  forces,  if  it  were  to  act  alone,  would  set  the  body 
turning  round  about  the  fixed  point.  Hence,  since  the  body  does  not 
turn  when  both  act,  we  are  led  to  infer  that  the  tendencies  of  the 
forces  to  produce  rotation  are  equal  and  opposite. 

Hence  equal  moments  about  a  point  represent  equal  tendencies  to 
produce  rotation  about  that  point.  Moreover,  if  a  force  be  doubled, 
its  moment  about  any  point  is  also  doubled  ;  and  it  is  natural  to  sup- 
pose that  its  tendency  to  produce  rotation  about  any  point  is  doubled. 
Hence  we  infer  that  the  moment  of  a  force  about  any  point  is  a 
measure  of  its  tendency  to  produce  rotation  about  that  point. 

If  two  or  more  forces  acting  on  any  body  have  a  single  resultant, 
we  should  naturally  expect  the  resultant  to  have  the  same  tendency  to 
produce  rotation  about  any  point  as  have  the  several  forces  acting 
simultaneously.     We  shall  now  prove  that  such  is  the  case. 

*  This  step  of  the  proof  should  be  carefully  noted,  as  it  is  most  iinpcrtant. 
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69.  The  algebraic  sum  of  the  moments  of  two 
intersecting  forces  about  any  point  in  their  plane 
is  equal  to  the  moment  of  their  resultant  about 
that  point  (Varignon's  Theorem). 

Let  two  forces  P,  Q  act  along  tlie  lines  AB,  AD. 
Let  0  be  any  point  in  the  plane  of  tlio  forces  about 
which  moments  are  to  be  taken. 

Draw  OD  parallel  to  AB  to  meet  AD  in  D. 

Choose  the  scale  of  representatioti  so  that  AD  represents  Q 
in  magyiitude  (§  10;  also  compare  §  67),  and  on  the  same 
scale  let  AB  he  the  length  which  represents  P. 

Let  the  parallelogram  A  BCD  be  completed,  and  join  AO, 
so  that  AG  represents  the  resultant  B  of  P,  Q. 


Case  i. — If  0  lies  without  the  angle  BAD,  as  in  Fig.  65, 
then  the  moments  of  P,  Q,  B  about  0  are  positive  and 
measured  by  twice  the  triangles  OAB,  OAD,  OAG  respec- 
tively ;  hence  we  have  to  show  that 

2A0AB  +  2A0AD  =  2A0AC. 

Now  aOAB  =  ADAC 

('.•  bases  AB,  DC  are  equal  and  DC  is  parallel  to  AB) ; 

.-.    2A0AB  +  2A0AD  =  2ADAC  +  2A0AD  =  2A0AC, 
or    moment  of  P-f- moment  of  Q  =  moment  of  force  E. 
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Case  ii. — If  0  lies  icithin  the  angle  BAD,  say  between 
AG  and  AD,  as  in  Fig.  QQ,  the  moment  of  Q  is  negative 
D  0  c 


A  P  B 

Fig.  66. 

and  is  represented  by  minus  twice  the  area  ODA,  and  we 
have  to  show  that 

•2AOAB-2A0DA  =  -IaOAO. 
Now,  as  before,      AOAB  =  ADAC, 
.-.    2A0AB-2A0DA  =  2aDAC--2aODA  =  2aOAG. 

Therefore,  makiug  allowance  tor  the  positive  and  negative 
signs  of  the  moments  themselves,  we  have  algebraically 
moment  of  P  +  moment  of  Q  =  moment  of  force  E, 
as  before. 

Alteruative  Proof.— By  §  65  (using  Fig.  26,  p.  25), 
Algebraic  sum  of  moments  of  P,  Q  abont  0 

=  OA  X  algebraic   sum  of    resolved    parts    of    P,  Q 

perpendicular  to  OA 
=  OA  X  resolved  part  of  B  perpendicular  to  OA  (§  29) 
=  moment  of  R  about  0- 

Obsehvatioxs.  —  The  student  should  write  out  full  proofs  of 
the  theoi'em,  with  figures,  suited  to  the  following  cases  :  —  (a)  When 
0  lies  within  the  angle  BAC.  {l>)  When  0  lies  within  the  vertically 
opposite  angle  to  BAD  formed  by  producing  BA,  DA. 

[The  more  advanced  student  will  find  that  the  proof  of  Case  i.  may 
be  made  to  include  every  case  by  making  the  following  convention  as 
to  the  sign  of  the  area  of  a  triangle,  viz.,  that  the  area  is  to  be 
regarded  as  positive  or  negative  according  to  whether  in  going  round 
the  sides  in  the  order  of  the  letters  used  in  naming  the  triangle  we 
always  have  the  triangle  on  our  left  or  right.  With  this  convention, 
AODA  will  represent  an  area  equal  and  opposite  to  aOAD,  so  that 
AODA  +  h.OAD  =  Q,  and  the  proofs  of  the  two  cases  given  above  wLU 
be  found  to  be  identicnl.] 
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70.  Generalization. — If  any  number  of  forces  act  at  a  point  in  one 
plane,  the  alyebraic  sum  of  their  moments  about  ani/  point  in  that  plane  is 
eqtuil  to  the  moment  of  their  resultant. 

This  may  be  proved  by  combining  two  of  the  forces  and  then  com- 
bining their  resultant  with  a  third  force,  and  so  on. 

CoR.  1.  If  any  number  of  forces  acting  at  a  point  in  one  plane  are  in 
equilibrium,  the  algebraic  sum  of  their  moments  about  any  point  in 
the  plane  is  zero. 

For  their  resultant  is  zero  ;  therefore  its  moment  abou'  any  point 
is  zero,  and  therefore,  by  above,  the  sum  of  all  the  monionts  is  zero. 

Cor.  2.  If  the  algebraic  sum  of  the  moments  of  any  number  of 
forces  about  a  point  0  in  their  plane  vanishes,  then  either  It  must  be 
zero,  or  the  arm  of  R  must  be  zero.  That  is  cither  the  forces  are  in 
equilibrium  or  they  have  a  resultant  passing  through  0. 


71.  Conditions    of   Eqnilibriani    of    Coplanar    Forces. — 

Although  it  is  impossible  here  to  fully  investigate  the  condi lions  of 
equilibrium  of  forces  acting  on  a  rigid  body  (that  is  to  say,  not  all  at 
one  point)  in  one  plane,  yet  it  is  well  to  note  the  main  results. 

To  the  two  conditions  of  equilibrium  given  in  §  33,  must  be  added 
a  third  like  Cor.  I  of  §  70. 

Hence  the  conditions  of  equilibrium,  when  any  number  of  forces  in 
one  plane  act  upon  a  rigid  body,  are  as  follows : — 

(a)  The  sums  of  the  resolved  parts  of  the  forces  along  two  direc- 
tions in  the  plane  must  be  severally  zero. 

{b)  The  algebraic  sum  of  the  moments  of  the  forces  about  any  point 
in  their  plane  must  be  zero. 

[The  former  conditious  prevent  any  motion  of  translation,  the  latter  prevents 
any  motion  of  rotation. 

The  conditions  for  parallel  foixcs  (see  Chap.  VI.)  will  be  I'oinid  to  be  included  in 
these.] 


72.  DiiFerence  between  the  moment  and   the   -work   of  a 

force. — If  we  compare  the  definitions  of  §  36  and  §  Gl,  wo  shall 
observe  that  both  the  moment  of  a  force  about  a  point  and  the  work 
of  a  force  arc  products  of  forces  into  lengths  of  straight  lines.  But 
the  moment  of  a  force  about  a  point  is  the  product  of  a  force  into  a 
straight  line  at  rig'ht  angles  to  it,  while  work  is  the  product  of  a 
force  into  a  straight  line  in  ths  same  direction. 
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Thus,  let  a  force  P  be  applied  to  g 

a  particle  at  A.     Then 

moment  of  P  about  0 

=  F'aO¥  (Fig.  67) 

=  (?j4  X  resolved  part   of  P 

perpendiettlar  to  0^4  ;  Fis 

work  done  in  moving  the  particle  from  A  to  0 

=  PxAM=  AO  X  resolved  part  of  P  aloMff  AO. 

It  is  also  to  be  observed  that  the  moment  of  a  force  is  a  purely 
statical  idea,  but  tcork  is  only  done  when  motion  Utket  place. 


•73.  Work  of  a  moment.— We  may  also  apply  the  Principle  of 
Work  to  show  that  the  moment  of  a  force  about  any  point  measures  its 
tendency  to  produce  rotation  about  that  point,  as  follows  : — 

Let  a  body  be  rotated  about  the 

fixed  point  0  by  a  force  of  mag-  ,, -, 

nitude  P,  applied  at  the  end  of  the  /' 

arm  OM  and  always  acting  peipen-  ', 

dicular  to  OM.     Then,  in  the  course  ■ 

of  one    complete  turn     about    0,  \ 

the  particle  M  describes   a   circle  ^^x^ 

whose  centre  is  0  and  whose  cir- 
cumference is  2x  X  OM.  But  the 
force  P  always  acts  in  the  direction 

in  which  Hit  is  moving.     Hence  the  ^'?-  ^^• 

work  done  by  P  is  found  by  multiplying  P  into  the  whole  length  of 
the  path  described  by  IH ; 

work  of  P in  one  revolution  =  Px2t.0M. 

=  2x  X  moment  of  P  about  0. 

[Now  the  work  done  in  one  turn  mnst  evidently  be  proportional  to 
the  tendency  of  P  to  produce  rotation.  Therefore  this  tendency  is 
proportional  to  the  product  P  x  OM ;  that  is,  to  the  moment  of  F 
about  0.] 
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Summary  of  Results. 

Moment  of  foi-ce  P  about  point  0 
=  Px  (porpendicular  distance  of  P  from  0).      (§  61.) 

Moments  are  positive  which  tend  in  opposite  dii-ection  to 
hands  of  clock.  (§  (32.) 

Moments  are  positive  about  points  oa  left-hand  of  force. 

If  force  P  is  represented  by  AB,  then  its  moment  about  0 

=  2  .  AOAB.  (§  63.) 

=  OA  X  (resolved  part  of  P  pierpendicular  to  OA).       (§  65.) 

Varignon's  Theonnn  or  the  Equation  of  Moments. — The 
moment  of  resultant  of  two  (or  more)  forces  =  algebraic 
sum  of  moments  of  its  components.  (§  69.) 

[Proved  for  parallel  forces  in  the  next  chapter,  §  79.] 

For  equilibrinm  about  a  fixed  point,  the  algebraic  sum 
of  the  moments  must  be  zero.  (§  68  and  §  71.  Cor.  2.) 

EXAMPLES  V. 

1.  Find  the  moment  round  a  point  0  of  a  force  of  3  lbs.  acting  at 
a  point  A  along  a  line  AB,  where  OA  is  equal  to  10  ins.,  and  the  angle 
OAB  equals  (i.)  90",  (ii.)  45°,  (iii.)  135°,  (iv.)  120°. 

2.  ABC  is  a  triangle,  right-angled  at  C,  and  having  the  angle  B 
equal  to  G0°.  Forces  3,  4,  5  act  along  AB,  BC,  CA,  respectively. 
Find  the  moment  of  each  round  the  opposite  angular  point. 

3.  OA,  OB  are  chords,  4  and  5  ins.  in  length,  of  a  circular  disc 
OACB,  vvliose  diameter  OC  is  6  ins.  If  forces  of  3  and  4  lbs.  act 
from  0  along  these  chords  respectively,  find  how  the  disc  will  begin 
to  move,  the  point  C  being  fixed. 

4.  Explain  why  a  boy,  pulling  hold  of  the  rim  of  a  garden  roller 
at  its  top  point,  can  pull  back  a  much  stronger  boy  catching  hold  of 
the  handle.  If  tlie  first  boy  pulls  the  roller  back  in  a  horizontal 
direction,  and  the  second  pulls  the  handle  in  a  direction  making  an 
angle  of  30°  with  the  horizon,  compare  the  forces  which  thoy  exert 
on  it  if  no  motion  takes  place. 

5.  Forces  act  along  all  the  sides  but  one  of  a  plane  polygon,  and 
are  represented  by  the  sides  in  magnitude  ;  prove  that,  when  they  all 
act  the  same  way  round,  their  resultant  is  a  force  parallel  to  the 
remaining  side  and  represented  by  it  in  magnitude.     Trove,  also,  that. 
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the  line  of  this  resultant  forms  with  the  remaining  side  a  parallelo- 
gram whose  area  is  twice  the  area  of  the  polygon. 

6.  A  horizontal  rod  8  ft.  long  has  a  weight  of  1  lb.  at  one  end, 
upward  forces  of  2  and  3  lbs.  act  at  distances  2  and  6  ft.  from  that  end, 
and  a  weight  of  4  lbs.  hangs  from  the  other  end.  Taking  the  first  end 
as  the  left-hand  end  in  a  figure,  write  down  the  moments  of  the  forces 
about  each  end  of  the  rod  and  about  its  middle  point,  prefixing  the 
proper  sign  to  each.  Also  find  the  algebraic  sums  of  the  moment:* 
about  these  points. 

7.  Forces  of  1,  3,  5,  7,  9,  1 1  lbs.  act  along  the  sides  AB,  BC,  &c.,  of 
a  regular  hexagon  ABCDEF.  Find  the  moment  of  each  force  about 
the  point  A. 

8.  Draw  an  equilateral  triangle  ABC,  and  suppose  each  side  to  be 
4  ft.  long ;  a  foi-ce  of  8  imits  acts  from  A  to  B,  and  a  force  of  10  units 
from  C  to  y4.  (<i)  Find  the  moment  of  each  force  with  reference  to 
the  middle  point  of  BC  (b)  Find  a  point  with  reference  to  which 
the  forces  have  equal  moments  of  opposite  signs. 

9.  Draw  a  square  ABCD ;  suppose  forces  of  P  and  Q  units  to  act 
from  A  to  B  and  from  A  to  Z),  respectively.  Find  the  perpendicular 
distance  of  the  line  of  action  of  their  resultant  fiom  C. 

10.  Two  forces  of  5  lbs.  and  12  lbs.,  respectively,  act  at  right 
angles.  Find  the  locus  of  the  points  in  their  plane  round  which  the 
sum  of  their  moments  ia  3^.     {Apply  Varignon^s  Theorem.) 

11 .  A  system  of  forces  in  a  plane  is  such  that  the  sum  of  their 
moments  about  a  point  A  in  that  plane  vanishes.  If  the  forces  are 
not  in  equilibrium,  what  do  we  know  about  tht4r  resultant  ? 

12. -A  square  whose  side  is  3  ft.  long  is  divided  into  9  smaller 
squares,  each  1  ft.  square.  Forces  of  3,  4,  5,  6  lbs.  act  along  the  sides 
of  the  middle  square  taken  in  ord-er,  in  such  directions  that  their 
moments  about  any  point  inside  that  square  are  all  positive.  Write 
down  the  moments  of  each  force  about  each  of  the  four  angular  points 
of  the  large  square,  prefixing  the  proper  sign  to  each,  and  find  the 
algebraic  sum  of  the  moments  about  each  of  these  four  points. 

>  13.  ABCD  is  a  square.  Equal  forces  [F)  act  from  D  to  A,  A  to  B, 
and  B  to  C,  respectively,  and  a  fourth  force  2P  acts  from  C  to  D. 
Find  a  point  such  that,  if  the  moments  of  the  forces  are  taken  with 
respect  to  it,  the  algebraical  sum  is  zero. 


CHAPTER     VI 


PARALLEL  FORCES. 

74.  "  Like  "  and  "  unlike  "  parallel  forces. — In  the 

preceding  chapters  we  have  considered  the  equilibrium  of 
forces  whose  directions  intersect  one  another.  In  the 
practical  applications  of  mechanics,  however,  parallel 
forces  are  of  even  more  frequent  occurrence  than  inter- 
secting forces. 

The  following  definitions  will  be  required  : — 

Definition. — Parallel  forces  wbich  tend  in  the  same 
direction  are  said  to  be  like.  Those  which  tend  in 
opposite  directions  are  said  to  be  unlike. 

If  a  force  acting  in  one  direction  be  i-egarded  as 
positive,  it  is  convenient  to  regard  any  unlike  force  as 
negative. 

Thus,  if  there  be  forces  of  28  lbs.  acting  upwards  and  56  lbs. 
acting  downwards,  the  two  forces  will  be  unlike,  and  if  we  consider 
the  upward  direction  as  positive,  the  downward  one  will  be  negative, 
and  the  complete  expressions  for  them  will  be  +28  lbs.  and  -56  lbs., 
reappc  lively. 

75.  Composition    of   parallel    forces    (preliminary 

observations). 

H G 

Wlien     two    parallel      forces         \        A 

P,    Q    act    at    any   two    points         A     A.  \ 

A,    B     of    a    rigid    body,    their  \  J     \ 

resultant,  if   it  exists,  may   be  V  ^     \o    e         B 

deduced     from     the     resultant  j    ^  \  l^    /\ 

of    two    intersecting    forces  by  \ /T    \ 

making    use     of     the    theorem  -^ \ 

of     §    51.       If,    at    A    and    B, 

>vu    apply    to    the    body    equal  Fig.  69. 
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and  opposite  forces  F  and  —F,  both  acting  in  tlie 
straight  line  AB,  these  will  not  affect  the  equilibrium  of 
the  body  as  a  whole.  Now  compound  P  with  F,  and  Q 
with  —F. 

The  two  former  are  equivalent  to  a  single  force  S  at 
A,  whose  direction  is  within  the  angle  BAP,  and  the  two 
latter  to  a  single  force  T  Bit  B  tvithin  the  angle  ABQ. 

Case  i.  If  P,  Q  be  like  forces,  the  angles  they  form  with 
AB  both  lie  on  the  same  side  of  AB  (Fig.  70)  ;  hence  the 
forces  S,  T,  on  being  produced,  intersect  one  another  in  a 
point  M  hettveen  the  forces  P,  Q.  Therefore  »S'  and  T 
must  be  equivalent  to  a  single  resultant  force  passing 
through  M.  This  -will  also  be  the  resultant  of  P,  Q,  and 
will  be  completely  determined  in  §  77. 

Case  ii.  If  P,  Q  be  unWce  and  uneqtial  forces,  suppose  P 
to  be  the  greater,  and  constrnct  the  Pai"allelograms  of 
Forces  ADGH,  BEKL,  so  that  AG,BK  represent  iS,  T  respec- 
tively (Fig.  69). 

Since  P>Q,  DG>EK.  Hence,  by  placing  the  triangle 
DAG  with  its  vortices  A,  D  on  B,E  (as  in  proof  of  Euc.  I.  4), 
we  see  that  Z.DAG>  Z.EBK,  and  it  readily  follows  from 
Euclid's  twelfth  axiom  that  BK  produced  will  meet  GA 
produced  through  ^  in  a  point  M  on  the  side  of  the  lino 
of  action  of  P  i*emote  from  Q  (Fig.  71).  Therefore  S  and  T 
or  P  and  Q  have  a  single  resultant  through  M,  which  will 
be  completely  determined  in  §  78. 

Case  iii.  If  P,  Q  are  unlike  and  equal  forces,  the  method 
fails  for  the  forces  S,  T  are  themselves  parallel,  as  is 
evident  from  the  construction  of  Case  ii.  Two  equal  unlike 
parallel  forces  are  said  to  constitute  a  couple.* 

76.  In  the  present  chapter  we  shall  deal  with  parallel 
forces  that  do  not  form  couples.  We  shall,  therefore, 
always  assume  that  they  have  a  resultant  or  else  that 
three  or  more  of  them  are  in  equilibrium. 

•  Hence  a  couple  in  Statics  does  not  siniiily  mean  "two  of  anything"  as  in 
ordinary  language. 


'78  STATICS. 

77.  To  find  the  resultant  of  two  like  parallel 
forces. 

Let  P,  Q  be  the  two  parallel  forces,  A,  B  any  two  points 
on  their  lines  of  action  which  we  may  suppose  to  be  their 
points  of  application. 

At  A  introduce  a  force  of  magnitude  F  along  AB,  and 
at  B  introduce  an  equal  and  opposite  force  F  along  BA 
(that  is,  —FoXowgAB);    these  two  forces   will  balance 


each  other,  and  will  not  affect  the  resultant.  Let  S  be 
tlie  force  compounded  of  P  and  P',  'i'the  force  compounded 
of  Q  and  -P. 

Then  the  forces  8  and  T  will  intersect  at  a  point  M 
between  the  forces  P,  Q,  and  will  have  a  resultant  It 
acting  at  M,  which  will  also  be  the  resultant  of  P  and  Q. 

Di'aw  CM  parallel  to  P  or  Q,  cutting  AB  in  G. 

Replace  the  force  S  at  M  by  its  components  along  CM, 
and  parallel  to  AC  These  components  are,  of  course,  the 
same  as  when  S  acted  at  A,  and  are  therefore  P,  F. 
Similarly,  replace  the  force  T  at  M  by  its  components 
along  CM  and  parallel  to  BC ;  these  components  are 
Q,  F. 

Thus  the  two  forces  P,  Q  or  S,  T  are  together 
equivalent  to  forces  P+Q  acting  along  CM,  and  F—F  or 
•?3i'0  parallel  to  AG. 
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Hence  the  resultant  of  P,  Q  is  -P+O  acting  along  CM  ; 
01-,  in  words — 

The  magnitude  of  the  resultant  is  the  sum  of 
the  compcnents. 

The  direct  ion  of  the  resultant  is  parallel  to  the 
components,  and  in  the  same  sense. 

The  position  of  the  resultant  lies  between  the 
two  forces,  aud  may  be  found  as  follows  : — 

Since  the  forces  at  A  uve  parallel  to  the  sides  of  l^AGM, 
therefore,  by  the  Triangle  of  Forces, 

^  =  ^^,     or     PxAO  =  FxCM. 
F       AG 

Similarly,*  since  the  forces  at  B  are  paitille.  to  tbe 
sides  of  ABCM, 

%  =  Mr^     o'-    PxCB=  FxCM. 
F        CB 

.-.    rxAG  =  QxCB. 

If  AB  is  taken  at  right  angles  to  the  furores,  this  relation 
expresses  the  fact  that  the  moments  of  -P,  Q  about  G 
are  equal  and  opposite. 

We  may  also  write  the  above  j-elation, 

AG  ^  Q 
CB       F  ' 

which  shows  that  AG  is  greater  or  less  than  CB,  according 
as  Q  is  greater  or  less  than  F.     Hence 

The  resultant  is  nearer  to  the  greater  force. 

It  divides  the  line  AB  into  parts  which  are  in 
the  inverse  ratio  of  the  forces. 


*  The  si'ies  of  A/4C/W  ilo  not  represent  tlie  forces  at  ^  an  the  satr.ie  sitile  that  the 
sides  of  ^BCM  represent  the  forces  at  B.  In  the  fonner  triangle,  AC  represents  *' 
and  CM  represents  /'.  In  the  latter,  BC  represents  F  and  CM  represents  Q.  Hence 
the  sciZes  (?/  rrpreseittalion  i-i  the  tiro  trUni'jUi  nre  diffrrtiil. 

Note  also  that,  olgnliraicaily,  we  should  strictlv  have  QX-F)=  CUIBC,  and, 
since  CB  =  -  BC,  this  gives  Q/F  =  CM'CB,  as  stated. 
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78.  To  find  the  resultant  of  two  tinequal  tinlike 
parallel  forces. 

Let  P,  Q  be  the  forces,  P  being  the  greater,  >4,  B  any  two 
points  on  their  lines  of  action.  Introduce  two  equal  and 
opposite  forces  F,  —F  at  A,  B  acting  along  AB.  Let  8 
be  the  force  compounded  of  P  and  P,  T  the  force  com- 
pounded of  Q  and  —F.  Then  the  forces  8,  T  lie  in  the 
alternate  angles  at  A  and  B,  and  their  lines  of  action 
will  intersect  at  a  point  M  on  the  side  of  P  remote  from 
Q  (§  76).     Draw  MG  parallel  to  P,  cutting  AB  in  C 


Replace  the  force  8  at  M  by  its  components  P,  F  along 
MG  and  parallel  to  AB,  and  replace  the  force  T  at  M  by 
its  components  Q,  P  along  (?A/  and  parallel  to  BA.  Thus 
the  two  forces  P,  Q  or  8,  T  are  together  equivalent  to 
P—Q  along  yi^C,  and  F—Fov  zero  parallel  to  AB. 

Hence  the  resultant  of  P,  Q  is  JP — Q  acting  along  MG  ; 

or,  in  words — 

The  magnitude  of  the  resultant  is  the  difference 
of  the  components.* 

•  Since  Q  is  unlike  to  P,  its  comi)lcte  algebraic  pxpression  is  strictly  -(?,  aiv 
the  resultant  P+  (  -  Q)  is  still  the  (tJijehmic  sum  of  tUu  couipoucuta,  although  it  i- 
tlic  difference  of  their  numerical  values. 


H 
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The  direefion  of  the  resultant  is  parallel  to,  and 
in  the  sense  of,  the  greater  component. 

The  position  of  the  resultant  lies  on  the  side  of 
the  greater  force  which  is  remote  from  the  lesser 
force,  and  is  found  thus — 

Since  the  forces  at  A  are  parallel  to  the  sides  of  AMGA, 

-^  =  ^,     or     PxCA  =FxMC. 
F       CA 

Similarly,  since  the  forces  at  B  are  parallel  to  the 
sides  of  aBCM, 

§=fg*  or     (2xCB  =  FxMC. 

.-.    rxCA  =  oxCB  ; 
or    the   moments   of  1*,  Q   abont   0   are   equal   and 
opposite. 

We  may  also  write  this  relation 
CA^Q 
CB       P  ' 
and,  since  we  have  taken  Q  less  than  P,  CA  is  less  than 
CB,  which  affords  another  proof  that  G  lies  on  BA  pro- 
duced beyond  A.     Hence 

The  resultant  divides  the  line  AB  externally  into 
parts  which  are  in  the  inverse  ratio  of  the  forces. 

79.  The  resultant  of  any  number  of  parallel 
forces  is  parallel  to  the  forces  and  equal  to  their 
algebraic  sum. 

Let  P,  Q,  R,  S  be  the  parallel  forces  taken  with  their 
proper  signs.  Then  the  two  forces  P,  Q  have  a  resultant 
P  +  Q  parallel  to  them;  the  forces  P+Q  and  i?  have  a 
resultant  P  +  Q  +  B  parallel  to  them,  which  is  therefore 
the  resultant  of  the  three  forces  P,  Q,  B;  the  forces 
P+Q  +  B  and  S  have  a  resultant  P^Q  +  B  +  S  parallel  to 
them,  which  is  therefore  the  resultant  of  the  four  forces 
P^  Q,  B,  S,  and  so  on. 

[This  is  true  whether  the  forces  are  positive  or  negative;  see  footnote  on  opposite 

•Strictly   Q!{-F)  =  CMIBC. 
STAT.  Q 
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80.  The  algebraic  sum  of  the  moments  of  two 
parallel  forces  (not  forming  a  couple)  about  any 
point  in  tlieir  plane  is  equal  to  the  moment  of 
their  resultant  about  that  point. 

(Varignon's  Theoi^etn  for  Parallel  Forces.) 
It  has  been  proved  in  §  G9  that  the  sum  of  tbe  moments 
of  two  intersecting  forces  about  any  point  is  equal  to  the 
moment  of  their  resultant.  Hence  it  only  remains  to 
extend  tbe  theorem  to  the  case  when  the  foices  are 
parallel. 

Let  P,  Q  be  the  two  parallel  forces,  R  their  resultant, 
0  any  point  in  their  plane.  Tlirough  0  draw  a  straight 
line  perpendicular  to  the  forces  P,  Q,  P  and  cutting  them 
in  A,  B,  0,  I'espectively.  In  this  straight  line  apply  two 
equal  and  opposite  forces  F,  —F.     Let  S,  T  be  the  forces 


^  hoc 


PS 
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Fig.  72. 

compounded  of  P,  P  and  Q,  —F,  respectively;  then  P, 
tbe  resultant  of  parallel  forces  P,  Q,  is  also  the  resiiltant 
of  the  forces  S,  T.  Now  the  forces  *S,  T  intersect  one 
another  (since  P,  Q  do  not  form  a  couple). 

.•.     moment  of  R  about  0  =  algebraic  sum  of  moments 

of  8,  T. 

Now  moment  of  P  about  0  =  P  x  00. 

Also  P,  Q  are  the  resolved  parts  of  >S,  T  perpendiculai' 
to  OB. 

.'.     moment  of  S  about  0  =  FxOA  ; 

moment  of  T  about  0  =  QxOB. 

.-.    JixOO  =  PxOA  +  QxOB; 
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or         moment  of  B  about  0  =  alsrebraic  snm  of  moments 

of  P,  (^  about  0. 
This   relation   is   sometimes   called   the   Equation    of 
Moments. 

Alternative  Proof. — With  the  notation  of  Fig.  72,  alge- 
braic sum  of  moments  of  P,  Q  about  0 

_=PxOA  +  QxOB 

=  P(OC-AC)  +  Q(00+CB) 

=  (P+Q)OC  +  (Q.CB-P.AC) 

=  {P+Q)0C  +  0(l77)  =  Ex  OG 

=  moment  of  R  about  0. 
This  proof  is  pi  rfecthj  general  provided  that  the  forces  P,  Q,  R  and 
the  lengths  OA,  OB,  OC  are  subject  to  the  usual  conventions  regarding 
signs. 

Cor.  1.  When  three  parallel  forces  are  in  equilibrium, 
the  algebraic  sum  of  their  moments  about  any  point  in 
*-heir  plane  is  zero. 

For  each  force  is  equal  and  opposite  to  the  resultant  of 
the  other  two  ;  therefore  its  moment  is  equal  and  opposite 
to  the  moment  of  that  resultant,  i.e.,  to  the  sum  of  the 
moments  of  the  other  two  forces. 

CoK.  2i — When  any  number  of  coplanar  forces*  act  on  a  rigid 
body,  the  algebraic  sum  of  their  moments  about  any  point  in  thair 
plane  is  equal  to  the  moment  of  their  resultant. 

Consider  two  of  the  forces.  Whether  these  intersect  or  are  parallel, 
algebraic  sum  of  their  moments  about  0  =  moment  of  their  resultant. 

Combine  this  resultant  with  a  third  force ;  then, 
algebraic  sura  of  moments  of  the  three 

=  moment  of  third  force  +  moment  of  resultant  of  first  two 
=  moment  of  resultant  of  all  three  forces, 
and  so  on,  till  all  the  forces  have  been  compounded  together. 

Obsehvatiov. — In  finding  the  position  of  the  resultant  of  two  or 
more  parallel  forces,  it  is  usually  better  to  apply  the  present  principle 
by  "  taking  moments,"  i.e.,  writing  down  the  "  equation  of  momenta" 
about  any  convenient  point,  instead  of  employing  the  results  proved 
in  §  77  or  §  78.  As  a  rule  it  is  most  convenient  to  take  a  point  in  the 
line  of  action  of  one  of  the  forces,  because  the  moment  of  that  force 
is  then  zero.  We  may,  however,  take  momenta  about  a  point  on  the 
resultant,  or  about  any  point  whatever. 

•  I.e.,  forces  in  one  plane. 
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Examples. — (1)  To  find  the  resultant  of  two  like  forces  of  5  lbs. 
and  4  lbs.  applied  at  the  ends  of  a  rod  3  It.  long  perpendicular  to  its 
length. 

Let  AB  be  the  rod,  C  the  point  at  which  the  resultant  cuts  it. 
(Fig.  72  may  be  used,  taking  P  =  b  lbs.  and  Q  =  4  lbs  ) 

Since  the  forces  are  like,  their  resultant  =  4  +  5  lbs.  =  9  lbs. 

Take  moments  about  A.  Then  the  moment  of  9  lbs.  at  C  equals 
the  sum  of  the  moments  of  5  lbs.  at  A  and  4  lbs.  at  B,  whence,  taking 
a  foot  as  the  unit  of  length, 

9xi4C  =  oxO  +  4x/15  =  0  +  4x3  =  12; 
.-.     >1C  =  J{^  ft.  =  11  ft.  =  16  ins. 

Therefore  the  resultant  acts  at  a  distance  of  16  ins.  from  the 
5  lb.  force. 

{'i)  To  find  the  resultant  of  two  unlike  forces  of  5  lbs.  and  4  lbs. 
applied  at  points  distant  3  ft.  apart. 

Let  A,  B,  C  be  the  points  of  application  of  the  forces  and  their 
resultant. 

Since  the  forces  are  unlike,  their  resultant  =  5  —  4  lbs.  =  1  lb. 
Taking  moments  about  A,  the  equation  of  moments  gives 
lxAC=  5x0-4x>1ff  =0-4x3=  -12; 
.-.     AC  =  -12  ft.     or     CA  =  12  ft. 
.-.     Cfi  =  12  +  3  =  loft. 

PA  5lhs 

Rt i2£^ I  m 

C  A^P 

a  Uifes 

Fig.  73. 
Therefore  the  resultant  acts  at  distances  of  12  and  15  ft.  from  the 
5 -lb.  and  4-lb.  forces  respectively. 

(3)  To  find  the  parallel  forces  which  must  be  applied  to  a  bar  9  ft.  long 
in  order  that  their  resultant  may  be  a  force  of  12  lbs.  acting  at  2  ft. 
distance  from  one  end. 

Let  F,  Q  be  the  required  forces,  BG  the  bar,  A  the  point  at  which 
the  resultant  acts. 

Taking  moments  about  C,  we  have 

FxCB  =  QxO  +l2xCA;  ^^f——4 ^ 

.•.     Px9  =  12x2  =  24; 
.-.     F  =  V  lbs.  =  I  lbs.  =  2|  lbs. 
Also       P+  Q  =  12  lbs.  ;  ^         12^6*. 

.-.     Q  =  12-2|  =  9i.lb8.  Fig.  74, 
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Fig.  75. 
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81.  Conditions  of  equilibrium  of  three  parallel 
forces. 

If  three  parallel  forces  are  in  equilibrium,  each 
force  is  proportional  to  the  distance  between  the 
other  two. 

Let  P,  Q,  E  be  the  three 
forces  of  which  P,  Q  are 
like  forces.  Let  a  straight 
line  be  dra^ii,  cutting  them  in 
/4,  5,  Q. 

In  the  fignre  of  §  77,  reverse 
the  force  R  so  as  to  make  it 
the  equilibr-ant  instead  of  the  resultant  of  P  and  Q. 

B,  has  thus  been  changed  in  direction  oulj,  not  in 
magnitude  nor  line  of  action.  Hence  we  see  that,  when 
three  parallel  forces  ai"e  in  equilibrium,  the  middle  one  is 
equal  to  the  sum  of  the  two  outer  ones,  and  acts  in  the 
opposite  sense.     Also 

^=  ^  • 
BG     OA  • 

and,  bj  a  well-known  theorem*,  each  member  ^ y  .^ 

^    P+Q    ^  P+Q  f\j2 

BC  +  CA         BA    ' 
Now  B  is  equal  and  opposite  to  P+Q. 
Also  AB  is  equal  and  opposite  to  BA. 

Hence  the  conditions  of  equilibrium  may  oe 
written  in  the  symmetrical  form, 

^  =  ^  =  ^  .   (1). 

BC       CA       AB  ^^ 

This  result  is  analogous  to  the  Triangle  of  Forces,  and 
may  be  deduced  from  it. 

[Notice  that  P  stands  over  the  length  which  does  not  contain  the  letter  A  ' 
Q,  R  over  the  lengthi^  which  do  not  contain  B,  C,  respectively.] 

*  If  ^  =  ^.  each  fracUon  =  'i±^  =  ^™  oLnjimeratore^ 
b        d  b+d      sum  of  denominatois 
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This  relation  holds  good  for  the  directions  as  well  as  the 
magnitudes  of  the  forces. 

Thus,  taking  the  points  in  the  order  of  Fig.  75,  since 
Jl,  B,  0  lie  in  a  straight  line,  the  two  lengths  BC,  GA  are 
together  equal  and  opposite  to  the  third  length  AB.,  so 

that,  algebraically,     BC  +  CA^-AB=0. 

And  the  two  forces  P,  Q  are  together  equal  and  opposite 
to  the  third,  so  that,  algebraically, 

P+Q=_E,     or    P  +  Q  +  E  =  0. 

The  conditions  of  equilibrium  of  three  parallel  forces 
may  also  be  stated  thus  : 

The  two  extreme  forces  act  in  the  same  direction,  and  the 
middle  force  acts  in  the  reverse  direction  and  is  equal  and 
opposite  to  their  sum.  Also  each  force  is  proportional  to  the 
distance  between  the  other  two. 

Example. — A  rod  10  ft.  long,  ■whose  weight  JFacts  at  its  middle 
point,  has  a  weight  3  IF  attached  to  one  end.  To  find  at  what  point 
it  must  be  supported  in  order  to  rest  balanced. 

Let  A  be  the  end,  C  the  middle  point  of  the  rod,  D  the  point  of 
support,  and  let  li  denote  the  reaction  at  D. 


D 
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W 
Fig.  76. 


Then,  by  the  conditions  of  equilibrium, 

AD       DC       CA ' 

.-.    DC  =  SAD; 

.-.     AC  =  AD  ^  DC  =  AAD    and    AD  =  ^AC. 

But  AC  =  b  ft.     Therefore 

AD  =  A  ft.  =  li  ft.,    DC  =  SAD  =  3 J  ft. 

Hence  the  rod  balances  about  a  point  1^  ft.  from  the  end  at  which 
3  7ri8  attached. 
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82.  iizperimeutal  verification.  —  (a)  Details  of 
EXPhUiiMKNT.  —  To  verify,  experimentally,  the  conditions 
of  equilibrium  of  three  parallel  forces,  take  any  rod,  and 
tirst  find  0  the  centre  of  gravity  (t  e.,  the  point  at  which 
its  weight  acts)  by  making  it  balance  on  a  support  placed 
at  that  point.  Now  suspend  the  rod  from  two  spring 
balances  attached  at  any  two  points  A,  B,  and  hanging 
vertically  :  at  C  attach  any  known  weight,  and  read  oS  the 
spring  balances, 


c^ 


(6)  Observed  facts.  —  It  will  be  found  that  the  two 
readings,  when  added  together,  are  exactly  equal  to  the 
weight  of  the  rod  together  with  its  attached  weight,  both 
of  which  act  at  C- 

Now  let  the  distances  AO,  OB  be  measured.  Then,  if 
the  experiment  be  carefully  performed,  it  will  be  found 
that  the  readings  of  the  two  balances  attached  at  A,  B, 
and  the  total  weight  at  0,  arc  proportional,  respectively, 
to  the  lengths  BO,  OA,  AB. 

(c)  Deductions. — Hence,  if  B  denote  the  total  weight  at 
G,  and  P,   Q  denote  the  upward  thrusts  exerted  on  the 
rod  by  the  two  spring  balances,  we  shall  have 
i2=-(P  +  Q),     PxAC  =QxOB, 

o    1  P   -    Q_  -  A 

^"""^  BO  ~  0A~  AB' 

agi'eeing  with  the  conditions  of  equilibrium  already  found. 
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OiiSERVATiux. — The  experiment  can  be  varied  by  attaching  a  third 
spring  balance  instead  of  the  weight  at  C.  If  the  three  spring 
balances  are  held  horizontall}',  the  rod  resting  on  a  table,  the 
weight  of  the  rod  will  not  affect  the  equilibrium,  and  it  will  be  found 
that  the  readings  of  the  three  spring  balances  attached  to  A,  B,  C  are 
respectively  proportional  to  BC,  CA,  AB,  thus  verifying  the  conditions 
of  §81. 

Summary  of  Results. 

The  resultant  of  tioo  like  jiarallel  forces  P,Q{it  A,  B  has  its 
magnitude  =  P-f  Q  =  sum  of  forces, 
direction  parallel  to  P,  Q, 
point  of  application  C  between  A,  B,  such  that 

PxAG=QxCB.  (§77.) 

The  resultant  of  tivo  unequal  unlike  parallel  forces  P,  Q, 
where  P>Q,  has  its 

magnitude  =  P  — Q  =  difference  of  forces, 
direction  parallel  to  and  in  sense  of  greater  force  P, 
point  of  application  C  on  the  side  of  the  greater 
force,  remote  from  the  lesser  {i.e.,  on  BA  pro- 
duced through  ^),  so  that 

PxCA  =  QxOB.  (§  78.) 

The  conditions  of  eqnilihrinvi  (f  three  parallel  forces 
P,  Q,  R  acting  on  a  rod  at  A,  B,  0  may  be  written 

-^=^=J^  (1) 

BO      CA      AB    ^   ^' 

and  the  middle  force  is  opposite  in  direction  to  the  other 
two,  and  equal  to  their  sum.  (§81.) 

Varignon^s  Theorem  holds  good  for  parallel  as  well  as 
for  intersecting  forces,  and  asserts  that  the  algebraic 
snra  of  the  moments  of  two  or  more  forces  about  any  point 
is  equal  to  the  moment  of  their  resultant  about  that 
point.  (§  80.) 
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EXAMPLES   VI. 

1 .  Find  the  resultants  of  each  of  the  following  pairs  of  like  parallel 
forces  at  the  given  distances  apart,  stating  in  each  case  the  magnitude 
of  this  resultant  and  its  distiinces  from  each  of  the  two  components, 
and  illustrating  by  figures  : — 

(i.)   1  lb.  and  3  lbs.,  2  ft.  apart ; 
(ii.)  5  lbs.  and  7  lbs.,  3  ft.  apart ; 
(iii.)  10|  lbs.  and  l^  lbs.,  1  yd.  apart; 
(iv.)  4  lbs.  and  10  lbs.,  42  ins.  apart ; 

(v.;   ^  ton  and  ^  ton,  6  ins.  apart ; 

(vi.)  400  and  600  grammes,  10  cm.  apart. 

2.  Find,  in  like  manner,  the  resultants  of  pairs  of  unlike  parallel 
forces  whose  magnitudes  and  distances  apart  are  g^ven  by  the  data 
of  Example  1. 

x"^.  A  rod  10  ft.  long,  whose  weight  may  be  neglected,  has  masses 
of  8  lbs.  and  11  lbs.  attached  one  to  each  end.  Find  the  point  about 
which  it  wUl  balance  and  the  force  of  pressure  on  its  support. 

4.  Two  unlike  parallel  forces,  of  1  and  2  units  respectively,  act 
upon  a  rigid  body,  at  points  1  ft.  apart.  Find  the  magnitude  and 
point  of  application  of  their  resultant. 

5.  A  uniform  bar,  10  ft.  long,  balances  over  a  rail,  with  a  boy, 
weighing  three  times  as  much  as  the  bar,  hanging  on  to  the  extreme 
end  of  it.     Draw  a  figure  showing  its  balancing  position. 

6.  Show  that  the  resultant  of  two  unlike  parallel  forces  acts  towards 
the  side  of  the  greater  of  the  two  forces,  and  can  never  act  between 
them.     "What  happens  if  the  forces  become  equal  f 

[/  7.  Two  men  are  carrjnng  a  bar  16  ft.  long,  and  weighing  150  lbs. 
One  man  supports  it  at  a  distance  of  2  ft.  from  one  end,  and  the  other 
man  at  a  distance  of  3  ft.  from  the  other  end.  What  weight  does 
each  man  bear  ? 

^  8.  A  uniform  rod,  6  ft.  long,  and  weighing  5  lbs.,  is  laid  on  a  table 
with  6  ins.  projecting  over  the  edge.  What  weight  can  be  hung  on 
the  end  of  the  rod  before  the  rod  will  be  pulled  over 


y- 
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,y  9.  Two  parallel  forces  P  and  Q  act  at  two  points  in  a  straight  lino, 
6  ins.  apart,  in  opposite  directions.  Their  resultant  is  a  force  of 
1  lb.  acting  at  a  point  in  the  line  4r  ft.  from  the  larger  of  the  forces 
Pand  Q.     Determine  the  values  of  Pand  Q. 

10.  A  uniform  heavj'  beam  of  length  7  ft.  rests  horizontally  on  two 
supports,  one  at  one  end  and  the  other  b\  ft.  from  that  end.  If  the 
greatest  mass  that  can  be  hung  on  the  other  end  of  the  beam  without 
disturbing  the  equilibrium  be  16  lbs.,  find  the  weight  of  the  beam. 

11.  Apply  the  Equation  of  Moments  to  deduce  the  magnitude  and 
position  of  the  resultant  of  (i.)  two  like,  (ii.)  two  unlike,  parallel 
forces  applied  perpendicular  to  the  straight  line  joining  their  points 
of  application. 

12.  Conversely,  employ  the  results  proved  in  \\  "il,  78  to  establish 
the  Equation  of  Moments  for  two  parallel  forces. 

13.  A  rod  12  ft.  long,  whose  weight  maybe  neglected,  rests  hori- 
zontally with  one  end  on  the  edge  of  a  table  and  the  other  supported 
by  a  vertical  string.  A  mass  of  18  lbs.  is  attached  to  the  rod  at  a 
certain  point.  If  the  tension  of  the  string  be  equal  to  the  weight  of 
12  lbs.,  find  the  force  of  pressure  on  the  table  and  the  point  where  the 
weight  is  attached. 

14.  Find  by  how  much  the  greater  of  two  parallel  forces  P,  Q, 
acting  in  opposite  directions  must  be  diminished  in  order  that  the 
distance  of  the  line  of  action  of  the  resultant  from  that  of  P  may  be 
the  same  as  that  of  the  line  of  action  of  the  former  resultant  was  from 
that  of  Q. 
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SYSTEMS   OF   PARALLEL  FORCES.— COUPLES. 

83.  Method  of  finding  the  resultant  of  coplanar 
parallel  forces. 

When  a  rmmber  of  parallel  forces  act  on  a  rigid  body, 
it  would  of  course  be  possible  to  find  their  resultant  by 
compounding  two  of  them  into  a  single  resultant,  then 
compounding  this  resultant  with  a  third,  and  so  on.  But 
if  the  forces  all  act  i)i  the  same  plane,  the  same  thing  can 
be  done  more  easily  by  writing  down  the  equations  which 
express  the  facts  that — 

(i.)  T7ie  magnitude  of  the  resultant  equals  tlie  algebraic 
sum  of  its  components  (§  79)  ; 

(ii.)  Tlie  moment  of  the  resultant  about  any  point  equals 
the  algebraic  sum  of  the  moments  of  its  components  (§  80, 
Cor.  2). 

The  point  about  which  moments  are  taken  may  be 
chosen  anywhere  in  the  plane  of  the  forces,  but  some 
points  (very  often  one  point)  are  generally  more  con- 
venient than  others.  But  it  is  important  to  notice  that 
the  final  result  is  the  same  u-hatever  point  is  chosen. 

An  outside  point  is  generally  the  best  to  choose,  as  there 
is  then  no  difficulty  in  distinguishing  the  signs  of  the 
various  moments. 

As  it  is  advisable  to  assume  principles  rather  than 
formula;  in  all  calculations,  we  subjoin  the  following 
example  before  giving  a  genei-al  investigation  : — 
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Example. — Weights  of  4  lbs.  and  12  lbs.  are  attached  to  the  ends 
of  a  uniform  rod,  14  ft.  long,  weighing  12  lbs.  To  find  the  point  at 
which  their  resultant  acts. 

The  three  forces  on  the  rod  are  4  lbs.  and  12  lbs.  acting  at  its  ends, 
and  its  weight  12  lbs.,  which,  since  the  rod  is  uniform,  may  be  sup- 
posed to  act  at  its  middle  point,  7  ft.  from  either  end. 


*  12  12 

Fig.  78. 

The  magnitude  of  their  resultant  =  12  +  12  +  4  lbs.  =  28  lbs. 
The  required  point  0,  at  which  this  resultant  cuts  the  rod,  may  be 
found  in  either  of  the  following  ways  : — 

[a)  By  taking  moments  about  the  end  at  which  the  4  lbs.  acts. 
Let  the  distance  of  0  from  this  end  be  x  ft.  Then  the  equation  of 
moments  gives     28  .  a;  =  4  .  0  +  12  .  7  +  12  .  14  =  252. 

.-.     a;  =  9  ft,, 
or  the  point  0  is  9  ft.  from  the  weight  of  4  lbs.,  and  5  ft.  from  the 
other  end. 

(i)  By  taking  moments  about  the  other  end.  Let  the  distance  of  0 
from  that  end  be  y.     Then 

28  .  y  =  12  .  0  +  12  .  7  +  4  .  14  =  140. 
.-.     y  =  5ft., 
or  the  point  0  is  5  ft.  from  the  12  lbs.  weight,  agreeing  with  {a). 

(c)  By  taking  moments  about  the  middle  point.  Let  the  distance 
of  0  from  the  middle  point  be  z.     Then 

28.  s  =  12.7+12.0-4.7  =  56. 
.-.     2  =  2  ft. 
Hence  the  distances  of  0  from  the  ends  are  7  +  2  ft.  and  7  — 2  ft.  ; 
i.e.,  9  and  5  ft.,  agreeing  with  («)  and  [h). 

{d)  By  taking  moments  about  0  xtaelf.  Let  its  distance  from  the 
middle  point  be  z  as  before.  Since  the  resultant  passes  through  0,  it 
has  no  moment  about  0.     Therefore 

0  =  12.(7-2)-12.z-4.(7  +  2) 
=  84-12Z-  122-28-4S  =  66-28z; 
giving  z  =  2  ft., 

ascrccing  with  (c).  This  last  method  docs  not  require  us  to  first  find 
the  magnitude  of  the  resultant,  but  no  makrlal  advantage  is  thereby 
gained. 
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^   84.  To  find  tlie  resultant  of  any  number  of  given 
parallel  forces   7',,  Pj,  1*^,  ...  acting  in  one  plane. 

Let  Pj,  Pj,  P3,  ...  denote  the  given  forces  both  in  magni- 
tude and  algebraic  sign.  Draw  any  line  OAiA.Ai...  at 
right  angles  to  the  forces.  On  it  take  any  point  0,  the 
distances  OA^,  OA.,  ...  being  known. 

(i.)  To  find  the  magnitude  of                          p^  Pz    P 

(he  resnltant.  I        G     1      I 

The  resnltant  of  Pj,  Pj  is  a  °  ^'    J    ^*  '^ 

parallel     force     of     magnitude  Fig.  79. 

P^  +  P^:    the  resultant   of  this 

force  and  Pj  is  therefore  Pj  +  P^  +  Ps;  and  so  on.     Hence 
the  final  resnltant  is  a  parallel  force  B,  such  that 

it  =  F,+p^'fr,+ (1) 

=  algebraic  sum  of  the  forces. 

(ii.)  To  find  the  position  of  the  resnltant  B. 

Let"*it  cut  OAi  ...  in  a  point  G,  the  position  of  which  is 
required.     Since  the  moment  of  the  resultant  is  equal  to 
the  algebraic  sum  of  the  moments  of  the  components, 
.-.    R.OG  =  P,.OA,  +  Pi.OAi+P,.OA,+  ... . 

Hence      OG  =  ^^  OA.^P^OA,^P,.OA,+ ... 

R 

OG  =  ^iO>^.  +  Pe-Q>>.+  P.,QA.+  ...       ^2). 

Equations  (1),  (2)  detennine,  re.ipectively,  the  magni- 
tude and  position  of  the  resultant. 

If  ar„  3:2,  ^3, ...  denote  the  tnown  distances  of  the  component  forces 
from  0,  and  x  the  required  distance  of  their  resultant ;  equation  (2) 

hecomes  -  ^  J♦.^■+Pc^■-^J':^^.^+  ••  (2«), 
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85.  Equilibrium  of  a  loaded  beam  resting  on  two  sup- 
ports.— When  a  beam  is  loaded  with  given  weights  placed  at  given 
points,  and  rests  in  a  horizontal  position  on  two  props,  it  is  often 
necessary  to  determine  the  forces  of  pressure  on  the  props,  or,  what 
amounts  to  the  same  thing,  the  reactions  of  the  props  on  the  rod 
{which  are  equal  and  opposite  to  them). 

These  reactions,  together  with  the  weights  on  the  beam,  form  a 
system  in  equilibrium,  and  therefore 

(i.)  The  sum  of  the  forces  is  zero, 

(ii.)  The  sum  of  their  moments  about  any  point  is  zero. 

If  we  want  to  find  the  reactions  one  at  a  time,  we  therefore 
proceed  as  follows  : — 

(i.)  Take  moments  about  one  of  the  props.  The  reaction  of  that  prop 
has  no  moment,  and  therefore  the  equation  of  moments  at  once  gives  the 
reaction  of  the  other  prop. 

(ii.)  Equate  to  zero  the  algebraic  sum  of  the  forces  {including  the  two 
reactions).  The  equation  gives  the  sum  of  the  reactions,  and  hence  the 
other  required  reaction. 

Thus  let  a  beam,  whose  weight  W  acts  at  its  centre  of  gravity  G,  be  supported 
at  Af,  N,  and  let  any  weights  w'l,  Wi,  w^  be  attached  at  points  A  i,  A-i,  A3.  Then,  if 
R,  S  denote  the  unknown  reactions  at  M,  N,  the  equation  of  moments  about  N 
gives  ll.NM  =  Wi.NAi  +  Wi.NA-.-i-iri.NAi+W.NG  ; 

and  the  equation  of  moments  about  M  gives 

S.MN  =  Wi.MAi  +  tr.,.MAi+xrs.MA3-l-n\MG. 

By  addition,  (R+S)  MN  =  lUx.MN+w^.MN+Wi.  MN+W.  MN, 
or  R+S  ^  u\+W2+V3->fW. 

This  is  the  equation  which  we  should  obtain  by  resolving  perpendicular  to  the 
rod,  or  equating  the  algebraic  sum  of  the  forces  to  zero,  showing  that  the  values 
of  R,  S  found  by  resolving  and  taking  moments  about  the  supports  are  consistent. 

If,  in  any  example,  the  thrust  on  one  of  the  props  should  come  out 
negative,  it  is  to  be  inferred  that  the  rod  presses  upwards  on  its  sup- 
port, and  that  the  latter  has  to  hold  it  down. 

Examples. — (1)  A  uniform  rod,  10  ft.  long,  of  weight  W,  is  supported 
on  trestles  at  both  ends,  and  a  weight  o  Jris  placed  on  it  4  It.  from 
one  end.     To  find  the  forces  of  pressure  on  the  trestles. 

Let  AB  be  the  rod,  C  the  middle  point  at  which  its  weight  JFrnay 
be  supposed  to  act,  D  the  point  of  application  of  the  weight  6  W. 

Lot  It,  S  be  the  required  forces  of  pressure  at  /I,  B. 

Then,  by  equating  forces,  we  have 

M  +  a^oW+W  =  ^}r. (i.). 
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Taking  moments  about  A,  we  have 

-Sx  10  =  JFxd  +  oJTxi    

From  (ii.),    S  =  ^TJ\     Hence,  by  (i.),   S  =  fJF. 


("•)• 
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Fig.  80. 


(2)  A  uniform  rod,  12  ft.  long,  weighiag  20  lbs.,  has  weights 
of  12  lbs.  and  4  lbs.  attached  to  its  ends,  and  8  lbs.  attached  at  a 
distance  of  4  ft.  from  the  4-lb.  weight.  It  is  placed  on  two  props, 
8  ft.  apart,  so  that  the  end  with  the  4-lb.  weight  projects  I  ft.  To 
find  the  reactions  of  the  props. 

In  Fig.  112,  let  M,  N  he  the  props,  and  let  their  reactions  be  B  lbs. 

and  <S  lbs.,  respectively. 

Let  6  be  the  middle  point  of  the  rod  at  which  its  weight 
(20  lbs.)  acts. 
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(i.)  Taking  moments  about  M,  we  have 

S.MN  =  U.MB  +  lO.MG^S.MC-i.Allt, 

or  85=12.11+20.0  +  8.3-4.1 

=  132  +  100  +  24-4  =  252  ; 

whence  5  =  3U  lbs. 

(ii.)  Again,  since  the  sum  of  the  upward  forces  is  equal  and  oppo- 
site to  the  sum  of  the  downward  ones  (or  the  algebraic  sum  of  the 
forces  is  zero), 

.-.     ^  +  5=12  +  20  +  8  +  4=44; 

whence  .S  =  44-3H  lbs.  =  12i  lbs. 

Hence  the  thrusts  on  the  props  are  12i  lbs.  and  31J  lbs. 
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[If  we  had  taken  monients  about  N,  we  should  have  had 
Ji.NM  =  'i:.  NA  \-8.NC +  20  .  NG- 12  .  BN, 
87l'  =  4  .  9  +  8  .  0  +  a  .  20  -  12  .  3 
=  36+40  +  60-36  =  100; 
whence  R  =  12^  lbs., 

agreeing  with  the  value  just  found  and  affording  a  test  of  the  accuracy 
of  the  calculation.] 

86.  Definition. — A  couple  consists  of  two  equal  forces 
acting  in  opposite  directions  along  two  parallel  straight 
lines.  A  couple  cannot  keep  a  body  in  eqitilibruim,  for 
it  tends  to  rotate  the  body :  the  points  of  application 
of  the  two  forces  of  the  couple  tending  to  move  in  opposite 
directions  (§  51).  Moreover,  the  proof  that  two  parallel 
forces  have  a  single  resultant  fails  for  the  case  of  a  couple 
(§  75). 

Examples  of  couples. — In  winding  a  clock  we  apply  a  couple  to  the 
key,  for  we  do  not  try  to  make  it  move  to  one  side  or  the  other,  but 
simply  turn  it  round.  To  spin  a  small  top  between  the  linger  and 
thumb,  we  apply  a  couple  to  it  by  moving  the  finger  and  thumb 
sharply  in  opposite  directions.  To  open  a  door  we  apply  a  couple  to 
the  liandle. 

87.  Resultant  of  two  parallel  forces  whicli  nearly  form 
a  couple. — Consider  the  resultant  of  two  unlike  parallel  forces  which 
are  very  nearly,  but  not  quite,  equal.  Let  F,  Q  be  two  such  forces 
acting  lit  A,  B,  and  let  P>  Q.     If  li  be  the  resultant  of  P  and  Q, 

It  =  F-Q; 
therefore,  if  Q  is  nearly  equal  to  P,  R  is  very  small. 

Also,  if  C  be  the  point  where 
the   resultant   meets  AB   pro-  p. 

duced, 

ACxR  =  BAxF.  Kt 

R  ^  A         \" 

^AC.i^.  ^'''''' 

Since  F—  Q  is  small,  therefore  BA  is  small  in  comparison  with  AC  ; 
hence  AC  is  large  in  comparison  witli  BA.  Hence  the  resultant  acts  at 
a  great  distance  from  the  line  of  action  of  either  force.     Writing  the 

p 
Jast  equation,  /[C  =  BA  x ^, 
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we  see  that,  if  Q  =  i*,  the  denominator  becomes  zero,  and  AC  becomes 
infinitely  great. 

Hence  ichen  ttco  unlike  pnrallel  forces  approach  equality,  and  Jinally 
become  equal,  their  resultant  leeomes  injinitely  small,  and  its  line  of  action 
mo^ves  to  an  injinitely  great  distance  from  the  components. 

For  this  reason  it  is  convenient  to  consider  the  properties  of 
couples  apart  from  those  of  other  systems  of  forces. 

88.  Definitions. — The  arm  of  a  couple  is  the  perpen- 
dicular distance  {AB.  Fig.  83)  between  the  lines  of  action 
of  its  two  components  (i.e.,  the  two  forces  forming  the 
couple). 

The  moment  of  a  couple  is  the  algebraic  sum  of  the 
moments  of  its  two  components  about  any  point  in  their 
plane. 

The  following  is  the  fundamental  property  of  couples : — 

89.  The  moment  of  a  conple  is  the  same  about 
all  points  in  its  plane. 

Let  the  conple  consist  of  two  equal  and  opposite  forces 
P,  —  P  at  ^  and  A.  Let  0  be  any  point  in  their  plane 
Draw  OAB  perpendicular  to  the  forces. 
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Fig.  83.  Fig.  84. 

Then,  if  0  does  not  lie  between  A  and  8,  as  in  Fig.  84. 
we  have 
algebraic  sum  of  moments  of  force.s  =  P.OB  —  P.OA 

=  P{OB-OA)  =  P.AB. 
If  0  lies  between  A  and  B,  as  in  Fig.  lOo,  we  have 
algebraic  sam  of  moments  =  P .OB  +  P.AO 

=  P(AO  +  OB)  =  P.AB. 

Hence  the  moment  of  the  couple  about  0  is  independent  of 
the  position  of  0  and  is  equal  to  the  product  JP.AB, 
STAT,  H 
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90.  Alternative  expressions  for  the  moment  of  a 
couple. 

The  moment  of  a  couple  may  therefore  be  defined  as — 

(i.)   The  product  of  the  measure  of  either  force  into  the 
arm  (f  the  couple. 

(ii.)    The  moment  of  either  of  the  two  forces  ahout  any 
point  in  the  line  of  action  of  the  other  force.     For 

moment  =  P  xAB  =  moment  about  A  oi  P  actinf?  at  B. 


91.  A  couple  cannot  be  replaced  by  a  single  force. 

For  the  moment  of  a  single  force  about  any  point  on  its  line  of 
action  is  zero  (§  67).  But  the  moment  of  a  couijle  about  every 
point  in  its  plane  is  a  constant  quantity,  differing  from  zero. 

Hence   a  couple  cannot   have  a  resultant.     The  same  thing  also      j 
follows  from  §  87. 


92.  A  force,  acting  at  any  part  of  a  body,  is 
equivalent  to  an  equal  and  parallel  force  acting  at 
any  other  point  together  with  a  couple. 

Let  P  be  a  given  force  acting  at  any 
point  0 ;  to  show  that  it  is  equiva- 
lent to  an  equal  and  parallel  force  P, 
acting  at  any  other  point  A,  together 
with  a  couple. 

Introduce    two    equal    and    opposite  ! 

forces    P,    —P,    acting    at    A,    numeri-  j 

cally   equal   and    parallel   t  >   the   force 
P  at  0.  _     _ 

The  effect  of  these  forces  will  be  to  ^'S-  »5. 

neutralize  one  another. 

But  the  forces  P  at  0  and  —  P  at  ^  form  a  couple 
whose  moment  (about  ^)  is  equal  to  the  moment  of  the 
original  force  P  about  A. 

Thus  the  original  force  P  at  0  is  equivalent  to  this 
couple  and  a  parallel  and  equal  force  P  at  A. 
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93.  Two  couples  in  tlie  same  plane  whose  mo- 
ments are  equal  and  opposite  will  balance  one 
another. 

Let  one  of  the  couples  consist  of  two  forces  P,  —P 
acting  on  the  arm  AB,  and  let  the  other  couple  consist  of 
forces  Q,  —Q  acting  on  the  arm  CD. 

Suppose,  firstly,  that  P  and  Q  are  not  parallel.  Then 
the  lines  of  action  of  the  four  forces  must  form  a  parallelo- 
gram abed. 


Since  the  moments  of  the  conples  are  equal  and  oppo- 
site about  any  point  in  the  plane,  therefore  the  moments 
about  6  of  P  and  Q  acting  along  ad  and  cd  ai"e  equal  and 
opposite,  and  therefore  the  moment  of  the  resultant  of 
these  foi*ces  about  6  is  zero  (§  69). 

Therefore  the  resultant  of  P  and  Q  at  d  must  pass 
through  6,  and  therefore  it  acts  along  bd. 

Similarly  the  resultant  of  — P,  — Q  at  6  acts  along  db- 

But  tlie  latter  resultant  is  equal  and  opposite  to  the 
former,  for  the  two  components  of  the  latter  are  respect- 
ively equal  and  opposite  to  those  of  the  former. 

Hence  the  two  resultants  balance  eac*h  other,  and 
therefore  the  four  forces  forming  the  two  conples  are  in 
equilibrium. 

To  extend  the  proof  to  the  case  where  the  forces  composing  the  two 
couples  are  parallel,  it  is  only  necessary  to  introduce  two  equal  and 
opposite  forces  in  a  straight  line,  intersecting  the  forces  P,  —P  at  one 
of  the  couples,  and  to  compound  one  of  these  forces  with  P  and  the 
other  with  —P.  We  thus  get  a  couple  equivalent  to  the  original  one 
and  of  equal  moment,  but  its  component  forces  intersect  those  of  the 
second  couple  ;  hence  the  above  proof  appli&s. 
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94.  A  couple  acting  on  a  rigid  body  may  be 
replaced  by  any  other  conple  of  equal  moment 
acting  on  the  body  in  the  same  plane  without 
altering  its  effect. 

Let  M  be  the  moment  of  the  given  couple.  Apply  two 
couples  of  equal  and  opposite  moments  M,  —M  to  the 
body  anrjxvliere  in  the  plane  of  the  first  coaple.  These 
balance  each  other,  and  do  not  therefore  aifect  the  body. 
Now  combine  the  first  and  third  couples.  These  also 
balance  each  other,  since  their  moments  (M,  —M)  bxc 
equal  and  opposite  ;  therefore  they  may  be  removed.  We 
are  thus  left  with  the  second  couple  of  moment  M  as  the 
equivalent  of  the  first. 

Cor.  From  this  result  we  see  that  a  couple  has  no  particular 
position  of  application,  hut  that  it  may  he  shifted  anywhere  in  its 
plane  without  altering  its  statical  effect.  The  effect  of  the  couple 
depends  therefore  only  on  its  moment  and  the  plane  in  which  it  acts. 

OjiSEuvATiox. — The  ahove  proof  is  identical  in  its  reasoning  with 
the  ^Tooi  of  the  Principle  of  the  Transmission  of  Force.  The  present 
theorem  may  therefore  be  called  the  Principle  of  the  Transmission  {or 
Traiismissibility)  of  Couples. 

*95.  To  compound  two  coplanar  couples  into  a 
single  resultant  couple.  —  Let  the  couples  consist  of 
the  forces  (P,  -P)  and  (Q,  -Q)  (Fig.  86),  and  let  their 
lines  of  action  be  produced,  if  necessary,  so  as  to  form  a 
parallelogram  abcd. 

Let  B  be  the  resultant  of  P  and  Q  acting  at  d. 

Then  the  resultant  of  — P,  —Q  acting  at  6  is  evidently 
an  equal  and  opposite  force  —R,  parallel  to  B. 

The  forces  P  at  (/  and  —  P  at  6  form  a  couple  which  is 
the  i-equired  resultant  of  the  two  couples  (P,  — P)  and 

{Q.  -Q). 

Since  P  is  the  resultant  of  P,  Q  acting  at  d, 

moment  of  P  about  6 

=  algebraic  sum  of  moments  of  P,  Q  about  6. 
But  6  is  a  point  on  the  line  of  action  of  the  forces  — P. 
-Q.  -B. 

Therefore  the  moments  about  b  are  the  moments  of  the 
respective  couples,  and 
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mrtment  of  resuVant  cmipJe 

=  algfhraic  sum  of  moments  of  its  component  conph  s. 

Cor.  Avy  number  of  eoplatiar  couples  are  equivaletU  to  a  single  couple 
ichose  moment  is  ihe  algebraic  sum  of  their  moments.  [For  compound 
the  couples  together  two  at  a  time,  &c.] 

96.  Any  number  of  coplanar  forces  are  equivalent 
either  to  a  single  force  or  a  couple,  or  are  in  equilibrium. 

Any  two  forces  not  forming  a  couple  can  be  compounded  together ; 
and  three  or  more  forces  cannot  each  form  couples  with  all  the  others, 
for  they  cannot  all  be  unlike.  Therefore  two  of  them  must  be 
capable  of  being  replaced  by  a  single  force,  and  this  process  can  be 
repeated  until  there  are  only  two  forces  left.  These  cither  have  a 
single  resultant  or  form  a  couple  or  balance. 


Sdmm.'rt  of  Results. 

If  a  number  of  parallel  forces  Pj,  P,,  P„  &c.,  cut  a 
straight  line  at  distances  ,r,,  ;>•,,  a-,,  Ac,  from  any  point  0, 
their  resultant  is  given  by  the  equation 

R  =  1\^F,^F,^ (1), 

and  its  distance  ~x  from  0  by 

"-       P,i-P,  +  P,+  ...  (^>' 

provided   the   proper   sign    is   given    to   each   force    and 

distance.  (§  84.) 

Couple  =  two  equal  unlike  parallel  forces.  (§  86.) 

Moment  of  con  pie 

=  algebraic  sum  of  moments  of  its  forces  about  any  point 

in  its  plane  (§§  88,  80.) 

=  moment  of  one  force  about  point  on  the  other      (§  90.) 

—  F  .AB  (where  P  =  either  force,    AB  —  arm).      (§  90.) 

Principle  of  transmission  of  couplpa. — A  couple  may  be 
feplaccd  by  any  other  couple  of  equal  moment.         (§  94.) 

Hesidfant  of  two  or  more  couples  is  a  couple  whose 

momciit  =  butu  of  moments  of  components.    (§  95.) 
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EXAMPLES  A^IT. 

1.  Two  men  carry  a  load  of  |  cwt.  suspended  from  a  horizontal 
pole  14  ft.  long,  whose  weight  is  10  lbs.,  and  whose  ends  rest  on 
their  shoulders.  Find  the  point  at  which  the  load  must  he  suspended 
in  order  that  one  of  the  men  may  bear  71  lbs.  of  the  whole  weight. 

2.  Three  like  parallel  forces  of  5  lbs.,  7  lbs.,  and  9  lbs.  act  in  lines 
whose  distances  apart  are  3  ft.  and  4  ft.     Find  the  resultant. 

3.  A  uniform  beam,  14  ft.  long  and  weighing  120  lbs.,  is  attached 
to  two  props,  one  of  which  is  3  ft.  and  the  other  5  ft.  from  its  centre. 
Calculate  the  forces  on  the  props  when  a  weight  of  100  lbs.  is  placed 
first  at  one  end  and  then  at  the  other  end  of  the  beam. 

4.  A  uniform  bar,  3  ft.  long  and  weighing  5  lbs.,  rests  on  a 
horizontal  table  with  one  end  projecting  4  ins.  over  the  edge.  Find 
the  greatest  weight  that  can  be  hung  on  the  end  without  making  the 
bar  topple  over. 

5.  If  a  beam  G  ft.  long,  and  weighing  15  lbs.,  is  acted  upon  by  a 
downward  force  of  3  lbs.  at  one  end  and  an  upward  force  of  7  lbs.  at 
the  other  end,  what  force  is  required  to  keep  it  in  equilibrium  in  a 
horizontal  position  ? 

6.  A  bar  of  uniform  thickness  and  density,  12  ft.  long  and  1  cwt., 
is  supported  at  its  extremities  in  a  horizontal  position.  If  a  body  of 
2  cwt.  be  suspended  from  a  point  2  ft.  distant  from  one  end,  and  a 
body  of  4  cwt.  at  4  ft.  from  the  other  end,  required  the  pressures  on 
the  points  of  support. 

7.  A  uniform  beam,  12  ft.  long  and  weighing  72  lbs.,  is  supported 
on  two  props,  1  ft.  and  2  It.,  respectively,  from  the  ends.  "Where 
must  a  weight  of  24  lbs.  be  hung  to  make  the  pressure  on  each  prop 
equal  to  48  lbs.  ? 

8.  A  rod  without  weight  rests  horizontall}'  on  two  points,  A  and  B, 
10  ft.  apart.  Between  A  and  B  take  points  C,  0,  D,  such  that 
AC  =  2  ft.,  >I0  =  4  ft  ,  >10  =  7  ft.  A  weight  of  100  lbs.  is  hung  at 
C,  and  one  of  90  lbs.  at  D  Find  the  algebraical  sum  of  the  moments 
with  respect  to  0  of  the  forces  on  one  side  of  0. 


k 


COOPLBS.  103 

9.  A  uniform  beam,  12  ft.  long  and  weighing  56  lbs.,  rests  on,  and 
is  fastened  to,  two  props  5  ft.  apait,  ono  of  which  is  3  ft.  from  one  end 
of  the  beam.  A  load  of  35  lbs.  is  placed  (a)  on  the  middle  of  the 
beam,  (5)  at  the  end  nearest  a  prop,  (c)  at  the  end  furthest  from  a 
prop.     Calculate  the  weight  each  prop  has  to  bear  in  each  case. 

10.  A  rod  is  supported  horizontally  on  two  points  A  and  B,  12  ft. 
apart.  Between  A  and  B  points  C  and  D  are  taken,  such  that 
AC  =  BD  =  3  ft.  A  weight  of  120  lbs.  is  hung  at  0,  and  a  weight  of 
240  lbs.  at  D ;  the  weight  of  the  rod  is  neglected.  Take  a  point  0 
midway  between  A  and  B,  and  find  with  respect  to  the  algebraical 
sum  of  the  moments  of  the  forces  acting  on  the  rod  on  one  side  of  0. 

11.  "^Tien  a  force  and  a  couple  act  in  the  same  plane  on  a  rigid 
body,  find  their  resultant. 

12.  Draw  a  square  ABCD  and  its  diagonal  AC.  Two  fo'-ces  of 
10  units  act  from  A  to  B  and  from  C  to  D  respectively,  forming  a 
couple ;  a  third  force  of  15  units  acts  from  C  to  A.  Find  their 
resultant,  and  show  in  a  diagram  exactly  how  it  acts. 

13.  Prove  that  a  couple  can  be  moved  parallel  to  itself  without 
altering  its  effect. 

14.  State  (without  proof)  the  conditions  that  must  be  satisfied  in 
order  that  two  couples  may  balance.  Give  a  practical  illustration  of 
two  balancing  couples  in  diflerent  planes. 

15.  Forces  P,  Q,  ^  act  along  the  sides  of  a  triangle  ABC  from  B  to  0, 
C  to  A,  and  A  to  B,  and  are  proportional  to  the  lengths  of  the  sides 
along  which  they  act.  (a)  Show  that  they  form  a  couple,  and  find  its 
moment ;  (b)  find  their  resultant  when  the  direction  of  one  of  them 
(P)  is  reversed. 

16.  Forces  F  and  Q  act  at  A,  and  are  completely  represented  by  AB 
and  AC,  sides  of  a  triangle  ABC.  Find  a  third  force  £,  such  that  the 
three  forces  together  may  be  equivalent  to  a  couple  whose  moment  is 
represented  by  half  the  area  of  the  triangle. 

17.  Express  the  work  done  when  a  moment  Jf  has  rotated  n  times. 
If  a  force  equal  to  the  weight  of  10  lbs.  revolve  three  times  tangenti- 
ally  round  a  circle  of  5  ft.  radius,  find  the  work  it  would  do. 

18.  Forces  act  along  the  sides  of  a  polygon,  and  are  represented 
completely  by  those  sides  taken  in  order.  Show  that  they  are 
equivalent  to  a  couple  whose  moment  is  measured  by  twice  the  area 
of  the  polygon. 


104 


STATICS. 


EXAMINATION  PAPER  III. 


1.  What  do  you  mean  by  the  moment  of  a  force  about  a  point  ? 

2.  Show  that  the  algebraical  sum  of  the  moillents  of  two  forces 
(whose  lines  of  action  intersect)  about  any  point  in  the  plane  con- 
taining the  forces  is  equal  to  the  moment  of  their  resultant. 

Deduce  the  rule  for  compounding  two  like  parallel  forces. 

3.  Find  the  resultant  of  two  parallel  forces  acting  in  opposite  dircc 
tions. 

y  4.  ABO  is  a  triangle  having  a  right  angle  at  C  ;  BO  is  12  ft.,  andi4C 
is  20  ft. ;  P  is  a  point  in  the  hypotenuse  AB  such  that  AP  is  one-fourlh 
oi  AB;  a  force  of  50  lbs.  acts  from  0  to  B,  and  one  of  100  lbs.  from 
C  to  A.  («)  Find  the  moments  of  the  forces  with  respect  to  P. 
{b)  Find  the  sum  {i.e.,  the  algebraical  sum)  of  the  two  moments, 
(c)  If  the  point  P  were  fixed,  in  what  direction  would  the  forces 
make  the  triangle  revolve  ? 

5.  State  the  conditions  of  equilibrium  of  three  parallel  forces  acting 
upon  a  rigid  body. 

6.  A  straight  line  AB  represents  a  rod,  10  ft.  long,  supported  hori- 
zontally on  two  points,  one  under  each  end  ;  C  is  a  point  in  AB,  3  ft. 
from  A.  "What  thrust  is  produced  on  the  points  A  and  B  by  a  weight 
of  30  lbs.  hung  at  0  ?  What  additional  thrust  is  exerted  on  the  points 
of  support  if  the  rod  is  uniform  and  weighs  20  lbs.  ? 

7.  Explain  why  a  rod  which  will  support  a  considerable  tension 
can  be  broken  comparatively  easily  by  being  bent. 

8.  What  is  the  resultant  of  a  force  of  4  lbs.  weight  and  a  couple 
with  an  arm  2  ft.  long  and  forces  3  lbs.  weight  ?  State  its  position 
clearly  with  reference  to  the  4  lbs.  force. 

9.  What  is  meant  by  a  conple  in  Mechanics  ?  Find  the  condition 
that  two  couples  which  act  on  a  rigid  body  should  equilibriate. 

10.  Show  that  any  number  of  couples  applied  to  a  rigid  body  in 
one  plane  are  equivalent  to  a  single  couple  whose  moment  is  the 
algebraic  sum  of  the  moments  of  the  individual  couples. 


CHAPTER    Vlli. 


MACHINES— THE   LEVER— THE   WHEEL  AND 
AXLE. 

97,  A  machuie  in  Meclianics  meaus  any  contrivance 
in  whicli  a  force  applied  at  one  point  is  made  to  raise  a 
weight  or  overcome  a  resisting  force  acting  at  another 
point.  The  former  force  is  called  the  effort  or  power,  the 
latter  the  resistance  or  weight.* 

In  what  follows,  the  effort  will  be  denoted  by  P,  and 
the  resistance  by  either  Q  or  W,  the  letter  W  being  gene- 
rally used  when  the  resistance  is  a  heavy  weight  which 
the  machine  has  to  lift. 

Machines  are  used  for  the  following  purposes  : — 

(1)  To  enable  a  person  to  raise  weights  or  overcome 
resistances  so  great  that  the  effort  he  is  capable  of  exert- 
ing would  be  insufficient  without  the  use  of  a  machine. 

Example. — A  truck  drawn  up  an  inclined  plane  to  any  required 
height  when  it  la  too  heavy  to  be  lifted  bodily  off  the  ground. 

(2)  To  enable  the  motion  imparted  to  one  point  of  a 
machine  to  produce  a  much  more  rapid  motion  at  some 
other  point. 

Example. — A  bicycle,  or  a  winnowing  machine. 

(3)  To  enable  the  effort  to  be  applied  at  a  more  con- 

*  The  t^niis  "  power  "  and  "  weight "  are  iised  in  the  older  books  on  Mechanics, 
and  still  som«*times  occur  in  examination  papers;  bnt  "power"  also  signifies 
"  rat-e  of  working,"  such  .-s  lion?e-power,  and  machines  are  often  used  in  nver- 
coming  resistances  other  than  those  due  to  gravity  or  "  weight." 
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venient  poiiif,   or  in  a  more  convenient  direction,  (liati 
that  in  which  the  resistance  acts. 

Example. — A  poker  used  to  stir  the  fire,  a  rope  and  pulley  for 
raising  a  bucket  from  a  well. 

In  every  case  a  machine  Tiiust  be  capable  of  moving  the 
point  of  application  of  the  i-esislance,  i.e.,  of  doing  work 
against  the  resistance,  and  the  Principle  of  Work  teaches 
ns  that,  in  all  cases,  an  equal  amount  of  work  mnst  be 
done  by  the  effort  in  moving  the  machine  ;  in  other  words, 
we  must  put  as  much  work  into  the  machine  as  we  want  to 
get  out  of  it. 

98.  The  mechanical  powers. — The  simplest  forms  of 
machines  arc  called  the  meclianical  powers,  and  it  is 
usual  to  distinguish  the  following  six  forms  of  them: — 

^    The  inclined  plane.  [Chap.  III.] 

^   The  wedge.  [Chap.  IV.] 

The  lever. 

The  wheel  and  axle,  and  windlass. 

The  pulley  and  systems  of  pulleys.      [Chap.  IX.] 

The  screw.  [Chap.  IX.] 

In  every  case  we  suppose  these  machines  to  be  devoid 

of  friction,  and  in  Statics  we  are  chiefly  concerned  with 

finding  the  relations  between  the  effort  and  the  resistance, 

when  there  is  equilibrium. 

99.  Mechanical  advantage.  —  Definition.  —  The 
mechanical  advantage  is  the  number  which  expresses 
what  multiple  the  resistance  is  of  the  effort,  i.e  , 

,       .     ,     ,        .  resistance       Q  W 

mechanical  advantage  = =  -^   or   — 

*  effort  P  r 

Consider,  for  example,  a  smooth  inclined  plane  at  a  slope  of,  say, 
1  in  20.  By  applyinj^  a  force  of  1  cwt.  along  the  plane,  it  is  possible 
to  draw  a  weight  of  '20  cwt.  or  I  ton  np  the  plane,  and  if  the  plane  br 
long  enough,  this  wtight  may  be  raised  to  any  desired  height.  Thi 
resistance  to  be  overcome  is  that  due  to  gravity,  viz.,  the  weight  ot 
20  cwt.  It  is  therefore  twrnty  limes  the  effort,  and  we  say  that 
the  mechanical  advantaye  is  20.  Generally,  if  the  effort  acts  up  a 
smooth  incline  of  1  in  w,  the  mechanical  advantage  is  «. 
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100.  The  lever  is  a  rigid  bar  capable  of  turning  freel}' 
about  a  fixed  point  of  support.  This  point  is  called  the 
fulcrum.  The  effort  is  a  force  applied  at  any  point  of 
the  lever,  so  as  to  turn  it  about  the  fulcrum,  and  thus  to 
raise  a  weight  or  overcome  a  resistance  applied  at  any 
other  point. 

The  lever  is  most  often  a  straight  rod,  the  two  arms  therefore 
being  in  one  straight  line,  and  the  effort  and  resistance  generally 
act  perpendicular  to  the  arms.  But  these  are  mere  matters  of 
convenience. 

In  theoretical  calculations  we  neglect  the  thickness  of  the  lever  and 
most  frequently  assume  it  t-j  be  without  weight. 


101.  To  find  the  mechanical  advantage  of  the  lever 
when  the  forces  act   perpendicular   to   the   arms. — 

Let  C  be  the  fulcrum,  CA,  CB  the  aims,  and  let  a  force  P 
applied  at  A  perpendicuhir  to  CA  support  a  resistance  Q 
applied  at  B  perpendicular  to  CB.     Then  the  condition  of 
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equilibrium  requires  the  moments  of  P  and  Q  about  C  to 
be  equal  and  opposite,  and  therefore 

PxCA  =  Qx  CB. 

This  condition  may  be  written 

^^CA 
P       CB  ■ 

.-.  mechanical  advantage  ^  =      arm  of  effort      ^^^  . 

I*      arm  of  resistance 

or  the  effort  and  resistance   are  inversehj  proportional  to  the 
arms  on  ivhich  they  act. 
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Hence,  by  applying  the  effort  at  tlie  end  of  a  long  am: 
and  the  resistance  very  near  the  fnlcrura,  the  mechanical 
advantage  may  be  made  very  great,  and  a  man  may  raise 
a  weight  many  times  greater  than  he  could  lift  bodily  off 
the  ground. 

Example. — Thus,  by  exerting  a  force  of  1  lb.  at  a  distance  of  2  ft. 
from  the  fulcrum,  we  can  lilt  a  weight  of  2  lbs.  applied  at  a  distance 
of  1  ft.  from  the  fulcrum,  or  a  weight  of  24  lbs.  applied  an  inch  away 
from  the  fulcrum. 


102.  Mechanical  advantage  of  levers  in  general. — 

Where  P,  Q  do  not  act  perpendicular  to  CA,  CB,  we  must 
drop  Ca,  Gb  perpendicular  on  their  lines  of  action. 


==18  lbs 


Fisr.  88. 


Fi"-.  89. 


Taking  moments  about  C,  the  condition  of  equilibrium 
now  becomes  PxCa  =  Qx  Cb. 

mechanical  advantage  ^^  =  -— - 
**     /*        Cb 

_       perp.  dist.  of  effort  from  fulcrnm 
perp.  dist.  of  resistance  from  fulcrum 

OnsEKVATioNS.— -The  only  difference  Ihercforo  is  tli.tt  the  perpen- 
diculars Ca,  Cb  are  no  longer  the  arms  of  the  lever.     We  might,  if 

/ 


MACHINES — THE    LEVEE — THE    WHEEL    AND    AXLE.        109 

wre  liked,  replace  the  lever  with  one  whose  arms  are  Ca,  Cb  without 
altering  the  mechanical  advantage. 

As  a  rule,  in  all  such  cases  it  is  advisable  to  start  with  the 
Equation  of  Moments  in  working  numerical  examples,  and  not  to 
agsume  formulas  which  are  only  particular  cases  of  that  equation. 

Example. — A  straight  lever,  whose  arms  are  2  ft.  and  3  ft.  long, 
rests  at  an  inclination  of  60°  to  the  horizon,  and  a  weight  of  18  lbs. 
hangs  vertically  from  its  shorter  arm.  To  find  the  horizontal  force 
which  must  be  applied  to  its  longer  arm  in  order  to  balance. 

Let  ACB  be  the  lever  (Fig.  89).  Then,  if  P,  Q  denote  the  effort 
and  weic;ht,  these  forces  make  angles  of  60°  and  30°  respectively 
with  AB ;  therefore  their  resolved  parts  perpendicular  to  AB  are 
hPVo  and  \  Q  respectively.  Their  m»ments  about  C  are  the  products 
of  these  resolved  parts  into  the  aims  CA,  CB.  Therefore  the  Equation 
of  Moments  gives 

JP^/3  >^CA  =  \Q^CB; 

.-.     iP-/3x3  =  J.  18x2; 

18x2 


whence  required  force  T  = 


3^^3 
18x2^3 


=  4  ^/3  lb?. 


103.  The  three  classes  of  lever.  —  Straight  levers 
are  sometimes  divided  iuto  three  classes,  according  to  the 
relative  positions  oi  A,  B,  0,  the  points  of  application  of 
the  effort  and  resistance  and  the  fulcrum.  We  shall  sup- 
pose the  effort  and  resistance  to  be  parallel.  In  considering 
the  different  cases,  it  is  convenient  to  use  the  sym- 
metrical conditions  of  equilibrium  of  three  parallel  forces. 
If  R  be  the  reaction  of  the  fulcrum  on  the  lever,  we  have, 
therefore,  by  §  81, 

BC       CA       AB ' 

the  middle  force  acting  in  the  opposite  direction  to  the 
out^r  ones  and  being  equal  to  their  sum. 

The  thrust  of  the  lever  against  its  support  at  (?  is  a 
force  equal  and  opposite  to  E. 

For  convenience  we  shall  often  suppose  that  the 
resistance  Q  is  a  weight  whicb  acts  downwards. 
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104.  A  lever  of  the  first  class  (Fig.  90)  is  one  in 
which  the  fulci'um  is  placed  between  the  effort  and 
resistance. 


R 


t 


\    i 


Fig.  90. 

Here  B  is  the  middle  force ;  therefore  P,  Q  act  in  UiA 
same  direction,  and  M  in  the  opposite  direction,  also 

B  =  P+Q. 

Thus,  in  order  to  lift  a  weight,  the  effort  most  be  applied 
downwards,  and  the  reaction  acts  upwards  (so  that  the 
lever  presses  downwards  on  the  fulcrum). 

In  this  lever,  BG  may  either  be  greater  or  less  than  or 
equal  to  GA.  Therefore  the  effort  may  either  be  greater 
or  less  than  or  equal  to  the  weight  which  it  has  to  lift ; 
so  that  the  mechanical  advantage  may  he  less  or  greater  than, 
or  equal  to  unity. 

Examples  of  this  class. — The  handle  of  a  pump  ;  a  crow- 
bar when  it  rests  on  a  block  in  front  of  the  weight  to  be 


lifted  and  not  with  its  end  on  the  ground  (Fig.  91)  ;  a 
poker,  used  to  raise  tlie  coals  in  a  grate,  a  bar  of  which 
is  the  fulcrum  ;  a  spade,  in  digging  ;  a  see-saw. 
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Double  lever. — A  pair  of  scissors.  Fig.  92  shows  tiie 
forces  acting  on  the  arms  of  the  scissors,  those  on  the 
dotted  arm  being  accented. 


Fig.  92. 

105.  A  lever  of  the  second  class  (Fig.  93)  is  one  in 
which  the  resistance  is  placed  between  the  falcrum  and 
the  effort. 


R 

i 


(L 


"A 


Fig.  93. 


Here  Q  is  the  middle  force ;  therefore  P  and  B  act  in 
the  same  direction,  and  Q  in  the  opposite  direction,  also 

Q  =  P+B,    B  =  Q-P. 

Thus,   in  order  to  lift  a  weight,   the  effort  must  be 
applied   upwards,   and  the  reaction  of  the  fulcrum  also 
~?ts  upwards  (so   that   the    lever   presses    doicnicards   on 
10  fnlcram). 

Since  CA  >  CB,  the  effort  is  less   than  the   weight :    so 
that  the  mechanical  advantage  i$  always  greater  than  unity. 
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Examples  of  this  class. — A  wheelbarrow  (Fig.  9-i),  tbe 
fulcrum  being  where  the  wheel  touches  the  ground  ;  a 
crowbar,  when  the  lower  end  rests  on  the  ground. 

Note.  In  the  wheelbarrow  half  the  effort  is  applied  ut  each  handle. 


Fig.  94. 

Double  lever, — A  pair  of  nut-crackers,  the  forces  on  the 
two  arms  being  shown  in  Fig.  95. 


Fiff.  9.-). 


An  oar  is  often  called  a  lever  of  the  second  class  It  cannot 
be  strictly  said  to  belong  to  either  class.  If  the  boat  were  kept  at 
rest  and  the  oar  used  to  scoop  the  water  backwards,  it  would  be  a 
lever  of  the  first  class,  with  the  rowlock  as  fulcrum.  When  the  boat 
moves  forwards  instead  of  the  water  moving  backwards,  the  relative 
motion  and  the  relation  between  the  effort  applied  to  the  handle  and 
the  resistance  of  the  water  are  the  same  as  before,  and  can  be  correctly 
found  hii  treating  the  .oar  as  a  kver  of  the  first  class* 


f  Piis  is  proved  ia  a  note  publJAbed  in  tl)c  phUosopkical  Magazine  for  Jan.,  1887, 
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106.  A  lever  of  the  third  class  (Fig.  96)  is  one  in 
which  the  effort  is  applied  between  the  fulcrmn  and  the 
resistance. 


^ 


R 


Fig.  96. 


Here  P  is  the  middle  force ;  therefore  Q,  B  act  in  the 
same  direction,  and  the  effort  P  acts  in  the  opposite 
direction  also, 

P=  Q  +  B, 
or  B=zP-  Q. 

Thus,  in  order  to  lift  a  weight,  the  effort  must  be 
:ip plied  upivards,  and  the  reaction  of  the  fulcmm  acts 
dnwmcarils ;  so  that  the  lever  presses  upicarJs  on  the 
fulcrum. 

Since  CB  >  CA.,  the  effort  is  greater  than  the  weight ; 
so  that  tlie  mechanical  advantage  is  always  less  than  tinity, 

E.ramples  "f  this  class. — The  treadle  of  a  lurning-lathe 
or  scissors-grinding  machine ;  the  human  arm. 


Fig.  97. 
Double  lever. — A  pair  of  tongs  (Fig.  97). 
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Levers  of  the  third  class  are  rarely  used,  for,  since  the  mechanical 
advantage  is  less  than  unity,  a  greater  effort  is  necessary  to  overcome 
the  resistance  than  if  no  lever  were  used  at  all.  This  is  sometimes 
expressed  by  saying  that  there  is  mechanical  disadvantage.  They  are 
therefore  useless  for  raising  heavy  weights.  The  use  of  a  pair  of 
tongs  is  to  enable  the  effort  to  be  applied  at  a  more  convenient 
position. 

Observation. — In  the  solution  of  problems  relating  to  levers, 
the  student  is  recommended  not  to  make  nse  of  the  distinction 
between  the  three  classes  of  lever,  but  to  work  each  case  out 
independently,  either  by  taking  moments  or  by  writing  down  the 
conditions  of  equilibrium  of  the  three  forces  acting  on  the  lever. 


107.  Conditions  of  eqtiilibriuni  of  a  heavy  lever. — 

When   the    weight    of    a    lever   itself    lias    to    be    taken 
into  account,  the  condition  of  equilibrium  may  be  found 
as  in  other  cases  by  taking  mo- 
ments about  the  fulcrum.  ?  P 
Let   a    lever,  whose  weight   w            J      B      G  ^^__^  _    1 
acts  at  G  and  whose  fulci'uin  is  C,              i^             \,            ^ 
be  used  to  overcome  a  resistance                    '*'     ^ 
or  raise  a  weight  W  applied  at  B                      „.     „£. 
by   means    of    an    effort    applied                           ^' 
at  A.     Then,  if  P  denote  this  effort  (considered  positive 
when  acting  upwards),  the  equation  of  moments  about  C 

gives  r.CA  =  W.CB  +  w.CG (la); 

and,  if  the  lengths  CA,  GB,  CG  are  considered  positive  oi- 
negative  according  to  the  direction  in  which  they  ar>' 
drawn  from  (?,  this  formula  will  be  applicable  to  levers  of 
any  class. 

The  upward  reaction  (E)  at  the  fulcrum  will  be  given 

algebraically  by  ll-\-P  =  W+w. 


Observation. — The.se  formula)  hold  good  tvheJher  the 
lever  he  horizontal  or  inclined  to  tJte  horizcn,  provided  that 
the  forces  on  the  lever  ai^e  parallel,  and  that  their  points 
of  application  lie  in  a  straight  line  through  the  fulcrum. 


1 
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108.  The  wheel  and  axle  are  two  cylindi  ical  ri)llers 
joined  tos^ether  with  a  common  axis  terminating  iu  two 
pivots  about  which  they  can  turn  freely.  The  larger 
roller  is  called  the  wheel,  and  the  smaller  the  axle. 
Both  the  wheel  and  the  axle  have  ropes  coiled  round  them 
in  opposite  directions.  The  rope  on  the  axle  supports 
the  weight,  and  the  effort  is  applied  by  pulling  the  rope 


attached  to  the  wheel.  As  the  rope  round  the  whei  1 
unwinds,  that  round  the  axle  winds  up  and  raises  the- 
weight.     Fig.  100  shows  an  end  view  of  the  arrangement. 

Mechanical  advantage   of  the  wheel   and   axle. — 

The  condition  of  equilibrium  is  the  same  as  if  the  strings, 
were  really  in  a  vertical  plane  perpendicular  to  the: 
common  axis  as  they  appear  iu  Fig.  100,  and  therefore! 
the  moments  of  the  effort  P  and  weight  W  about  the  axi.5. 
are  equal  and  opposite.  Here,  if  a  denotes  the  radius  of 
the  wheel,  and  b  that  of  the  axle,  then  a,  b  are  the  arms, 
on  which  P  and  ]V  act,  and  therefore 

Pa  =  Wb ; 

i.e.,       effort  x  rad.  of  wheel  =  weight  X  rad.  of  axle. 

,       .     ,     ,        .  V      <i        rad.  of  wheer 

. .    mechanical  advantage  =--;  =—  = — - — - — 

A         0         XQ/CL»  oz  axxe 

(a/- 

By  makiug  the  wheel  larger  and  the  axle  smaller,  tit! 
mechanical  advantage  will  be  increased. 
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The  wheel  and  axle  is  thus  rpally  equivalent  to  a  lever  whose 
arms  are  the  radii  of  the  wheel  and  the  axle.  But  the  lever  can  only- 
he  used  for  raisicg  weights  through  short  distances  ;  the  wheel  and 
axle  will  lift  them  to  any  desired  height. 

Instead  of  the  rope  being  coiled  round  the  wheel,  an  endless  rope 
may  be  used,  passing  round  a  groove  cut  in  the  rim  of  the  wheel,  aa 
in  a  common  roller-blind,  provided  proper  precautions  are  taken  to 
prevent  the  rope  from  slipping  round  in  the  groove. 

109.  The  windlass  (Fig.  101)  is  a  modification  of  the 
wheel  and  axle,  the  only  difference  being  that  the  effort  is 
applied  by  turning  a  handle  AH  at  the  end  of  an  arm  GA. 


Fig.  101. 


It  is  commonly  used  for  raising  buckets  of  water  from  a 
well,  or  earth  from  a  .shaft.  An  improved  form  has  two 
buckets  so  arranged  that  the  empty  one  goes  down  as  the 
full  one  comes  up. 

Mechanical   advantage. — If  a  is  the  length  of  the 

arm  GA,  the  equation  of  moments  gives,  as  before, 

Pa  =  Wb ; 

J  1        1        -  (I        length  of  arm 

and     .'.     mech.  advantage  =   ,    =  —  , . .-     ,- , 

6        radms  ot  axle 

the  length  of  the  arm  taking  the  place  of  the  radius  of  the 
wheel. 


MACHINES — THE    LEVER THE    WHEEL    AXD    AXLE.        117 

If  there  are  two  buckets,  and  the  tot.il  ascendi-g  and  descendinfir 
weights  are  7^' and  w,  we  shall  have,  by  taking  munients. 
Pa  =  JJ'b-wb  =  {ir-w)b. 

Example.  —  The  axle  of  a  windlass  is  8  ins.  in  diameter,  and 
carries  two  buckets  of  equal  weight  on  opposite  sides.  To  find  the 
force  which  must  be  applied  to  a  handle,  whose  arm  is  2  ft.,  to  raise 
3  gallons  of  water,  a  gallon  weighing  10  lbs. 

Let  F  be  the  force,  tr  the  weight  of  each  bucket.  Then,  since  Iho 
radius  of  the  axle  is  4  ins.,  the  arm  of  the  handl;  24  ins.,  and  the 
total  weights  on  the  two  sides  ic  and  u-  +  30  lbs.,  we  have,  by  moments, 

P  X  24  +  w  X  4  =  (m?  +  SO)  X  4  ; 
whence  P  =  5  lbs. 

[Notice  that  the  weights  of  the  two  buckets  balance  each  other.] 

110.  The  capstan  (Fig.  ]03)  tised  on  board  ship  is 
exactly  similar  in   principle,  but   the  barrel  turns  on  a 


Fig.  103. 

vertical  axis  and  is  worked  by  one  or  more  men  walking' 
round  and  pnshing  a  number  of  horizontal  projeotintr 
arms  (called  handspikes).  Here  the  moment  of  the  pull 
of  the  rope  is  equal  to  the  sum  of  the  moments  of  the 
forces  exeited  by  the  men. 

Example.  —  The  barrel  of  a  capstan  is  3  ft.  in  diameter,  and  if> 
worked  by  four  men  exerting  force.s  of  4.5.  52,  &'i,  and  64  lbs.  on  armH 
each  ~h  ft.  long.  The  rope  passing  round  the  b.irrel  is  fastened  to 
a  pier.     To  find  the  force  drawing  the  ship  towards  the  pier. 

Let  Q  lbs.  be  the  required  force  exerted  by  the  rope.     Then,  since 
the  radius  of  the  barrel  is  1|-  ft.,  we  have,  by  tnking  mtiments, 
e  X  li  =  (45  +  62  +  63  +  64)  x  7i  ; 
,-.     Q  =  224  X  0  lbs.  =  1120  lbs.  =  \  ton. 
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111.  Principle  of  Work  for  any  macliine. — Althongli 
a  smnll  effort  may  be  made  to  oveicome  a  very  large 
T(J.sis<anco  with  a  machine,  the  Principle  of  Work,  or 
Principle  of  Conservation  of  Eneigy,  holds  good  in  every 
case,  and  asserts  that  the  work  done  by  the  effort  is 
always  equal  to  the  work  done  by  the  machine  against 
Ihe  weight  or  resistance. 

Hence  no  work  is  gained  or  lost  by  the  use  of  a  fric- 
tionless  machine. 

For  instance,  if,  in  any  machine,  a  force  of  1  lb.  sup- 
ports a  weight  of  10  lbs.,  the  former  force  will  have  to 
move  its  point  of  application  through  10  ft.  to  raise  tlje 
weight  through  1  fr. 

This  is  sometimes  expressed  by  saying  that  "  what  is 
gained  in  power  is  lost  in  speed."  In  more  accurate 
hmguagc,  mechanical  advantage  is  always  obtained  at  the 
expense  of  a  proportionate  disadvantage  in  diminished 
speed. 

Conversely,  whei'e  increased  speed  is  obtained  by  means 
of  a  machine,  this  is  only  attained  at  the  expense  of 
jnechanical  disadvantage. 

Example. — The  arms  of  a  lover  are  3  ft.  and  1  ft.  To  find  tlie  force 
on  the  longer  arm  and  the  work  done  in  raising  a  weight  of  12  lbs. 
through  1  in.,  and  to  verify  the  Principle  of  Work. 

Let  P  be  the  required  force.  Then,  by  taking  moments  about  the 
fulcrum, 

Px  3  =  12x1,     whence     i'  -  -1  lbs. 

Let  the  lever  be  turned  about  the  fulcrum.  Then  the  points 
furthest  from  the  fulcrum  will  move  over  the  greater  distances ;  and, 
by  drawing  a  figure  with  the  lever  in  two  positions,  it  is  easy  to  sec. 
or  to  prove,  by  Euclid  VI.  6,  that  the  distances  moved  by  different 
points  are  proportional  to  their  distances  from  the  fulcrum.  Thus,  if 
the  end  of  the  shorter  arm  moves  1  in.,  tliat  of  the  longer  arm  will 
move  3  in. 

Now  work  required  to  lift  12  lbs.  through  1  in. 

=--  12x-,i5  =  1  ft.-lb. 
Work  done  by  1',   or  4  lbs.,  in  moving  its  p  lint    of   application 
through  3  ins.  =  4  x  -^^  =  1  ft.-lb. 

.'.     work  done  by  P  =  work  required  to  raise  weight. 
Therefore  the  Principle  of  Work  is  true  in  this  case. 
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11-2.  Principle  of  Work  for  the  wheel  and  axle. — 

Let  a,  b  be  the  radii  of  the  wheel  and  axle,  and  let  them 
be  rotated  through  one  complete  tarn.  Then,  a  length  of 
rope  equal  to  the  circumference  of  the  wheel,  or  '2ira, 
uncoils  from  off  the  wheel,  and  a  length  equal  to  the 
circumference  of  the  axle,  or  27rfe,  coils  round  the  axle. 
Hence,  distance /aZZen  by  P  (the  effort) 

=  circumference  of  wheel  :=  2r(jr, 
and  distance  rt^en  by  W  (the  weight) 

=  circumference  of  axle  =  2irh ; 
.•.     work  done  by  P  =  Px  2jra, 
and  work  done  against  W  =  TFx27r6. 

(i.)   1/  ice  assume  the  equation  of  momenta 
.Pxa  =  Wxb, 
then  Px27r«  =  Wx2TTb, 

or  work  done  by  P  =  work  done  against  W, 

renfyiiig  the  truth  of  tlie  Principle  of  Work  for  (he  wheel 
and  axle. 

(ii.)  Conversely,  if  tee  assume  the  Principle  of  Worh  to 
be  true,  then  P  xa  =  Wxb, 

verifyvig  the  relation  between  the  effort  and  res^islance,  which 
is  otherwise  obtainable  from  the  equation  of  moments. 

113.  To  find  the  mechanical  advantage  of  any 
machine  from  the  Principle  of  Work. 

We  shall  now  show  that  the  mechanical  advantage  or 
the  condition  of  equilibrium  of  a  machine  working  without 
friction  can  very  easily  be  found  by  means  of  the  Princi- 
ple of  Work  when  they  cannot  be  easily  found  by  other 
methods. 

For  let  the  machine  be  set  in  motion.  Then  it  is  only 
necessary  to  compare  the  distances  through  "which  the 
points  of  application  of  the  effort  and  resistance  move; 
their  ratio  is  the  required  mechanical  advantage. 

For  if  P,  Q  denote  the  effort  and  resistance,  x,  y  the 
distances  moved  by  their  points  of  application,  then  the 
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relation  work  done  by  V  =  work  done  ngainst  Q 

gives  P  X  .r  =  (^  x  y. 

,'.   mecliauical  advantage,   ^  =  — 

_  distance  moved  by  point  of  application  of  P 
distance  moved  by  point  of  application  of  Q 

Examples. — If,  by  moving  a  handle  through  1  ft.,  a  weight  of 
1  cwt.  is  raised  through  1  in.,  to  find  the  force  that  must  he  applied 
to  the  handle. 

Lot  P  be  the  force.  Since  the  works  of  P  and  the  resistance  are 
equal  and  opposite, 

.-.     Pxr=  112x^5. 

Hence  force  required  to  raise  112  lbs.  ==  112/12  =  9|  lbs.  weight 


114.  Toothed  or  cog-  wheels. — By  the  use  of  tootlied 
wheels,  the  mechanical  advantage  of  a  windlass  or  other 
similar  machine  can  be  increased  to  any  desired  extent. 
By  counting  the  number  of  teeth  or  cogs  on  two  wheels 
which,  work  into  one  another,  we  may  find  the  number  of 
turns  and  fractions  of  a  turn  made  by  one  wheel  for  each 
turn  of  the  other,  and  in  this  way  determine  the  relation 
between  the  effort  and  weight. 

Pxample. — The  handle  of  a  windlass  is  1  ft.  long,  and  is  con- 
nected to  a  cog-wheel  with  6  teeth,  which  works  another  cog-wheel 
with  84  teeth,  connected  to  an  axle  9  ins.  in  diameter  on  which  i.s 
coiled  the  rope  supporting  the  weight.  To  find  the  force  which  must 
be  applied  to  the  handle  to  lift  5  (  wt. 

Since  the  cog-wheels  contain  G  and  8t  teeth,  respectively, 

.•.     one  turn  of  the  axle  corresponds  to  ',,*-  or  14  turns  of  the  handle. 

In  one  turn  of  the  handle  the  extremity  describes  a  circle  of  cir- 
cumference '2ir  ft.,  and  in  one  turn  of  the  axle  a  length  f  7r  ft.  of 
rope  coils  up,  drawing  up  the  weight. 

Therefore,  by  the  Principle  of  Work,  if  P  is  the  required  force  in 

lbs.  weight,  P  x  14  x  27r  =  560  x  >. 

Tj         560  X  3         ,  -  11  •   i.i 

.♦.    P  —  -  -  -  =  1.)  lbs.  weight. 

14x2x4 
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Illustrative  Examples. 

Examples  (1).— A  slab  of  stone  weighing  1  ton,  whose  weight  nets  at 
its  centre,  is  to  be  tilted  up  by  a  crowbar  3  ft.  long  resting  against  a 
log  of  wood  in  front  of  it.  To  find  where  the  log  must  be  placed  in 
order  that  a  force  of  1  cwt.  may  suffice  to  raise  the  slab. 

Let  ACB  be  the  crowbar.  BGD  the  slab  resting  on  the  ground  at  D, 
G  its  centre  of  gravity.  Lee  F,  Q,  R  be  the  forces  acting  on  the 
crowbar  at  A,  B,  C. 

Then  the  weight  of  the  stone,  1  ton  (=  IF,  say),  acts  at  6,  and  is 
lifted  about  D  by  the  force  Q  acting  at  8. 


a 


0 


Taking  moments  about  the  point  of  contact  with  the  ground,  it  io 
clear  that,  since  G  is  the  centre  of  the  slab  BD  ; 

.-.     Q  =,  \jr  =  h  ton  =  10  cwt. 
Taking  moments  about  C  for  the  crowbar, 
I'xAC  =  QxCB. 

Or,  since  P=  1  cwt  ,    AC  =  ^^;  CB  =  -^  CB  -\OCB; 

.-.    AB  =  AC^CB=  lOCB  +  CB  =UCB; 

.-.     CB  =  ^AB  =  -jL  of  3  (t.  =  3 A  ins. 

Hence  the  crowbar  must  rest  on  the  log  at  a  point  'Sf^  ins.  from  its 
extremity. 

(2)  Tbe  driving  wheel  of  a  bicycle  is  90  ins.  in  circumference,  the 
ejranks  of  the  pedals  are  4jins.  long,  and  the  driving  wheel  makes 
20  turns  for  every  9  turns  of  the  cnink  axle.  If  the  force  resisting 
the  motion  of  the  machine  is  i  lb.,  to  find  the  average  force  which 
the  rider  exerts  on  the  pedals,  supposing  him  to  press  on  thenj 
vertically  downwards. 

In  each  turn  of  the  driving  wheel  the  machine  moves  forward  90  ins. 

But  the  turn  of  the  cranks  produces  °^^-  turns  of  the  driving  wheel. 

Therefore  in  one  turn  of  the  a-anks  the  machine  moves  forward 
200  ins.  =  ^°  feet,  and  the  work  done  against  the  resistance  is  ^  x  i 
or  ^  ft-lbs.  weight. 

But  in  one  turn  of  the  cranks  each  of  the  two  pedals  is  lowered  iu 
hum  through  a  vertical  distance  =  twice  the  length  of  the  cranlj 
^  9  ins.  =  J  ft. 
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Hence,  if  P  lbs.  denote  the  avera^n  force  which  the  rider  exerts  on 
the  pedals,  the  Principle  of  Woric  gives 
Px2x5  =  %1 
.•.     P  =  1^1'.  =  0  0  lbs.  weight. 

Note. — The  student  is  at  liberty  to  apply  the  Principle  of  Work  or 
Principle  of  Conservation  of  Energy  to  any  problem  whatever  in 
Mechanics,  provided  its  use  is  not  precluded  by  the  conditions  of  the 
question  (as,  for  example,  where  it  is  required  to  verify  the  principle 
when  its  truth  must  not  be  assumed). 

Summary  of  Results. 

Mechanical  advantage  of  any  machine  is  defined  as  fraction 

resistance  to  be  overcome  Q,  W        ,(,  f.^  \ 

~  I  o'"    ¥>•      (§99.) 


effort  applied  to  move  machine        P         P 

Let  this  be  denoted  by  M,  while  Q  or   W  and  P  have 
tlieir  usual  meanings. 

In  any  lever  tlie  equation  of  moments  about  f  ulcrom  gives 

,,        Q       distance  of  P  from  fulcrum       ,,^    /smini  iaon 

3/  or  ^  =  ■- ,-^i. TT-, •••(•■)•  (88  101,102.) 

P       distance  of  Q  from  fulcrum 

For  a  straight  lever  ABC,  whose  fulcrum   is  C,  <he  con- 
ditions of  equilibrium  are 

where  11  is  the  reaction  of  the  fulcrum. 

In  a  lever  of  the 

first     cluHfi,  fulcrum  is  in  middle,  M>  =  oi"  <  1,  (§  lOl) 

second     „     resistance    ,,  ,,        .^lA  always  >1,  (§  10.').) 

t/iird       „     ffort  „         „        M  always  <  I.  (§  106.) 

In  a  inJuel  and  axle  or  windlass,  Pa  ~  Q'l,  ov 

T,,         a        r.ul.  of  wheel  arm  of  handle  ,,, , 

M  =^        —  or       -    (2'. 

h         rad.  of  axle  rail,  of  axle 

(§§  108,  109. 

Tlie  Principle  of  Work  for  any  machine  gives 

work  of  effort  =  work  against  resistance  ; 

whence,  if  x,  y  are  distances  traversed  by  P,  Q, 

P^=Qy,      iI7=:''-.  (§113.) 

y 
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EXAMPLES   VII. 

1.  The  arms  of  a  lover  are  4  ins.  and  11  ins.  in  length,  and  a 
weight  of  41 J  lbs.  is  attached  to  the  shorter  arm.     Find  the  power. 

2.  A  lever,  6  ft.  long,  having  the  fulcrum  at  one  end  and  the 
applied  force  at  the  other  end,  is  used  to  sustain  a  weight  of  1  cwt. 
at  a  point  2  ft.  from  the  fulcrum.  Find  the  direction  and  magnitude 
of  the  pressure  on  the  fulcrum. 

3.  Two  weights  Pand  Q  balance  on  a  weightless  lever,  the  fulcrum 
being  l\  ins.  from  the  middle  point  of  the  lever.  If  each  weight 
is  increased  by  1  lb.,  the  fulcrum  must  be  moved  5  in.  in  order  that 
there  may  be  equilibrium.  Find  the  force  of  pressure  on  the  fulcrum 
in  each  case. 

4.  E.\plain  carefully  why  a  man  stands  on  the  bottom  rung  of  a 
ladder,  and  holds  on  to  another  rung  as  low  down  as  he  can,  when 
another  man  is  lifting  the  ladder. 

5.  Two  men  carry  a  load  of  1  cwt.  suspended  from  a  horizontal 
pole  12  ft.  long,  whose  weight  is  20  lbs.,  and  whose  ends  rest  on  their 
shoulders.  Find  the  point  at  which  the  load  must  be  suspended  in 
order  that  one  of  the  men  may  bear  94  lbs.  of  the  whole  weight. 

6.  The  drum  of  a  windlass  is  4  ins.  in  diameter,  and  the  power  is 
applied  to  the  handle  20  ins.  from  the  axis.  Find  the  force  necessarj' 
to  sustain  the  weight  of  100  lbs.,  and  the  work  done  in  turning  the 
handle  ten  times. 

7.  A\Tiy  cannot  a  man,  sitting  in  a  basket,  lift  himself  and  the 
basket  off  the  ground  by  pulling  at  the  handles  of  the  basket  ? 

8.  What  power  will  balance  a  weight  «f  6  cwt.  by  means  of  a 
wheel  and  axle  whose  circimiferences  are,  respectively,  5  ft.  4  ins.  and 
9  ins.  'f 

9.  A  wheel  and  axle  is  used  to  raise  a  bucket  weighing  30  lbs. 
from  a  well.  The  radius  of  the  wheel  is  20  ins.,  and  while  it  makes 
7  revolutions  the  bucket  rises  11  ft.  What  is  the  smallest  force  that 
\rill  raise  the  bucket  ? 
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10.  Two  forces  JPand  Q  balance  on  a  lever  acting  on  the  same  siae 
of  the  fulcrum.  If  P  be  increased  by  1  lb.,  equilibrium  may  be  main- 
tained bj'  moving  P's  point  of  application  2  ins. ;  or  if  Q  be  increased 
by  1  lb.,  by  moving  Q's  point  of  application  f  in. ;  or  if  both  F  and 
Q  be  increased  by  1  lb.,  by  moving  both  points  of  application  IJ  ins. 
Find  P  and  Q. 

11 .  In  any  lever,  find  the  mechanical  advantage  when  the  effort  'i 
applied  at  (i.)  the  point  of  application  of  the  resistance,  (ii.)  the 
fulcrum.  Applying  this  to  the  case  of  an  oar  in  a  boat,  state  what 
happens  when  the  oarsman  pulls  hold  of  it  at  the  rowlock,  and 
hence  show  that  the  oar  acts  as  a  lever  whose  fulcrum  is  at  the 
rowlock. 

12.  AB  is  a  weightless  lever  acted  on  at  A  and  B  by  two  equal 
forces  Pand  Q,  whose  directions  contain  an  angle  60°,  P  acting  at. 
right  angles  to  AB.  Find  where  the  fulcrum  must  be  situated  so 
that  P  and  Q  may  be  in  equilibrium,  and  find  the  force  of  pressure 
they  exert  on  the  fulcrum. 

13.  AB  is  a  weightless  rod  turning  freely  round  its  middle  point  C  ; 
fl  is  a  point  vertically  under  C,  such  that  CD  equals  half  the  length 
of  the  rod  ;  the  points  B  and  D  are  connected  by  a  thread  of  the  same 
length  as  CD  or  CB.  If  a  weight  W  is  hung  from  A,  what  is  the 
tension  of  the  ihiead  BD,  and  what  is  the  magnitude  and  direction  of 
the  pressure  on  the  point  C  ? 

14.  Two  weights  of  4  lbs.  and  8  lbs.  balance  when  suspended  from 
the  ends  of  a  straight  lever  with  the  fulcrum  1  ft.  from  the  larger 
weight.  When  P  lbs.  are  added  to  each  weight,  the  fulcrum  has  to 
be  shifted  a  distance  of  2  ins.  Find  the  value  of  Pand  the  length  of 
the  lever. 

15.  Draw  to  scale  a  wheel  and  axle  by  which  a  man,  sitting  in  a 
loop  at  the  end  of  a  rope  wound  round  the  axle,  can  haul  himself  up  by 
pulling  at  a  rope  round  the  wheel  with  a  force  only  one-fifth  of  his 
weight.     What  weight  is  sustained  by  the  pivots  ? 

16.  State  the  principle  of  the  Conservation  of  Energy,  and  show 
how  it  holds  good  in  the  case  of  a  lever  of  the  third  kind. 

17.  In  a  weightless  straight  lever  of  the  first  order,  show  that  in 
the  case  of  equilibrium  the  power,  the  weight,  and  the  reaction  of  the 
fulcrum  fornj  two  uijlike  couples  o!"  equal  moments. 


CHAPTER     IX. 


MACHINES  — THE   PULLEY  AND   SCREW, 

115.  The  pulley,  or  pully,*  is  a  wheel  with  a  gioove 
cut  round  its  rim  so  that  it  cau  carry  a  string  or  rope  or 
chain  passing  round  it.t  It  tui*ns  on  an  axis  or  axle, 
which  is  fixed  in  a  framework  called  a  block  or  sheave, 
and  this  block  is  either  fixed,  or  is  attached  to  a  string 
and  is  then  moveable. 


Fig.  104. 


Fig.  106. 


116.  In  the  fixed  pulley  the  weight  is  attached  to 
one  end  of  the  .string  passing  round  the  groove,  and  the 
effort  is  applied  by  palling  the  other  end.  Since  the 
wheel  is  only  supported  by  the  axle,  the  moments  of  the 
effort  P  and  weight  W  about  the  centre  0  are  equal  and 
opposite  ;  that  is  (Fig.  105), 

FxOA  =  WxOB, 

*  The  word  may  either  be  spelt  ptiUeij,  plural  pulleys,  or  pully,  plural  putties. 
t  For  the  sake  of  uniformity  we  .shall  speak  of  a  string.     The  weight  of  t-l"? 
Btriug  will  be  assumed  too  small  to  requite  to  be  taken  into  account. 
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or  Px  radius  of  pulle}-  —  IV' x  radius  of  puUe}'. 

r  =  w, 

.'.    mechanical  advantage   —  =  1   (X), 

Cor.  Since  F  =  IF,  tlie  ten.sion  i.s  the  same  in  Lofcli 
parts  of  the  string. 

Thus  exactly  the  same  force  must  be  applied  to  lift  a 
given  weight  as  if  the  weight  were  lifted  without  the 
pulley.  The  only  diflference  is  that  the  force  can  be 
applied  in  a  diii'erent  direction ;  hence  the  usefulness  of 
the  fixed  pulley  lies  in  this  convenience  only. 

Thus,  in  raising  building  materials  to  the  top  of  a  house,  it  is  far 
easier  for  a  man.  at  the  bottom  to  pull  down  a  rope  passing  over  a 
pulley  at  the  top  than  it  would  be  for  a  man  at  the  top  to  hoist 
them  up  with  a  rojie. 


117.  In  the  single  moveable  pulley,  the  weight  is 
attached  to  the  block,  and  the  effort  is  applied  to  one  end 
of  the  string  which  passes  round  the  pulley,  the  other 
end  being  fixed  up. 


Fig.  107. 


In  this   arraugeuieut,   if   the   strings  arc  parallel,   th; 
mechanical  advantage  i8.2. 


MACHIXE: 


-THE    PULLEY   AXD    SCEEW. 
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For  let  P  be  tbe  effort,  Q  the  total  weight  to  be  raised 
(including  the  U'eight  W  of  the  pulley  itself),  'riieii  th(! 
tension  in  each  part  of  the  string  is  eqnal  to  P  (§  116)  ; 
also  the  tensions  at  A,  B  (Fig.  107)  both  help  to  suppoit 
the  weight  Q. 

Q  =  2P, 


and         mechanical  advantage  O-^P  :=  2 


(2). 


118.  If  to  is  the  weight 
of  the  pulley  itself,  W  the 
weight  of  the  attached  load, 
Q  =  W+w;  and,  therefore, 

W+u  =21*  ...  (2a). 

The  single  moveable  pulley  is 
much  used  i-n  cranes  (Fig.  106). 


119.    The    ringle-string 
system    of    pulleys.''  —  A 

greater  mechanical  advantage 
may  be  obtained  with  a  num- 
ber of  pulleys.  Several  such 
"  systems  of  pulleys  "  are 
generally  described,  but  the 
most  practically  useful  system 
is  that  in  which  the  pulleys 
are  ai-ranged  in  two  blocks, 
one  fixed  and  the  other  at- 
tached to  the  weight  (Fig. 
108).  The  same  string  passes 
round    all    the    pulleys;     it 


*  The  single-string  system  is  often 
■ailed  the  second  system  of  pulleys,  and 
The  separate  -  string  system  of  §  121  is 
then  called  the  Jinst  syntem. 


Fig.  108. 
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passes    altei'Tijitely  over   a  fixed  and  tinder  a  moveable' 
pulley,  and  is  finally  attached  to  one  of  tlie  blocks. 

In  practicfi  the  pulleys  are  arranged  as  in  Fig.  108,  but  it  is  generally  easier 
to  draw  the  diagram  as  in  Fig.  109,  with  all  the  pulleys  in  the  same  plane. 


Mechanical  advantage. — If  the  string  be  pulled  with 
a  force  P,  the  tension  throughout  is 
P.  Hence,  if  n  be  the  number  of 
parts  of  the  string  supporting  the 
lower  block,  Q  the  weight  to  be 
raisetl  (including  that  of  the  lower 
block  and  pulleys),  the  n  npward 
forces  P  support  Q  acting  down- 
wards ;  hence,  supposing  the  parts 
of  the  string  vertical, 


Q  =  nr. 


O 


mechanical  advantage  -^  =  n 


(3). 


120.  If  io  is  the  weight  of  the  lovrer 
block,  W  that  of  the  attached  load, 
Q  =  W+iv,  and,  therefore, 


W-\-w  =  nr. 


(3a). 


«,  =  rvF 


Fiff.  109. 


In  order  that  the  effort  may  be 
applied  clownjoards,  the  free  end  of 
the  string  must  hang  from  a  fixed 
pulley,  and  this  is  almost  invariably 

done  for  convenience  in  working  the  system.  In  such 
cases  the  number  u  is  also  the  total  number  of  pulleys 
in  the  two  blocks. 
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Thus  Fig.  108  represents  a  system  with  altogether  8  pulleys,  in 
Svhich  the  mechanical  advantage  is  therefore  8.  In  Fig.  109,  there 
are  altogether  5  pulleys,  and  the  mechanical  advantage  is  5. 

Example. — To  find  the  least  number  of  pulleys  in  a  moveable  block 
weighing  10  lbs.,  in  order  that  a  weight  of  120  lbs.  may  be  Ufled  by 
a  downward  force  not  exceeding  28  lbs.,  and  to  find  this  force. 

Let  n  be  the  total  number  of  portions  of  the  string  supporting  the 
lower  block,  P  the  required  effort.  Then  the  pulls  P  in  the  strings 
have  to  support  both  the  attached  weight  of  120  lbs.  and  the  block 
weighing  10  lbs.  ;  therefore 

nP=  120  +  10  =  130  lbs. 

But  P  is  not  more  than  28  lbs. ;  therefore  n  must  be  greater  tl  an  4iJ  ; 
that  is,  n  =  o. 

Hence  five  parts  of  the  string  must  support  the  lower  block.  There- 
fore that  block  mus-t  contain  two  pulleys,  and  must  have  the  end  of 
the  string  attached  to  it  as  well  (Fig.  109).  Also,  putting  n  =  o,  we 
have  oP  =  130  lbs.  ;     .-.     required  force  P  =  26  lbs. 


121.  The  separate-string  system  of  pulleys*  con- 
sists of  a  number  of  single  moveable  pulleys  like  that 
described  in  §  117,  so  an-anged  that  the  string  hanging 
from  one  pulley  passes  round  the  pulley  nest  below,  the 
other  ends  of  the  strings  being  attached  to  a  fixed  beam  or 
other  support  (such  as  the  mast  of  a  ship),  considerably 
above  the  highest  points  to  which  weights  have  to  be 
raised  (Fig.  110). 

The  mechanical  advantage  may  be  found  as  follows: — 

In  the  single  moveable  pulley  a  force  P  applied  to  the 
string  supports  a  force  2P  applied  to  the  block. 

Now  suppose  the  moveable  pulley,  instead  of  being 
attached  to  the  weight,  supports  a  string  passing  under  a 
second  moveable  pulley.  Then  the  mechanical  advantage 
gained  by  the  first  pulley  is  evidently  doubled  by  the 
second,  the  pull  2P  in  the  second  string  supporting  a 
weight  -IP  attached  to  the  second  pulley. 

Next  suppose  the  second  pulley  suppoi-ts  a  string 
passing  under  a  third  pulley.       This  again  doubles  the 

*  The  so-called  ;(rs<  s^em. 
STAT.  K 
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mechanical  advautagi^  and  the  system  will  now  support 
A  weight  8P, 


Fig.  110. 


In  this  way  each  additional  pulley  doubles  the  mechani- 
cal advantage  of  the  system.  By  using  1,  2,  3  pulleys, 
we  get  mechanical  advantages  2,  4,  8. 

Generally,  let  there  be  n  pulleys,  and  let  Q  denote  the 
weight  attached  to  the  last  pulley.  Then,  if  we  leave  oat 
of  account  the  weights  of  the  pulleys  themselves,  we  have 

Q  =  2"r. 


Therefore  also 
nnd  mechanical  advantage  =  2" 


-  =  i 


(4)- 


122.  If  the  weights  of  the  pulleys  A,  B,  G  are  zr,,  vu,  w^ 
respectively,  we  must  consider  the  equilibrium  of  each 
pulley  sepai-ately.  If  2',,  1\  be  the  tensions  of  the  strings 
hanging  from  A,  B,  and  W  the  load  attached  to  C,  we  have, 
by  §  lis, 

2P  =  T,  +  w„     2r,  =  T,  +  w„     2r,  =  W+w,. 

From  equations  such  as  these,  it  may  be  deduced  that,  for  n  pulleys, 
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Examples.— {I)  If  there  are  («  =)  4  moveable  pulleys,  a  force  of 
(P  =)  10  lbs.  will  snpport  a  weight 

(  Q=)  2*F  =  2^  X  10  lbs,  =  160  lbs. 

(2)  If  there  are  (n  = )  3  moveable  pullejs,  the  force  required  to 
support  a  weight  (  Q  =  )  64  lbs.  is 

(P  =)  Q-J.2"  =  64^23  =  64-8  =  8  lbs. 

(3)  "What  load  can  be  supported  by  a  force  of  10  lbs.  in  a  system  of 
3  moveable  pulleys  whose  weights,  beginning  with  the  highest,  are 
1,  2,  3  lbs.,  respectively? 

Consider,  first,  the  equilibrium  of  the  highest  pulley  [A,  Fig.  110). 
The  forces  on  it  are  the  two  equal  pulls  of  10  lbs.  in  the  two  parts  of 
the  string  round  it,  acting  upwards,  and  the  weight  of  the  pulley 
(1  lb.)  and  the  tension  Tj  of  the  string  next  below,  acting  downwards. 

Hence  2P  =  1  + 7",  (1). 

Consider,  now,  the  pulley  B,  acted  upon  by  2Ti  upwards,  and  by 
Tj  and  its  own  weight  (2  lbs.)  downwards. 

Hence  2Ti==2  +  T<,  (2). 

Similarly,  for  the  pulley  C,  we  get  the  equation  of  forces 

2T.2  =  3+TF (3). 

Since  P  =  10,  we  find,  from  equation  (1),  that  Tj  =  20-1  =  19  ; 
then,  from  equation  (2),  T.  =  2r,-2  =  3S-2  =  36  ;  and  lasUy, 
from  equation  [5],    TF  =  2T«-Z  =  72-3  =  69  lbs. 

(4)  What  force  is  required  to  support  a  load  of  13  lbs.  in  a  system 
of  4  moveable  pulleys  whose  weights,  commencing  with  the  highest, 
are  3,  5,  7,  9  lbs.,  respectively  ? 

Here  we  are  given  the  weight,  and  have  to  find  the  effort.  Hence 
the  process  is  the  reverse  of  that  of  Ex.  (3).  We  must  begin  with 
the  lowest  pulley.  Adding  its  weight  (9  lbs.)  to  the  attached  weight 
(13  lbs.),  we  have  the  total  weight  supported  by  the  two  pulls  (T^)  in 
the  parts  of  the  string  round  the  lowest  pulley. 

Hence  273  =  22  lbs.,     T.  =  11  lbs. 

Similarly,  in  the  lowest  pulley  but  one,  we  have  11  +  7  lbs. 
supported  by  2Tj. 

Hence  2T.  =  18  lbs.,     Tj  =  9  lbs. 

In  like  manner,      2r,  =  9  +  5,        J,  =  7  lbs. 
2P=7  +  3,         P=olb3. 
That  is,  the  required  force  =  5  lbs. 
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*123.  The  inverted  separate  -  string- 
system  of  pulleys,*  in  which  the  strings 
are  all  attached  to  the  weight,  is  merely 
the  system  last  described  (i.e.,  the  "first") 
turned  upside  down  (the  fixed  pulley  being 
omitted).  The  strings  are  all  attached  to 
the  weight,  or  rather  to  a  rod  carrying 
the  weight,  and  the  uppermost  pulley  is 
fixed  to  some  support.  If  Fig.  Ill  be  turned 
upside  down,  it  will  present  a  similar  ap- 
pearance to  Fig.  110. 


8Ff= 


4p' 


B 


j=r^b 


,?f>, 


4P 


Ql-jP 


Fiir.   111. 


The  mechanical  advantage  (when  the 
weights  of  the  individual  pullej's  are 
neglected)  is  easily  deduced  from  this 
property.  Let  B  be  the  pull  which  the 
system  exerts  on  its  support,  Q  the  weight,  P  the  effort, 
and  let  there  be  n  pulleys.  By  inverting  the  system  or 
otherwise,  we  see  that  the  total  forces  supported  by  the 
several  pulleys,  commencing  with  the  lowest,  are  2P,  4P, 
8P,  &c. ;  thus  Jt  in  this  present  system  corresponds  to  the 
weight  in  the  last  system,  and  therefore 
E  =  2"P. 

Now  consider  the  equilibrium  of  the  whole  system, 
consisting  of  the  weight  and  the  pulleys.  The  forces 
acting  on  it  are  Q  and  P  pulling  downwards  and  a  reaction 
equal  and  opposite  to  JR  holding  the  system,  up.  Hence, 
since  these  forces  keep  the  system  in  equilibrium, 

B  =  P+Q. 

.-.     Q  =  B-P  =  2"P-P  =  (2"-l)  jP, 

and       mechanical  advantage  =  Q-^l*  =  2"— 1  ...(5). 

■Or  thus :  The  pulls  of  the  strings,  beginning  with  the  lowest, 
are  P,  'IP,  4P,  8P,  ...  2"-'P,  and,  since  these  support  the  weight  Q, 
we  have  Q  =  P(l +  2 +  4  +  8  +  ... +  2'»-').  Now  1  +  1  =  2;  therefore 
1  +  1+2-2  +  2=4;  therefore  1  +  1  +  2  +  4  =  4  +  4  =  8  and  so  on ; 
therefore  1  +  1  f  2  + ...  +  2»-i  =  2"-J  +  2»-i  =  2x2»->  =  2"  or 
1  +  2  >  4  +  ...  +  2»-i  =  2»-l,   giving    Q  =  {2"-\)P,   as  above. 


•  The  so-called  third  system.    This  system  is  practically  useless  (see  §  125>. 
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Example.  —  To  find  the  number  of  weightless  pulleys,  having 
given  that  a  force  of  5  lbs.  supports  a  weight  of  75  lbs.,  and  all  the 
strings  being  attached  to  the  weight. 

Here  the  pull  on  the  beam  supporting  the  upper  pulley 
=  75  lbs.  +  5  lbs.  -  SO  lbs. 
Now  80  =  5  X  (2  X  2  X  2  X  2),  and,  since  the  total  pull  is  doubled  by 
each  puUey,  the  number  of  pulleys  must  be  4. 

124.  If  the  weights  of  the  pulleys  are  taken  into  account,  we  proceed 
as  follows : — 

Examples. — (1)  To  find  the  weight  which  can  be  lifted  by  a  force  of 
10  lbs.  in  a  system  of  three  pulleys,  the  weights  of  the  lowest  and  next 
pulleys  being  3  and  5  lbs.,*  and  the  strings  all  being  attached  to  the 
weight. 

Here  the  pulls  in  the  two  parts  of  the  lowest  string  are  each 
1 0  lbs.  The  next  string  above  has  to  support  these  pulls,  and  also  to 
support  the  weight  of  the  lowest  pulley,  viz.,  3  lbs.,  and  so  on;  hence 
the  process  stands  thus  : 

Pull  of  lowest  string  =10  lbs.         =10  lbs. 

Multiply  by  2 


20  .5 

Add  weight  of  lowest  pulley         3  •  • 

pull  of  second  lowest  string        =  23  >  =23 

Multiply  by  2 


46    » 
Add  weight  of  second  pulley        5   u 

.*.     pull  in  last  string  =  51   >»  =  51    >> 

Required  weight  =  sum  of  puils  of  strings  =  84  lbs. 

(2)  To  find  the  force  required  to  support  a  weight  of  112  lbs.  in 
the  system  of  Ex.  (1). 

Let  F  be  the  force.     Proceed,  as  in  Ex.  (1),  thus : 

Pnll  of  lowest  string  =  P  =  P. 

Pull  in  second  lowest  string  T,   =  2P+  3     =2^  +  3 
Pull  in  last  string  T^  =  2  J,  +  5    =  4/*+  II 

.-.     weight  supported  =  7P+ 14 
.-.     7P+14  =  112, 
.'.     require*!  force  P  =  14  lbs. 


*  Since  tlie  upper  pulley  is  j&ced,  its  weight  does  not  enter  into  the  relatioq 
l>etween  P  and  W. 
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J  25.  Uses    of    the   various    systems    of  pulleys. — 

The  siugle-string  system,  with  the  pulleys  anaiigud  in 
two  blocks,  as  in  Fig.  108,  is  by  far  the  most  important 
system  for  practical  use,  because  with  it  weights  may  be 
raised  till  the  two  blocks  come  together,  i.e.,  nearly  up  to 
the  level  of  the  supporting  beam  or  crane,  or  lowered  till 
all  the  string  is  paid  out. 

The  separate-string  system  gives  a  greater  mechanical 
advantage  with  the  same  number  of  pulleys,  for  each  addi- 
tional pulley  doubles  the  mechanical  advantage  instead 
of  merely  increasing  it  by  unity.  But  it  requires  the 
strings  to  be  attached  to  a  point  considerably  above  the 
highest  point  to  which  weights  have  to  be  raised,  for 
when  the  top  pulley  is  drawn  up  as  high  as  it  will  go 
the  weight  will  still  be  a  considerable  distance  below  the 
support.  By  attaching  the  strings  (or  rather  ropes)  high 
up  on  the  mast  of  a  ship,  the  system  may  be  used,  and  is 
actually  so  used,  for  raising  cargo  from  the  hold  up  to 
the  deck. 

The  inverted  separate-string  system,  or  "third  system," 
is  of  no  practical  use  whatever,  for  it  is  found  that  the 
strings  are  almost  certain  to  get  hopelessly  entungled, 
even  in  the  few  working  models  that  are  constructed  for 
the  lecture-room. 

[This  system  seems  to  have  been  originally  introduceil  into  text-books  and 
examination  papers  on  account  of  its  being  a  convenient  subject  for  problems 
illustrating  the  summation  of  a  geometrical  progression.] 


126.  Man  raising  himself  with  a  system  of 
pulleys.  —  When  a  man,  sitting  in  a  loop  or  seat  sus- 
pended by  any  arrangement  of  pulleys,  pulls  himself  up, 
the  rope  which  he  pulls  will  support  part  of  his  weight, 
and  only  the  lemaining  part  of  his  weight  will  have  to  be 
supported  by  the  system. 

Generally,  suppose  that  a  man  is  pulling  himself  up  by 
applying  a  force  P  to  a  rope  passing  round  a  system  of 
pulleys  or  a  wheel  and  uxlo,  in  which  P  would  support  a 
weight  nP.  Then,  since  the  rope  he  pulls  also  helps  lift 
him  up  with  a  force  P,  the  total  weight  supported  mus<> 
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be  nP+P  or  (n  +  l)P.     Henco 

mechanical  advantage  =  n  +  1  (6)  ; 

instead  of  beins:  it,  as  it  would  be  for  a  man  standing  on 
the  ground  and  raising  a  weight. 

Examples. — (1)  Consider  a  man  of  weight  JF  raising  himself  by 
puUit'g  a  rope  passing  over  a  Jixed  pulley  with  a  force  F.  The 
man's  weight  is  really  supported  by  thj  pulls  F  in  iico  parts  of  the 
rope — the  part  where  he  pulls  and  the  part  supporting  the  loop. 
Hence  the  condition  of  equilibrium  gives    Jf  =  '2F; 

.-.     P  =  hJF; 
or  the  man  pulls  with  a  force  of  half  his  weight. 

(2)  If  the  man  pulls  a  rope  which  passes  over  a  fixed  pulley  and 
under  a  moveable  pulley  supporting  the  loop,  there  are  three  portions 
of  the  string  supporting  his  v  eight,  inclusive  of  the  one  that  he  is 
pulling.  Hen(  e  the  relation  between  the  pulling  force  F  and  the 
weight  is  W=  3P,  or  F  =  ^JF ;  so  that  the  man  pulls  with  a  force 
of  one- third  of  his  weight. 

127.  Applications  of  the  Principle  of  "Work.  —  We 

shall  now  apply  the  Principle  of  Work  to  find  the  relations 
between  the  effort  and  weight  in  the  various  systems  of 
pulleys. 

The     single     moveable     pulley.  —  Let    the    pulley 

(weight  w)  and  its  attached  weight  IT  be  raised  through 
a  height  h.  Then  the  portions  of  stiing  tn  the  two  sides 
of  the  pulley  will  each  be  shortened  by  h  ;  hence  the  end  at 
which  P  is  applied  will  rise  through  a  distance  2li.  Since 
sum  of  works  done  against  TF,  w  =  work  done  by  P; 
.-.  WL-\-ii-h  =  Px->h, 
or  ir+w  =  2r  (2a), 

the  required  relation  between  W  and  P.  This  agrees 
with  (2)  on  writing  Q  =  W+w. 

128.  The  single-string  system.  —  Let  there  be  n 
strings  from  which  the  lower  block  of  pulleys  hangs.  If 
the  effort  P  lifts  a  weight  TF,  hanging  from  a  moveable 
block  of  weight  w,  through  a  height  h,  each  of  the  n  por- 
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tions  of  string  will  have  shortened  by  an  amount  //,  and 
so  P  will  have  to  pull  the  end  of  the  string  down  through 
a  distance  nh.     By  the  Principle  of  Work,  therefore, 

Wh  +  ivh  =  nPh. 

.-.     W+tv  =  nP    (3a), 

the   required  relation  between    W  and  P,  which  agrees 

with  (3)  on  writing  Q  =  W+w. 

*129.  The  separate-string  system.— Let  w^  be  the  weight  of  the 
pulley  supijorting  the  weight  JF;  let  w^,  tv^,  ...  be  the  weights  of  th(i 
pulleys  next  above.  If  JF  is  drawn  up  through  a  height  /(,  then 
the  lowest  pulley  Wi  will  rise  through  h,  the  next  above  W2  will  rise 
through  2h,  the  next  w-^  through  ih,  and  so  on  :  and  if  there  are  n 
moveable  pullcj'^s  the  force  P  will  move  its  point  of  application  through 
a  distance  2"/*. 

Therefore,  by  the  Principle  of  "Work, 

P X  2"h  =  ir/i  +  ii\h  +  liv^h  +  iw.Ji  +  . . .  +  2»- >  wji, 
or  2"P  =  W+  Wy  +  21C2  +  4!f3  +  . . .  +  2" - '  w,,  ; 

oragain  p  =  _  + _i  +  _i_+ _4_  +  ...+_^  (4?,). 

[Note  that  t(\  stands  for  the  weight  of  the  lotvest  pulley  in  (4i)  and 
the  hii/hest  in  §  122  (4a).] 

*130.  The  inverted  separate-stringf  system.— In  the  system 
of  §  129,  when  the  weight  rises  through  a  height  h,  the  various  pulleys 
rise  through  distances  h,  2h,  4/i,  ...  2"- 'A,  and  the  point  of  application 
of  P  through  2"/i.  Hence  their  distances  from  the  weight  7F  increase  by 
amounts   6,  (2-1)  A,   (4^1)  A  ...  (2''-i- 1)  A,  (2"-l)  A. 

Now  turn  the  system  upside  down  ;  fix  the  pulley  that  previously 
supported  the  weight,  and  attach  the  weight  to  the  beam  that  was 
previously  fixed.  We  now  get  the  "  third  "  sy.stem,  and  we  see  that 
when  the  weight  rises  through  h  the  pulleys,  beginning  with  the  top, 
descend  through  distances  0,  (2— l)/(,  (4—1)  A  ...  (2"-'  — l)/;,  and 
the  point  of  application  of  P  through  (2"—  1)  h.  Hence  if  w^,  tv.,,  ,.. 
are  the  weights  of  the  pulleys,  the  Principle  of  Work  gives 

Wh  =  Wi  +  Oh  +  Wo  X  /*  +  tt'3  X  2h  +  w^-x7h+  ...  +  tVn 

x(2''-i-l)A  +  Px(2''-l)/*, 

or  IF=  (2''-l)p-|-iP2+3M<a+7H'4+...(2«-i-l)w„  ...  (5a) 

the  required  relation  connecting  P  and  IF. 
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131.  The  screw. — Every  one  is  familiar  with  a  screw. 
It  consists  essentially  of  a  cylindrical  bolt  OM,  whose 
surface  carries  a  thread  or  has  a  groove  cut  in  it  along  a 
spiral  curve.  The  form  of  this  spiral  can  easily  be  con- 
strncted  by  taking  a  strip  of  paper  with  a  straight  edge, 
and  wrapping  it  round  a  pencil  in  a  slanting  direction  ; 
the  edge  tbims  the  curve  like  that  along  which  the  thread 
or  groove  runs. 

The  screw  works  in  a  collar  or  nut  C,  through  which  a 
hole  is  bored,  having  a  groove  to  fit  the  thread  or  a  thread 
to  fit  the  groove  of  the  screw. 

When  the  screw  turns  in  a 
fixed  collar,  it  moves  forward 
in  the  direction  of  its  length.  In 
each  turn  of  the  screw,  the  dis- 
tance moved  forward  is  equal  to 
the  distance  between  consecutive 
threads  :  i.e.,  the  distance  DE  be- 
tween two  consecutive  turns  of 
the  thread,  measured  along  the 
length  of  the  bolt.  This  distance 
is  called  the  step.  Hence,  by  turn- 
ing the  screw  round,  it  may  be 
used  to  raise  weights  or  overcome 
resistances  applied  to  its  end. 


Fig.  112. 


The  effort:  must  tend  to 
turn  the  screw,  and  must 
therefore  have  a  moment 
about  OM  in  a  plane  perpen- 
dicular to  OM.  Heuce  the 
effort  may  be  a  single  force 
P  applied  at  the  end  of  a 
long  arm  OA,  projecting  at 
right  angles  to  OM.  More 
often  the  arm  projects  in 
both  directions,  as  in  the 
common  screw-press  of  Fig. 
113,  and  two  equal  and 
opposite  forces  constituting 


Fig.  113. 
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a   couple    ai'e   then    applied   perpendicularly   to   its   two 
extremities  A.,  B. 


132.  To  find  the  mechanical  advantage  of  a  screw 
working  without  friction. 

Let  the  effort  P  be  applied 
perpendicularly  at  the  end  of 
an  arm  OA  of  length  a,  and 
let  it  overcome  a  resistance 
Q  acting  along  the  axis  OM. 
Let  h  be  the  "step"  or  dis- 
tance between  two  consecu- 
tive threads.  Then,  if  the 
screw  makes  one  complete 
turn,  A  the  point  of  applica- 
tion of  P  will  describe  a  circle 
of  radius  a  about  0,  and  will 
iherefoi'e  move  through  a 
distance  27rrt  in  the  direction 
of  P.*  Also  the  screw  will 
move  through  a  distance  &  against  the  resistance  Q. 

Therefore,  since 

work  done  by  P  =  work  done  against  Q, 

Px2ira=  Qxh. 


we  have 


O 


mechanical  advantage  -^  = 


(7) 


r     ~T  

circumference  of  circle  described  by  the  arm 


step  of  screw 

Cor.  1.  Since  the  moment  of  P  is  P  X  a,  we  have 
moment,  of  P  =  Qx  :r-  • 

y.ir 


*  As  the  screw  moves  forward  aloiij;  ils  axis  OM,  A  really  liescribes  a  8i)iral  and 
not  a  circle  ;  but,  since  1'  acts  perpeudicular  to  OM,  the  forward  luotiou  contributes 
tiothing  to  tUe  wovli  4ouc  by  F,  which  is  therefore  i'x  liira. 
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If  the  quantiiT  h'lir  he  called  the  pitch,  of  tlie  screw* 
then  moment  of  effort  =  f resistance)  x  (pitch)  ...  (8), 

Cou.  2.  By  the  Principle  of  Moments  the  eflFort  P  may  be  replaced 
by  any  other  force  or  couple  whose  moment  tending  to  turn  the  screw 
is  the  same.  If  two  forces  F  act  in  opposite  directions  at  the  ends  of 
an  arm  AB  of  length  2a  fixed  at  its  middle  point  to  the  screw,  the 
moment  of  the  couple  thus  formed  =  2Fa,  and  therefore 

2ia  =  Q  X  i/2T, 
a  relation  easily  verified  by  the  Priticiple  of  "Work.     This  shows  that 
the  effect  is  the  same  as  if  the  two  forces  F  were  both  applied  at  one 
end  of  the  arm,  forming  a  single  force  2F. 

Example. — A  screw-press  is  turned  by  applying  two  forces  of  2i  lbs. 
in  opposite  directions  at  the  ends  of  an  arm  2  ft.  long.  1  f  the  step  is 
^  in.,  to  find  (i.)  the  resistance  overcome,  (ii.)  the  pressure  in  lbs.  per 
sq.  in.  produced  over  the  area  of  a  circular  piston  1  ft.  in  diameter. 

(i.)  Let  Q  be  the  resistance.  Then  in  one  revolution  of  the  screw 
the  works  done  by  the  efforts  and  against  Q  are 

2x21x2t.1  ft.-lbs.     and     Q  x  i  x  J^  ft-lbs. 

•'•     -saQ  =  84t,     or     (3  =  96  X  84x. 

Taking  x  =  ^,  this  gives  Q  =  25344  lbs.  =  11.^  tons,  roughly. 


(iL)  Also   area  of  piston  =  v  (radius)-  =  i .  6-  =  36i  sq.  ins. 

•A  Q         96x84       ^.,,  ,, 

.•.     required  pressure  =  -^^  = =  224  I*.*,  per  sq.  in. 

36a-  36 

=  2  cwt.  per  sq.  in. 

Summary  op  Results. 
Infixed  pulley, 

W  =  P,  mecb.  advantage  If  =  1  ...  (1).  (§  IIG.) 

With  a  single  moveable  pulley, 

Q  =  2P,    Jf  =  2  (pnlley  light)  ...  (2),  (§  117.) 

TF+ur  =  2P  (pulley  heavy)  ...  (2a).  (§  118.) 

♦  This  is  the  definition  of  "pitch"  used  by  Sir  Robert  Ball  in  his  "Theory  of 
Screws,"  and  now  generally  adopted,  although  in  a  number  of  books  before  xis  we 
find  no  less  thai)  fhru  different  definitions  ot  pitch. 
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The  "  seconcV  system  is  single  string  system,  pulleys  in 
two  blocks,  With  n  pulleys  and  string  hanging  from 
upper  block, 

Q  =  nP,     M=n  (pulleys  light)  ...  (3),     (§  119.) 

W+iv  =  nP         (pulleys  heavy)  ...  (3a).  (§120.) 

The  "first "  is  the  separate  string  system,  with  strings 
tied  up  to  fixed  support.     With  n  moveable  pulleys, 

Q  =  2"P,     M  =  2»   (pulleys  light)  ...  (4).     (§  121.) 

W+Wi  +  2tOi  +  ...  +2""'w;„  =  2"P  (pulleys heavy, lowest ?«,) 

...  (46).  (§  129.) 

The  ^^third^'  is  the  previous  system  turned  upside 
down,  strings  all  attached  to  weight. 

Q  =  2"P-P  =  (2"-l)  P,     M  =  2"-l  (pulleys  light) 

...(5).     (§128.) 
\V=  (2"-l)P  +  M;2  +  3tt>3+...(2"-'-l)w,. 

(pulleys  heavy,  lowest  m;„)  ...  (5a).  (§  130.) 

For  man  pulling  himself  up,  mechanical  advantage  is 
increased  by  unity    (6).     (§126.) 

For  a  smooth  screio,  mechanical  advantage 

,--       Q      2ira      circumference  of  circle  described  by  P 

M  or    -  = = -. •  — 

P         b  distance  between  two  threads 

...(7).     (§132.) 

moment  of  P        h        step          •<  i     £  /o\ 

— ■ ~ —       =  — -  =  -^~!-  =  pitch  of  screw (8). 


MACHINES — THE   PULLEY  AND   SCREW.  1-il 


EXAMPLES  IX. 

1.  Find  the  ratio  of  the  power  to  the  weight  in  that  sj'stem  of 
pulleys  in  which  each  moveable  pulley  hangs  by  a  separate  string, 
the  number  of  moveable  puUeys  being  4. 

If  the  -weights  of  the  pulleys  be  taken  into  account,  and  are 
1,  2,  3,  and  4  lbs.,  respectively,  beginning  with  the  highest,  find 
what  power  will  support  a  weight  of  294  lbs. 

2.  Find  the  ratio  of  the  power  to  the  weight  in  that  system  of 
pulleys  in  which  each  string  is  attached  to  the  weight,  the  number  of 
moveable  pulleys  being  4. 

If  the  weights  of  the  moveable  puUeys  be  taken  into  account, 
and  are  1,  2,  3,  and  4  lbs.,  respectively,  beginning  with  the  lowest, 
find  what  power  will  support  a  weight  of  4^  cwt. 

3.  If  there  are  4  pulleys  in  the  third  system,  and  each  weighs 
2  lbs.,  what  weight  can  be  raisc-d  by  a  power  equal  to  the  weight  of 
20  lbs.  ? 

4  A  man  weighing  lo  stone,  holding  the  bar  to  which  the  strings 
are  attached  in  the  third  system  of  pulleys,  can  just  raise  a  child 
weighing  1  stone,  holding  on  to  the  last  string.  How  many  pulleys 
are  there  ? 

0.  If  there  be  three  moveable  pulleys,  each  of  mass  1  lb.,  in  a 
system  in  which  all  the  strings  are  parallel  and  are  attached  to  the 
weight,  and  the  force  required  to  support  a  certain  weight  is  half  that 
which  would  be  required  if  the  pulleys  were  weightless,  find  that 
weight. 

6.  la  it  more  advantageous  in  raising  a  weight  by  (i.)  the  first 
system,  (ii.)  the  third  system,  of  pulleys,  to  have  the  puUeys  heavy  or 
light  P 

7.  If  in  a  system  of  pulleys  in  which  each  hangs  by  a  separate  string 
there  be  three  pulleys,  each  of  mass  lib  ,  and  the  power  required  to 
support  a  certain  weight  is  twice  that  which  would  be  required  if  these 
pulleys  were  weightless,  find  that  weight. 
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8.  Beifig  given  iFoKr  ^weightless  pullej's,  find  the  greatest  weights 
that  can  be  suppoirted  by  a  force  of  1  lb.  when  the  pulleys  are  arranged 
as  in  the  first,  second,  and  third  systems,  respectively,  in  such  a  way 
that  the  effort  is  applied  dotoiicards. 

9.  If  in  Ex.  8  the  efi'ort  of  1  lb.  had  to  \ie  applied  upwards,  what 
would  be  the  weights  lifted  in  the  corresponding  arrangements  ? 

10.  In  the  first  sj'stem  of  pulleys,  find  from  first  principles  the 
power  necessary  to  support  a  weight  of  4000  lbs.  when  there  are  four 
moveable  pulleys.  Find  also  the  pull  of  each  rope  on  the  beam  ;  and, 
if  the  sum  is  not  equal  to  the  weight,  explain  the  difiference. 

11.  If  a  man  whose  weight  is  10  stone  supports  2  cwt.  by  a  block- 
and-tackle,  there  being  3  puUcys  in  the  block,  what  is  the  pressure 
on  the  floor  on  which  the  man  stands,  and  what  the  pressure  on  the 
beam  to  which  the  upper  pulley-block  is  attached  ? 

12.  In  the  system  of  pulleys  in  which  each  pulley  hangs  by  a 
separate  string,  how  would  you  find  experimentally  the  relation 
between  the  tension  of  any  string  and  that  of  the  string  next  above  it  ? 

13.  Two  bodies  connected  by  means  of  a  string  passing  over  a  smooth 
pulley  touch  each  other  at  one  point ;  show  that  the  stress  between 
them  cannot  be  horizontal  unless  their  weights  are  equal. 

14.  A  man  weighing  10  stone  supports  a  weight  of  91  lbs.  by 
means  of  3  moveable  pulleys  arranged  in  the  first  system  and  weigh- 
ing, respectively,  2  lbs.,  4  lbs.,  5  lbs.  What  is  the  thrust  of  the  man 
on  the  ground  ? 

15.  Apply  the  Principle  of  Energy  to  prove  that  in  a  system  con- 
sisting of  three  very  light  pulleys,  of  which  the  first  is  fixed  and  each 
of  the  others  is  supported  by  the  string  of  the  preceding  one,  the  string.-* 
being  all  parallel  and  all  attached  to  the  weight  IF,  the  downward 
acceleration  of  this  weight,  when  the  power  I'  is  not   sufficient  to 

W—7P 

balance  it,  is —  a. 

16.  In  the  second  system  of  pulleys,  what  must  be  the  relation 
between  the  radii  of  the  pulleys  at  the  lowor  block  in  order  that  they 
may  all  be  grooved  in  the  same  piece  ? 
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"  17.  In  the  third  syptem  of  pulleys,  a  weight  of  45  lbs.  13  supported 
by  a  force  of  3  lbs.  weight.  The  strings  are  attached  to  a  6-ft.  bar 
from  which  the  weight  is  suspended,  and  at  distances  of  1  ft.  from 
each  other.  To  whit  point  of  the  bar  should  the  weight  be  attached  f 
The  bar  and  pulleys  may  be  considered  weightless. 

18.  The  distance  between  two  consecutive  threads  of  a  screw  is 
\  in.,  and  the  length  of  the  power  arm  is  5  ft.  What  weight  will  be 
sustained  by  a  power  of  I  lb.  ? 

19.  If  a  power  of  10  lbs.  acting  on  an  arm  2  ft.  long  produces  in  the 
screw  press  a  thrust  of  one  ton  weight,  what  is  the  "  step"  of  tii« 
screw  ? 

20.  The  arm  of  a  screw-jack  is  2  ft.  long,  and  the  screw  rises  2  ins. 
when  it  is  turned  round  nine  times.  ^Vhat  force  must  be  applied  to 
produce  a  thrust  of  half  a  ton  weight  ? 

21.  A  screw  is  formed  upon  a  cylinder  whose  length  is  1  ft.  and 
circumference  3  ins.  How  many  turns  must  be  given  to  the  thread 
in  order  that  a  power  of  4  lbs.  weight,  applied  tangcntially  at  the 
edge  of  the  cylinder,  may  support  a  weight  of  2  cwt.  ? 
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EXAMINATION  PAPER  IV. 

1.  Classify  the  different  kinds  of  levers,  pointing  out  those  in  which 
there  is  a  mechanical  advantage. 

2.  Explain  how  the  mechanical  advantage  of  an  oar  will  he  altered 
hy  altering  the  position  of  the  point  in  contact  with  the  rowlock. 

3.  "  What  is  gained  in  power  is  lost  in  speed." — Explain  clearly 
what  is  meant  hy  this  statement,  and  show  that  it  is  true  in  the  case 
of  the  wheel  and  axle. 

4.  In  a  wheel  and  axle  the  radius  of  the  wheel  is  2  ft.  and  that  of 
the  axle  is  2  ins.  What  power  will  balance  a  weight  of  97  lbs.  if 
the  ropes  to  which  the  power  and  weight  are  applied  are  each  i  in.  in 
diameter  ? 

5.  State  the  Principle  of  Work,  and  apply  it  to  find  the  relation 
between  the  effort  and  weight  in  the  single-string  system  of  pulleys, 
the  strings  being  parallel  and  the  number  of  pulleys  n. 

6.  Prove  that  the  mechanical  advantage  of  n  pulleys  arranged  in  the 
separate-stripg  system  is  2",  and  arranged  in  the  "third"  system  ia 
2"—  I  ;  and  draw  the  figure  with  five  pulleys 

7.  In  the  first  system  of  pulleys,  what  weight  will  a  power  of 
80  lbs.  support  if  there  are  three  moveable  pulleys  whose  weights  are 
2,  3,  and  4  lbs.,  respectively,  the  lightest  being  highest  ? 

8.  Find  the  relation  of  the  power  to  the  weight  in  the  screw, 
neglecting  friction. 

9.  In  a  screw-press  a  power  equal  to  Ifi  lbs.  weight,  acting  on  an  arm 
3  ft.  long,  produces  a  thrust  of  half-a-ton.  What  is  (i.)  the 
"step,"  (ii.)  the  pitch,  of  the  screw? 

10.  In  the  second  system  of  pulleys,  if  a  weight  of  3  lbs.  supports  a 
weight  of  15  lbs.,  and  a  weight  of  5  lbs.  supports  a  wciglit  of  27  lbs., 
what  is  the  weight  of  the  lower  block,  and  what  would  the  mechanical 
advantage  bo  if  the  lower  block  were  weightless  ? 
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CENTRES  OF  PARALLEL  FORCES. 
DEFINITIONS. 

133.  "We  have  frequently  assumed  the  fact  that  the 
weight  of  a  heavy  straight  uniform  rod  or  beam  may  be 
supposed  to  act  at  its  middle  point,  and,  generally,  that 
the  weight  of  a  rigid  body  of  any  shape  may  be  supposed 
to  be  concentrated  at  a  single  point,  called  the  centre  of 
gravity  of  the  body.  We  shall  now  prove  this  property, 
and  in  Chap.  XII.  we  shall  show  how  to  determine  the 
position  of  this  point  for  bodies  of  certain  shapes. 

We  commence  by  proving  a  few  further  theorems  about 
parallel  forces, 

134.  To  find  the  resultant  of  any  number  of 
parallel  forces  of  given  magnitudes  applied  at  given 
points  of  a  rigid  body,  not  necessarily  in  the  same 
plane 

Let  the  given  parallel  forces  be  P  acting  at  A,  Q  at  B, 
B  at  C,  S  at  D,  and  so  on. 

Join  AB,  and  in  AB  take  a  point  E  such  that 
P^AE=QxEB. 

Then,  by  §  77,  the  forces  P  and  Q  are  equivalent  to  a 
single  resultant  force  P+Q  acting  at  E,  parallel  to  both 
of  them, 
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N'ow  componnd  this  resultant  with  the  force  B  at  C. 
Join  EG,  and  on  it  take  a  point  F,  such  that 

(P  +  Q)xEF=BxFC; 

then  the  forces  P+Q  at  G  and  B  at  0  are  equivalent  to  a 
single  resultant  force  P+Q  +  B  acting  at  F  parallel  to 
therti. 


This  resultanb  is  therefore  the  resultant  of  the  three 
forces  P,  Q,  B  Q,   A,  B,  0,  respectively. 

Now  join  FD,  and  in  it  take  a  point  G,  such  that 

iP+Q-\-B)xFG=SxGD; 

then  the  forces  P+Qj-R  at  F  and  S  at  D  are  equivalent 
to  a  single  resultant  P+Q  +  B+S  acting  at  G  parallel  to 
them. 

'I'his  resultant  is  therefore  the  resultant  of  the  four 
forces  P,  Q,  B,  S,  at  A,  B,  G,  D,  respectively. 

Proceeding  in  this  way,  we  may  find  the  resultant  of 
any  number  of  parallel  forces  acting  at  different  points  of 
a  body. 

We  might  have  compounded  the  four  forces  P,  Q,  R,  ,  io.  any  other 
order  whatever.  Thus,  if  wo  had  first  found  the  resultant  of  R  and 
S,  then  compounded  tliis  with  Q,  and  compounded  the  resultant  so 
obtained  ^th  P,  we  should  have  a  different  construction  for  the 
resultant  of  the  four  forces.  The  point  G  finally  arrived  at  will  be 
the  same  in  every  case. 
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135.  The  Centre  of  Parallel  Forces. — Definition.— 
The  above  constractions  show  that — 

The  resultant  of  any  number  of  parallel  forces  passes 
through  a  certain  point  whose  position  depends  only  on  the 
magnitudes  and  tlie  points  of  application  of  the  forces  and 
not  on  their  direction. 

This  point  is  called  the  centre  of  the  parallel  forces. 

Thus,  in  §  134,  f  is  the  centre  of  F  and  Q,  Fia  the  centre  of  P,  Q,  li, 
and  G  is  the  centre  of  P,  Q,  if,  S. 

If  the  forces  P,  Q,  R,  S,  instead  of  acting  as  in  Fig. 
115,  are  applied  at  the  same  points  A,  B,  G,  D,  but  in  a 


Fig.  116. 

different  direction  (though  still  parallel),  as  in  Fig.  116, 
their  resultant  will  still  pass  through  the  same  point  G  as 
before.     And  this  can  be  said  of  no  other  point. 

Observatiox. — The  student  should  carefully  notice  the  difEerence 
between  the  point  of  application  of  the  resultant  and  the  centre  of  a  system 
of  parallel  forces. 

If  F,  Q,  S,  S  act  at  A,  B,  C,  D  in  a  given  direction,  their  result- 
ant acts  in  a  straight  line  GL,  parallel  to  this  direction  and  passing 
through  the  centre  G.  The  resultant  may  be  supposed  to  act  at  G,  but  it 
need  not  necessarily  be  applied  at  G :  for,  by  the  Principle  of  Trans- 
mission of  Force,  it  may  be  applied  at  any  point  (say  L)  in  its  line  of 
action  (Fig.  llo).  But  let  F,  Q,  2i,  S,  still  acting  at  A,  B,  C,  D,  bo 
turned  round  into  a  different  direction.  Their  resultant  will  still 
pass  through  G,  the  centre  of  the  forces,  but  it  will  no  longer  pass 
through/.  (Fig.  116). 

136.    A    system    of  parallel    forces    cannot    have 
more  tlian  one  centre. — For  the  resultant  of  several 
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parallel   forces   cannot   pass  through  two  poinfs  except 
when  the  forces  are  parallel  to  the  line  joining  the  points. 

137.  Centre  of  parallel  forces  acting  at  points  in  a 
straight  line.— If  a  number  of  parallel  forces  P„  P^,  P^  are  applied 
at  points  Ay,  A2,  A^  lying  along  a  straight  rod  or  beam,  the  construc- 
tion for  the  centre  of  parallel  forces  (^  1 34)  shows  that  their  centre 
also  lies  in  the  straight  line  through  /fj,  A2,  A3.  If  a:j,  X2,  x-^  are  the 
distances  of  Ai,  A2,  A3  from  a  fixed  point  0  on  the  rod,  the  distance  of 
the  centre  from  0  is  therefore  given  by  the  formula  of  §  84, 

i  =    AXl  +  I'2^2  +  P3'>^3+  — 
P1  +  P2  +  P3+... 

This  follows  at  once,  by  taking  moments,  if  we  suppose  the  forces 
applied  perpendicular  to  the  rod.  If  they  act  in  any  other  direction, 
the  products  P^Vi,  Pj^'s;  -^3^3)  •••  will  not  be  the  moments  of  the  forces 
about  0 ;  but,  since  the  centre  of  the  parallel  forces  is  unaltered  in 
position,  the  formula  shows  that  it  may  be  found  by  treating  the 
products  PyX^,  Pc^2>  ^af^M  •••  <"*  \fth^y  '^^i'^  moments. 

138.  Every  body  has  a  centre  of  gravity.  —  De- 
fining gravity*  as  the  attraction  which  tbe  Earth  exerts 
on  all  bodies,  and  the  tveight  of  a  body  as  the  force  with 
which  that  body  is  attracted  to  the  Earth,  it  is  known 
that  at  any  given  place  the  weights  of  different  bodies 
are  proportional  to  their  masses. 

The  weight  of  a  body  always  tends  to  pull  it  towards 
the  centre  of  the  Earth.  Hence,  defining  the  vertical  as 
the  direction  of  gravity,  the  verticals  at  different  places 
would,  if  produced,  meet  in  the  Earth's  centre.  But  the 
Earth's  radius  is  nearly  4000  miles ;  consequently  the 
verticals  at  two  places  would  have  to  be  produced  nearly 
4000  miles  below  the  Earth's  surface  before  they  would 
meet.  Hence,  unless  the  places  themselves  are  at  a  con- 
siderable distance  apart,  the  verticals  are  very  approxi- 

*  We  are  here  dealing  with  terrestrial  gravity  only.  Considerations  respecting 
the  universal  gravitation  wliich  exists  between  all  bodies  are  beyond  the  scope  of 
this  book.  We  omit  the  subject  altogether  in  preference  to  furnishing  a  few 
fragmentary  statements  about  it,  and  refer  the  advanced  student  to  Barlow  aii4 
Pryan's  4stronomy,  Chap.  XIII.,  Sections  II.  and  HI, 
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inately  parallel,  and  we  shall  consider  them  as  parallel  in 
treating  of  the  centre  of  gravity. 

Now  suppose  a  body  to  be  built  up  of  a  number  of 
heavy  particles  rigidly  connected  together.  Then,  unless 
the  body  is  very  large  (so  large,  indeed,  as  to  be  com- 
parable in  size  with  the  whole  Earth),  the  weights  of  the 
particles  will  form  a  system  of  parallel  forces  acting  on 
them.  By  §  135,  these  forces  will  have  a  centre  through 
which  their  resultant  always  passes.  This  centre  is  called 
the  centre  of  gfravity  of  the  system  of  particles. 

The  same  thing  is  true  for  any  body,  whatever  be  its 
nature  or  the  distribution  of  its  parts.  For  if  we  subdivide 
any  body  into  a  very  large  number  of  parts,  we  may  make 
these  parts  so  small  that  each  may  (for  all  practical  pui*- 
poses)  be  regarded  as  a  single  heavy  pai-ticle.  Hence  the 
resultant  weight  due  to  the  weights  of  the  different 
portions  of  a  body  always  passes  through  a  certain  point 
in  the  body,  and  this  point  is  called  the  centre  of  gravity 
of  the  body. 

The  centre  of  a  system  of  parallel  forces  was  defined  by 
the  property  that  the  resultant  force  continues  to  pass 
through  this  point,  even  when  the  direction  of  the  forces 
is  changed,  provided  that  they  remain  parallel  forces  and 
have  the  same  magnitudes  as  before.  "We  cannot  alter 
the  direction  of  gravity,  but  it  will  amount  to  the  same 
thing  if,  instead,  we  turn  the  body  itself  round,  provided 
that  in  doing  so  we  do  not  alter  its  size  and  shape,  and 
that  we  suppose  the  centre  of  gravity  to  move  as  if 
rigidly  connected  with  it. 

The  centre  of  gravity  of  a  body  is  therefore  fixed 
relative  to  the  body,  so  that,  when  the  body  moves  as  a 
rigid  body,  the  centre  of  gravity  moves  with  it. 

The  centre  of  gi-avity  need  not  be  in  the  body  itself- 
Thus  the  centre  of  gravity  of  a  circular  ring  of  wire  is  at 
the  centre  of  the  circle,  not  in  the  wire. 

It  is  not  necessary  that  the  body  itself  should  be  rigid 
in  order  to  have  a  centre  of  gravity,  but  the  centre  of 
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gravity  rcTnains  fixed  relative  to  the  body  only  as  long  as 
its  size  and  shape  remain  unaltered. 

Thus  a  straight  piece  of  wire  has  a  centre  of  gravity  at  its  middle 
point,  and  its  weight  will  act  at  that  point  as  long  as  it  remains 
straight.  If  the  wire  be  bent,  it  will  no  longer  have  the  same  centre 
of  gravity.  A  bicycle  has  a  centre  of  gravity  through  which  its 
weight  will  always  act,  so  long  as  its  diflFerent  parts  (the  steering- 
wheel  and  handle,  and  the  frame,  &c.)  preserve  the  same  relative 
position. 

139.  We  may  therefore  give  the  following  : — 

Definition. — The  centre  of  gravity  of  a  bod;/  is  that 
point,  fixed  relative  to  the  body,  through  which  the  resultant 
force  due  to  the  Eartlis  attraction  on  it  always  passes,  what- 
ever be  the  position  of  the  body,  provided  that  its  size  and 
shape  remain  constant. 

In  short,  the  centre  of  gravity  is  the  point  at  ivhich  the 
whole  weight  of  the  body  viay  always  he  supposed  to  act. 
The  abbreviation  for  centre  of  gravity  is  C.G. 

140.  The  construction  for  the  CO.  of  a  system 
of  particles  at  given  points  is  identical  with  that  for 
the  centre  of  parallel  forces,  the  weights  of  the  particles 
being  the  parallel  forces.  It  is,  therefore,  given  by  §  134 
or  §l37.* 

141.  A  body  cannot   have    more    than    one    CG. — 

For  if  the  body  had  two  centres  of  gravity  G,  H,  the  line 
of  action  of  the  body's  weight  w^ould  always  have  to  pass 
through  both  G  and  H,  and  would  therefore  have  to  be 
the  line  GH  But  this  is  impossible,  except  when  GH  is 
vertical,  for  the  weight  of  a  body  always  acts  vertically. 
Hence  the  body  cannot  have  two  C.G.'s. 
{^Compare  this  proof  with  §  136.] 

*  The  stndpiit  is  rpcniiiuiendcd  to  write  out  §  134,  substiUitiiiR  tlie  words 
"  wciglit  "  for  "  i>arallel  force,"  and  "  centre  of  gravity"  for  "  centre  of  parallel 
forccH." 
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142.  Centre  of  mass. —  The  foregoing  considerations 
show  that  a  body  has  a  c.G.  only  Avhen — 

(i.)  It  is  acted  on  by  gravity,  i.e.,  it  has  iceight. 

(ii.)  The  intensity  of  gravity  is  constant,  both  in  mag- 
nitude and  direction,  at  all  points  of  the  body  (as  is  the 
case  for  bodies  of  small  size  as  compared  with  the  Earth). 

Now,  if  gravity  were  not  to  exist,  a  body  wonld  not 
have  wei/jht,  bnt  it  would  still  have  what  is  called 
mass,  although  its  ma-ss  could  not  be  measured  in  the 
ordinary  way  by  weighing,  and  the  analogy  naturally 
suggests  (as  we  shall  now  learn)  that  the  body  would 
still  have  a  centre  of  mass. 

Suppose  a  body  to  be  at  first  acted  on  by  gravity,  and  let  its  c.G. 
be  found  and  indicated  in  position  by  marks  made  on  the  body. 
Suppose  the  body  to  be  then  removed  from  the  influence  of  gravity 
by  being  carried  right  away  from  the  Earth  into  space.  The  marks 
will  still  indicate  the  same  point  of  the  body,  and  the  position  of  this 
point  will  have  a  definite  relation  to  the  distribution  of  matter  in  the 
body,  although  it  can  no  longer  be  called  its  centre  of  gravity.  This 
point  will  be  called  the  body's  centre  of  mass.  It  may  be  defined 
staticaUy  as  follows  : — 

143.  Definition.  —  The  centre  of  mass,  or  mass- 
centre,  of  a  body  is  the  centre  of  a  system  of  parallel  forces 
acting  on  all  the  particles  into  which  the  body  may  be 
supposed  to  be  divided,  the  force  on  each  particle  being 
proportional  to  its  mass. 

The  abbreviation  for  centre  of  mass  is  CM. 

We  ob.serve  that  every  body,  or  system  of  bodies,  has 
always  a  cm.*  Jj  it  have  a  c.G.,  that  point  will  necessarih/ 
coincide  with  its  CM.,  because  the  weights  of  the  particles 
of  the  body,  being  proportional  to  their  masses,  form  a 
sy.«:tem  of  forces  having  the  CM.  for  their  centre. 

It  is,  therefore,  always  correct  to  speak  of  the  c.G.  of  a 
body  as  its  centre  of  mass,  but  not  vice  versa,. 

As  we  are  only  concerned  with  the  effects  of  terrestrial 

•  For  the  deflnition  makes  no  .issuniption  as  to  the  cause  producing  the  forces 
on  the  particles  of  the  body,  and  only  assumes  that  these  particles  bare  hmu*. 
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gravity,  we  shall  continue  to  use  the  term  c.G.  By  finding 
the  C.G.,  we  really  determine  the  CM. ;  just  as  by  weighing 
a  body  we  really  deteim.ine  its  mass. 

[*  144.  The  following  dynamical  definition  may  be  sub- 
stituted for  the  above  equivalent  statical  definition  : — 

Definition. — The  centre  of  mass  of  a  body  is  the 
point  through  which  the  resultant  ("  impressed  ")  force 
on  the  body  acts  when  all  parts  of  the  body  move  with,  the 
same  acceleration.*' 

For  the  forces  acting  on  different  parts  of  the  body  are 
proportional  to  their  respective  masses.] 

145.  Construction  for  the  CM-  of  a  number  of 
particles. — If  particles,  whose  masses  are  P,  Q,  It,  S,  ..., 
are  situated  at  points  A,  B,  C,  D,  the  point  G,  obtained  by 
the  construction  of  §  134,  will  be  the  centre- ''f  parallel 
forces  of  magnitudes  P,  Q,  B,  S  acting  at  A,  ^  ^  C,  D,  re- 
spectively, and  will  therefore  be  the  cm.  of  t-'ie  pirticles. 

Similarly  for  particles  in  a  straight  line  the  cm  '■  is  giv  n  by  the 
formula  of  }  137.  ^ 

146.  Definitions. — A  lamina  is  a  shc'^t  of  mal^^erial 
whose  thickness  is  so  small  that  it  may  be  regarded  -is  a 
distribution  of  matter  over  an  area.  A  ur^iform  lam'na 
is  one  which  is  of  the  same  thickness  and  I'ormed  of  tie 
same  substance  throughout. 

The  CO.  of  an  area  or  surface  means  the  c.G.  of  a 
uniform  lamina  covering  that  ai^ea  or  surface. 

Thus  a  sheet  of  paper  or  thin  card,  a  thin  sheet  of  tietal  such  as 
that  forming  a  tin  canister,  a  plate  of  glass  of  small  tJii^^kness,  a 
slate,  and  in  some  cases  even  a  wooden  plank,  maj'  be  rcga'.rded  as  a 
lamina.  And  the  c.G.  of  a  parallelogram  will  bo  the  r.o.  of  S  sheet 
of  paper  or  any  other  uniform  lamina  forming  that  parallelogranrA- 

A  wire,  stick,  rod,  or  beam  is  said  to  be  uniform  when 
it  is  of  the  same  cross  section  and  of  the  same  substance 
throughout  its  length. 

The  C.G.  of  a  line  (whether  straight  or  curved)  means 
the  c.G.  of  a  thin  uniform  wii-e  placed  along  that  line. 

*  This  is  the  case  when  tlie  uiotiou  of  the  body  is  one  of  "  pui-e  traiislatiou." 
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147.  The  CO.  of  a  straight  line  is  at  its  middle 
points 

This  is  obvious,  for  there  is  no  reason  why  it  should  be 
hearer  one  end  than  the  other. 

To  prove  it,  let  AB  be  a  straight  uni-     A  G  B 

form  wire,  G  its  c.G.     Then  G  evidently     B  G  A 

lies  somewhere  in  the  line  AB.     And  if  Y\e.  117. 

the  wire  be  turned  round  so  that  the  end 
B  is  placed  at  A  and  the  end  A  is  placed  at  B,  the  wire 
lies  along  the  same  line  as  before,  and  the  position  of  G 
must  therefore  be  unaltered.     Hence  GA  =  G5,  or  G  is 
the  middle  point  of  AB. 

148.  To  find  the  C.G.  of  a  parallelogram. 

Let  A  BCD  be  either  a  uniform  lamina  or  a  uniform  wire 
in  the  shape  of  a  parallelogram.  Let  its  diagonals  AC,  BD 
intersect  in  G.     Then  shall  G  be  the  required  c.G. 

A 


Fig.  118.  Fig.  119. 

Turn  the  parallelogram  round  as  iu  Fig.  119,  and  place 
it  so  that  the  vertices  A,  B,  C,  D  coincide  with  the  previous 
positions  of  the  vertices  C,  D,  A,  B,  respectively.  Then 
the  diagonal  AG  will  coincide  with  its  previous  position 
CA,  and  BD  with  DB.  Hence  G,  the  intersection  of  the 
diagonals,  will  be  unaltered  in  position.  Also  no  other 
point  in  the  pai*alielogram  will  occupy  the  same  position 
as  before.  For  any  other  point  will  be  brought  round 
to  the  opposite  side  of  G. 

Now,  when  the  parallelogram  is  turned  round,  it  occu- 
pies the  same  space  as  before ;  hence  its  C.G.  in  its  new 
position  coincides  with  its  c.G.  in  its  old  position.  There- 
fore the  c.G.  of  the  parallelogram  must  be  at  G. 

Observation. — The  reader  should  cut  the  paraUelogram  out  of  a 
sheet  of  paper,  marking  the  points  A,  B,  0,  D  both  on  the  parallelo- 
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gram  and  on  the  paper  from  which  it  was  cut.  On  turning  it  round 
into  the  new  position,  it  will  again  exactly  fill  the  hole  from  which  it 
was  cut,  and  the  diagonals  will  he  unaltered  in  position,  but  their 
extremities  will  ha  interchanged.  Hence  6  will  be  the  intersection  of 
the  same  two  straight  lines  as  before,  and  will  therefore  be  unaltered 
in  position. 

CoR.  1.  Since  the  diagonals  of  a  parallelogram  bisect  each  other, 
the  c.G.  is  at  the  tniddlc  point  of  cither  diagonal. 

This  is  also  obvious  from  tho  method  of  proof.  "When  the  parallelo- 
gram is  turned  round,  >4G  is  brought  into  coincidence  with  the  former 
position  of  GO.    Therefore  AG  =  GO,  and  G  is  the  middle  point  of  AC. 

Cor.  2.  The  c.G.  is  the  middle  point  of  the  line  bisecting  a  pair  of 
opposite  sid^s. 

For  let  f ,  F  be  the  middle  points  of  AB,  CD.  When  the  parallelo- 
gram is  turned  round,  AB,  CD  occupy  tho  former  places  of  CD,  AB, 
respectively.  Hence  E,  F  occupy  the  former  places  of  f ,  E,  respect- 
ively; and  therefore  the  middle  point  of  EF  occupies  tiie  same 
position  as  before.  Therefore  this  point  is  G,  the  required  c.G.  of  the 
parallelogram. 

Cor.  3.  Similarly,  G  is  the  middle  point  of  the  bisector  of  the  pair 
of  opposite  sides  BC,  DA.  Hence  the  diagonals  and  the  bisectors  of  the 
opposite  sides  of  the  parallelogram  all  bisect  one  another  in  the  c.G.  of  the 
parallelogram,  as  may  be  otherwise  proved  by  geometry. 

149.  The  CO.  of 

(a)  a  circular  ring,  and 
(&)  a  circular  area, 
are  at  the  centre  of  the  circle  itself. 

For,  if  either  a  uniform  circular  wire  or  a  uniform 
circular  lamina  is  rotated  about  its  centre,  it  will  continue 
to  occupy  the  same  space  as  before  ;  therefore  its  c.Q.  will  be 
unaltered  in  position.  But  if  the  c.G.  were  not  at  the 
centre  of  the  circle,  its  position  would  rotate  with  the  wire 
or  lamina,  and  would  tlierefore  change.  Therefore  the 
C.G.  cannot  be  elsewhere  than  at  the  centre  (as  is  almost 
obvious  without  proof). 
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150.  Other  symmetrical  figures.  —  The  method  of 
the  last  three  articles  depends  on  the  fact  of  the  figure 
whose  c.G.  is  required  being  "  symmetrical  about  a 
point,"  in  such  a  way  that  it  is  capable  of  heing  turned 
about  that  point  till  it  occupies  exactly  the  same  space  as 
before,  withmt  its  different  parts  all  comivg  rouvd  to  tJieir 
original  poMions.  We  find,  in  each  case,  that  one  point 
alone  remains  nnchanged  in  position,  and  we  conclude 
that  this  point  must  be  the  required  c.G. 

A  body  of  any  shape  could,  of  course,  be  rotated  emnpiftcly  round 
[i.e.,  turned  through  four  right  angles)  about  any  point  and  brought 
back  into  its  original  position  ;  but  this  would  not  help  us  to  find  the 
CO.,  because  every  point  of  the  body  would  come  back  to  its  former 
position,  so  that  we  should  be  no  nearer  knowing  vrhich  was  the  c.o. 
than  we  were  before. 

From  tlie  above  property  we  are  able  at  once  to  write 
down  the  following  additional  results  : — 

The  c.G.  of  the  area  of  a  regulax  polygon  is  the  centre 

of  the  polygon,  and  the  same  is  true  for  a  uniform  wire 
bent  round  to  form  the  sides  or  "perimeter"  of  a  regular 
polygon.  For  the  c.G.  must  be  unaltered  in  position  when 
the  polygon  is  turned  about  the  centre,  and  each  side  is 
brought  into  the  former  place  of  the  next  side. 

The  c.G.  of  a  solid  sphere,  or  of  the  surface  of  a  sphere 
is  at  the  centre  of  the  .'sphere,  for  its  position  is  evidently 
unaltered  by  turning  the  sphere  round  about  its  centre 
through  any  angle. 

The  c.G.  of  the  volume  or  the  surface  of  a  right 
cylinder  is  at  the  middle  point  of  its  axis,  for  it  is 
evidently  unaltered  in  position  when  the  cylinder  is  re- 
volved about  its  axis,  and  also  when  turned,  so  that  the 
positions  of  the  two  ends  are  interchanged. 

The  c.G.  of  the  volume  or  surface  of  a  cube  or  any 
other  parallelepiped  {e.g.,  a  brick)  is  at  a  point  midway 
between  each  pair  of  opposite  faces,  as  may  be  seen  by 
turning  it  round  so  as  to  interchange  the  positions  of  two 
opposite  faces.  It  may  be  proved  geometrically  that  the 
diagonals  all  intersect  and  bisect  one  another  at  the  c.G. 
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Summary  of  Results. 

The  centre  of  parallel  forces  P,  Q,  B,  S  at  A,  B,  C,  D,  &c., 
is  found  by  dividing 

AB  at  £,  where  PxAE-QxEB; 

EG  at  F,  where  (P  +  Q)  EF  =  BxFC  ; 

FD  at  G,  where  {P+Q  +  R)  FG  =  SxGD ; 

and  so  on.  (§§  134,  135.) 

The  centre  of  gravity  of  a  body  is  that  point  througb 
which  the  resultant  force  due  to  the  Earth's  attraction 
always  passes.  (§  139.) 

The  centre  of  gravity  of 

(1)  a  straight  line  is  its  middle  point ;  (§  147.) 

(2)  a  parallelogram  is  the  intersection  of  its  diagonals  ; 

(§  148.) 

(3)  a  circular  ring  is  the  centre  of  the  circle  ;  (§  149.) 

(4)  a  circular  area  is  the  centre  of  the  circle;         (§  149.) 

(5)  a  regular  polygon  is  the  centre  of  the  polygon ;  (§  150.) 

(6)  a  sphere  is  the  centre  of  the  sphere  ;  (§  150.) 

(7)  a  right  cylinder  is  the  middle  point  of  its  axis  ;  (§  150.) 

(8)  a  cube  or  rectangular  parallelepiped  is  at  the  inter- 

section of  its  diagonals.  (§  150.) 

EXAMPLES  VIII. 

1 .  Equal  parallel  forces  act  at  the  angular  points  of  an  equilateral 
triangle.  Find  their  centre  (i.)  when  the  forces  are  like,  (ii.)  when 
one  of  them  is  unlike  the  other  two. 

2.  F,  Q,  R  are  parallel  forces  acting  in  the  same  direction  at  the 
angular  points  of  an  equilateral  triangle  ABC.  Ii  P  =  2Q  =  Sli,  find 
the  position  of  their  centre. 

3.  In  the  preceding  question,  find  the  position  of  the  centre  of  the 
forces  if  the  direction  of  Q  is  reversed. 
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4.  Parallel  forces  of  3,  5,  7,  and  11  lbs.  act  at  points  in  a  straight 
line  at  distances  of  4  ins.  from  each  other.  What  is  the  distance  of 
their  centre  from  the  o  lb.  force  ? 

5.  A  uniform  straight  lever  of  weight  10  lbs.  and  length  6  ft. 
balances  about  a  certain  point  when  weights  of  3  lbs.  and  5  lbs.  are 
attached  to  its  extremities.  How  far  must  the  point  of  support  be 
moved  so  that  the  lever  may  balance  when  each  of  the  weights  is 
increased  by  1  lb.  ? 

6.  Four  equal  forces  act  at  the  comers  of  a  square  in  the  same 
direction  along  parallel  lines.  ^Vhat  change  will  be  produced  in  the 
position  of  their  centre  if  the  direction  of  one  of  them  is  reversed  ? 

7.  If  a  series  of  parallel  forces  can  be  reduced  to  a  couple,  what  is 
the  position  of  their  centre  ? 

8.  ABCD  is  a  square,  and  AC  a  diagonal.  Forces  P,  Q,  R  act 
along  parallel  lines  at  B,  C,  D,  respectively  ;  Q  acts  in  the  direction 
>1  to  C,  F  and  S  act  in  the  opposite  direction.  Find,  and  show  in  a 
diagram,  the  position  of  the  centre  when  Q  =  oP  and  S  =  IP. 

9.  ABCD  is  a  square  table  whose  side  is  3  ft.  long.  The  sides 
AB,  BC,  &c.,  are  bisected  at  E,  F,  G,  H,  respectively,  and  0  is  the 
centre  of  the  table.  At  A,  B,  C,  D,  0  act  upward  parallel  forces  of 
1  lb.,  2  lbs.,  3  lbs.,  4  lbs.,  and  5  lbs.,  respectively,  and  at  £,  F,  G,  H 
act  downward  parallel  forces  of  2  lbs.,  1  lb.,  2  lbs.,  1  lb.,  respectively. 
What  is  the  position  of  the  centre  of  the  nine  forces  ? 

1 0.  A  rod  ABC,  16  ins.  long,  rests  in  a  horizontal  position  upon  two 
supports  at  A  and  B  I  ft.  apart,  and  it  is  found  that  the  least  upward 
and  the  least  downward  force  applied  at  C  which  would  move  the  rod 
are  4  oz.  and  5  oz.  respectively.  Find  the  weight  of  the  rod  and  the 
position  of  its  centre  of  gravity. 

11.  Equal  masses  are  placed  at  the  angfular  points  of  a  regular 
pentagon.  Show  that  their  centre  of  gravity  is  at  the  centre  of  the 
rircumscribing  circle. 
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PROPERTIES  OP  THE  CENTRE  OP  GRAVITY. 

151.  Equilibrium  of  a  heavy  body  about  a  fixed 
point. 

If  a  heavy  body  he  at  rest  when  supported  at  one  point,  and 
he  not  acted  upon  hy  forces  other  than  gravity,  the  c.G.  and  the 
point  of  support  will  he  in  the  same  vertical  line. 

For  the  only  forces  acting  on  the  body  are — 

(i.)  The  resultant  force  due  to  gravity.  This  is  the 
weight  of  the  body,  and  acts  vertically  through  the  c.G. 

(ii.)  The  reaction  at  the  point 
of  support. 

These  forces  are  in  equilibrium ; 

therefore  they  must  be  equal  and    — 

opposite  and  in  the  same  straight 
line. 

Therefore  the  point  of  support  ' 

is  in  the  vertical  through  the  c.G.  Fig.  120. 

This  refers  to  a  body  either  resting  on  a  surface  at  one  point,  as  in 
Fig.  120,  or  capable  of  rotation  about  a  point,  or  suspended  by  a 
string  as  in  Figs.  121,  122, 
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152.  The  plumb-line,*  used  by  builders  and  others  for 
finding  the  direction  of  the  vertical,  is  a  flexible  string 
from  which  a  heavy  weight  of  lead,  or  plummet,  hangs. 
When  at  rest,  the  string  is  vertical  throughout  its  length, 
for  the  tension  at  any  point  has  only  to  support  the 
weight  of  the  plummet,  which  acts  vertically  (§138). 
We  may  sometimes  define  the  vertical  line  at  any  jpoint  a' 
the  direction  of  a  plumb-line  at  that  point. 

153.  To  find  by  experiment  the  C.G.  of  a  lamina. 

The  C.G.  of  a  sheet  of  metal  or  any  other  material,  or  a 
wooden  plank,  or  a  wire  of  any  shape,  may  be  found  in 
the  following  manner : — 

Suspend  the  body  by  a  string  attached  to  any  point  A, 
and  on  it  draw  the  vertical  line  AD  through  A.  This  line 
may  be  traced  either  by  means  of  a  plumb-line  or  by 
producing  the  dii'ection  of  the  string.  We  know,  by 
§  151,  that  the  C.G.  lies  in  AD. 


Fi?.  122. 


Now  suspend  the  body  from  any  ether  point  B,  and  on 
it  draw  the  vertical  line  BE  through  B.  As  before,  the 
C.G.  lies  in  BE.  Therefore  the  required  C.G.  is  at  the 
intersection  of  AD,  BE. 


FrcRn  the  lAtir>.  pIuM^mM  =  "  lead.' 
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Tf  we  now  bang  the  lamina  from  a  third  point  C,  it  will 
be  found  that  G  is  vertically  below  C,  thus  verifying  that 
G  is  the  C.G. 

This  method  is  theoretically  applicable  to  any  bodj'  whatever,  but 
except  in  the  case  of  a  lamina,  or  a  wire  bent  in  one  plane,  it  would 
usually  not  be  very  easy  to  mark  the  two  positions  of  the  vertical, 
AD  and  BE. 

If  the  lamina  is  in  the  shape  of  a  rectangle  or  parallelo- 
gram, and  is  hung  up  from  one  of  its  angles,  the  diagonal 
through  that  angle  will  be  found  to  be  vertical,  thus 
verifying  that  the  C.G.  lies  in  the  diagonals. 

To  apply  the  method  to  a 
straight  thin  rod  {e.g.,  a  ruler, 
a  straight  walking-stick,  or, 
better  still,  a  billiard  cue),  we 
suspend  it  by  means  of  two 
very  fine  strings  from  any  point 
0.  Also  make  a  plumb-line  by 
hanging  a  small  weight  IV  by  a 
single  thread  from  0.  If  the 
thread  OW  cuts  the  rod  in  G, 
the  C.G.  of  the  rod  will  be  at  G. 
Mark  this  point  on  the  rod. 
Then,  if  the  rod  be  laid  on  the  finger  or  on  any  support 
touching  it  at  G,  it  will  balance. 

If  the  rod  is  uniform,  G  will  be  found  to  be  at  its  middle 
point.  If  one  end  of  the  rod  is  heavier  than  the  other, 
G  will  be  found  to  be  nearer  to  the  heavier  end. 

Example.  —  A  heavy  rod  AB,  whose  centre  of  gravity  G  is  not 
at  its  middle  point,  is  suspended  by  a  single  string  AOB  over  a 
smooth  peg  0.     Discuss  the  possible  positions  of  equilibrium. 

[The  student  should  draw  a  figure  very  like  Fig.  123,  but  making 
AG  rather  shorter,  so  that  OG  bisects  the  angle  AOB.'] 

Since  the  weight  of  the  rod  at  G  acts  vertically  downwards, 
OG  must  be  vertical. 

Moreover,  since  the  peg  is  smooth,  the  tension  T  is  the  same  in 
each  part  of  the  string. 

Hence  the  resultant  of  the  two  tensions  T  must  bisect  AOB,  the 
angle  between  them.  For  equilibrium,  this  resultant  is  equal  and 
opposite  to  the  weight,  and  must  act  along  OG.  Thus  OG  must  bisect 
the  angle  AOB,  that  is,  the  strings  must  be  equally  inclined  to  the  verticil. 


*W 


Pig.  123. 


PROPERTIES   OF   THE    CENTRE   OF   GfiAVlTY.  161 

By  Euclid  YI.  3,  4?  =  4?- 

^  OB      GB 

That  is,  the  parts  of  t/ie  string  must  be  proportional  to  the  seymeHts 
of  the  rod. 

By  drawing  GE  parallel  to  BO,  we  get  a  convenient  triangle  of 
forces,  OEG,  from  which  the  relation  between  the  tension  and  the 
weight  can  be  calculated,  in  particular  cases. 

There  are  other  less  interesting  positions  of  equilibrium,  namely, 
with  the  rod  vertical,  and  either  end  uppermost.  If  we  a«sume  the 
peg  to  be  of  insignificant  dimensions,  the  three  forces  will  then  act 
in  one  straight  line,  and  the  tension  will  be  equal  to  half  the  weight. 

It  U  noteworthy  that,  in  the  case  of  a  pictiire-franie  as  ordinarily  snsx>ended, 
the  two  parts  of  the  string  wonld  be  equally  inclined  to  the  vertical,  even  if  the 
frame  itself  were  lianging  crookedly,  if  the  peg  were  perfectly  smooth. 


154.  If  a  heavy  body  is  supported  at  its  CO.,  it 
will  balance  in  every  position. 

Since  the  C.G.  is  at  the  point  of  support,  the  body's  weight 
always  acts  through  the  point  of  support.  This  weight 
cannot  move  the  point  of  support,  because  that  point  is 
fixed;  and  it  cannot  turn  the  body  round,  because  it  has 
no  moment  about  that  point.  Hence  the  body  must 
remain  balanced  in  every  position. 

In  consequence  of  tin's  properfy,  the  C.G.  is  very  commonly 
spoken  of  as  the  balancing  point  of  a  body. 

155.  Definition-. — When  a  body  rests  upon  any  hard 
flat  surface,  its  base  is  defined  to  be  the  area  enclosed  by 
a  fine  string  drawn  tightly  round  it  so  as  to  enclose  all 
points  of  the  body  in  contact  with  the  supporting  surface. 

When  a  glass  tumbler  rests  on  a  table, 
the  base  of  the  tumbler  is  evidently  the 
circular  area  enclosed  by  the  parts  of 
the  tumbler  touching  the  table.  But 
in  the  case  of  a  table  resting  on  the  floor 
on  its  four  legs,  the  base  is  the  quadri- 
lateral formed  by  joining  the  feet,  for 
this  would  be  the  figure  assumed  by  a  „. 

string  pulled  tightly  round  the  points  of  ^^S-  124. 

contact.      The   definition    ensures  that 

when  the  body  is  overturned  it  must  turn  about  some  point  or  line 
bounding  the  base. 

STAT.  M 
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156.  When  a  "body  is  placed  on  a  plane  it  will 
stand  or  fall  according  as  the  vertical  line  through 
its  C.G.  falls  within  or  without  the  base  on  which 
it  rests. 

(i)  First  let  the  vertical  through  the  C.G.  cut  the  sup- 
porting plane  at  a  point  M  outside  the  base  AD;  let  A  be 
the  point  of  the  base  that  is  nearest  to  M.     Then  the 


weight  of  the  body  is  equivalent  to  a  single  resultant  force 
acting  at  G,  and  the  moment  of  this  weight  (Fig.  125) 
tends  to  turn  the  body  about  A  in  such  a  way  as  to  lift 
up  all  the  other  points  of  the  body  touching  the  plane. 
Now  the  reaction  of  the  plane  always  acts  away  from  it, 
and  never  tends  to  prevent  any  part  of  the  body  from 
being  lifted  off.  Hence  there  is  nothing  to  counteract 
the  tendency  of  the  body  to  overturn  about  A.  Therefore 
it  will  fall. 

(ii.)  Second,  let  the  vertical  through  the  C.G.  cut  the 
supporting  plane  at  a  point  M  inside  the  base  AD.  Then, 
if  A  be  any  point  at  the  edge  of  the  base,  the  moment  of 
the  weight  about  A  tends  to  press  down  the  other  points 
of  the  body  touching  the  plane  (S'ig.  126),  as  at  D.  Now 
the  reaction  of  the  plane  prevents  the  body  from  pene- 
trating it.     Hence,  the  body  will   stand.     And   if   it  be 
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slightly  tilted  up,  its   weight  will    bring  it   back    to    its 
oi"iginal  position  as  soon  as  it  is  let  go. 

As  a  parKoular  case,  when  a  body  rests  touching  the 
gi*ound  at  a  single  point,  the  vertical  through  the  centre 
of  gravity  must  pass  through  that  point  (Fig.  119). 

Observatiox. — The  plane  supporting  the  body  may  be 
either  horizontal  or  inclined,  pi-ovided  that  it  is  sufficiently 
rough  to  prevent  tlie  body  from  sliding  down. 

157.  Illustrations. — (l)  A  cart  or  tricycle  will  overturn  if  the  vertical 
through  its  c.G.  falls  outside  the  wheel  base  (Fig.  127). 


Fig.  127. 

(2)  A  porter  carrying  a  heavy  trunk  in  one  hand  often  extends  tha 
opposite  arm  at  full  length  in  order  to  more  readily  bring  his  c.G. 
over  a  point  between  his  two  feet.  A  man  carrying  a  heavy  weight 
in  front  of  him  leans  back  in  order  to  bring -his  c.G.  over  hia  base. 

(3)  If  we  lean  too  far  back  in  a  chair  tilted  up  on  its  hind  legs,  we 
shall  fall  over  backwards  when  the  vertical  through  the  c.g.  falls 
behind  the  line  joining  the  two  back  feet. 

(4)  The  leaning  tower  of  Pisa  overlaps  it  base  by  13^  feet  at  its 
highest  point,  but  it  stands  because  the  vertical  through  its  c  g.  is 
well  within  the  base.  Treating  the  tower  as  a  uniform  cylinder 
(Fig.  126),  its  c.G.  is  at  G  midway  between  two  diagonally  opposite 
points  A,  C  at  the  top  and  bottom.  Hence  the  tower  would  fall  if  it 
were  to  project  beyond  A,  that  is,  if  the  top  were  to  overlap  by 
more  than  the  diameter  of  its  base. 
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158.    Experimental    verifications.  —  The  reader  is 

strongly  recommended  to  test  the  truth  of  the  theorem 
by  some  simple  experiments  made  with  any  common 
objects  around  him. 

Thus,  a  book  can  be  placed  on  the  top  of  another 
book  resting  on  a  table,  provided  that  the  middle  (or  c.G.) 
of  the  upper  book  does  not  project  beyond  the  lower  book 
(i.e.,  beyond  the  base).  Hence,  in  order  to  make  the  upper 
book  project  beyond  its  middle,  weights  must  be  placed 
on  the  supported  end  to  bring  the  C.G,  nearer  that  end. 


Fig.  128.  Fig.  129. 

Tn  like  manner,  if  any  body  of  rectangular  section 
A  BCD  (say  a  brick)  be  stood  upon  a  rough  plank,  and 
the  plank  be  gradually  tilted  about  the  edge  A,  the  body 
will  remain  standing  as  long  as  its  c.G.  does  not  overlap 
the  base,  but  directly  this  happens  it  will  fall  over  about 
its  lowest  edge  (Figs.  125,  126). 

Now  the  c.G.  of  a  rectangular  body  lies  in  the  diagonal 
plane  AC  Hence  the  body  will  turn  over  just  after  the 
diagonal  AG  has  passed  through  the  vertical  position. 


159.  Stable,   unstable,  and  neutral  equilibrium. — 

Theoretically,  ifc  is  possible  to  balance  a  body  by  sup- 
porting it  at  a  point  either  vertically  a,bove  or  vertically 
below,  or  at  its  c.G.  But,  practically,  it  is  often  very 
difficult  to  keep  a  body  balanced  on  a  point  even  for  a 
short  time,  and  the  least  disturbance  suffices  to  overturn 
it.  Bodies  have,  as  we  know,  a  tendency  to  fall  into 
certain  natural  positions  of  equilibrium,  and  to  fall  away 
from  other  positions. 
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Ukfinition. — Bodies  are  said  to  be  in  unstable  equili- 
biium  when,  after  a  slight  d  sturbauce,  they  tend  to  move 
further  and  fufiher  away  from  their  equilibrium  position, 
i.e.,  to  upset. 

Thus  an  egg  naturally  rests  on  a  table  with  its  side  touching  the 
table.  But  it  is  difficult  to  balance  the  egg  on  its  end ;  and,  if  this  has 
been  done  by  bringing  the  c.g.  directly  over  the  point  of  support,  the 
egg  will  stiil  overturn,  as  in  Fig.  133,  with  the  slightest  shake  or 
breath  of  air,  or  other  disturbance,  which  moves  the  egg  and  therefore 
its  C.G.  or  its  point  of  support  a  little  to  one  side  or  the  other. 
In  ordinary  language,  we  express  this  fact  by  s;xying  that  the  egg 
is  top  heavy. 

A  pin  would  theoretically  satisfy  the  conditions  of  equilibrium  of 
§  151  if  stood  upright  with  its  point  resting  on  a  plate.  But  no  hand 
is  sufficiently  steady  and  patient  to  place  it  exactly  in  the  right 
position,  nor  could  the  plate  and  pin  remain  sufficiently  undisturbed 
for  the  pin  to  continue  balanced  for  more  than  an  instant,  even  if  it 
were  so  placed.     The  pin  would  in  fact  be  top  heavy. 

A  walking-stick  standing  upright  on  the  finger,  a  ball  or  marble 
placed  at  the  top  of  an  inverted  bowl,  are  also  examples  of  unstable 
equilibrium. 

Note.  —  When  we  smj  that  a  body  is  '^^  top  heavy  " 
we  iniplij  that  it  is  in  inmtable  equilibrium. 

Uefinitiox. — Bodies  are  said  to  be  in  stable  equilibrium 
when  they  tend  to  return  to  their  equilibrium  position 
after  being  slightly  disturbed. 

Thus,  for  example,  a  weight  (such  as  a  pliunmet)  hanging  firom  a 
string  will  of  its  own  accord  fall  into  a  position  of  equilibrium  with 
the  string  vertical.  If  pulled,  aside,  it  will  at  first  swing  to  and  fro, 
but  the  string  will  at  last  again  assume  a  vertical  position. 

A  stick  hanging  by  its  crook,  a  ball  or  marble  inside  a  basin,  the 
beam  of  a  balance,  are  also  examples  of  stable  equilibrium. 

Definition'. — Bodies  are  said  to  be  in  neutral  equili- 
brium W'heu,  after  being  slightly  displaced,  they  remain 
in  their  new  position. 

A  ball  whose  c.o.  is  at  its  centre  is  in  neutral  equilibrium  when 
placed  on  a  liorizontal  surface.  For,  however  the  ball  be  rolkd  about, 
its  c.o.  will  always  be  vertically  above  its  point  of  contact,  and  hence 
it  will  always  remain  in  equilibrium  CFig-  120,  p.  158). 
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An  egg  or  cylinder  resting  on  its  side  when  allowed  to  roll  along 
the  table,  a  he  ivy  body  of  any  kind  supported  at  its  c.G.  (§  lol),  u 
door  turning  on  its  hinge,  are  also  examples  of  neutral  equilibrium. 

A  cone  affords  a  good  illustration  of  all  three  kinds  of  equilibrium. 
On  its  base  it  is  stable,  on  its  vertex  unstable,  and  on  its  side  neutral 
for  lateral  displacements  (rolling). 

A  top,  a  hoop,  or  a  bicycle  will  remain  upright  as  long  as  it  is 
in  rapid  motion,  although  it  would  be  unstable  and  would  overturn 
if  at  rest.  Similarly  the  Japanese  in  their  balancing  feats  are  able  to 
keep  bodies  standing  in  positions  of  unstable  equilibrium  by  moving 
the  point  of  support  slightly,  so  as  to  counteract  every  tendency  to 
overturn.  Hence,  when  a  body  is  in  motion,  it  is  impossible  to  argue 
from  purely  statical  considerations  as  to  whether  it  is  stable  or  not. 


160.  Stability  of  a  body  with  one  point  fixed. 

A  heavy  body,  moveable  freely  about  a  fixed  point  0,  is 
in  stable,  unstable,  or  nenti-al  equilibrium,  according  as  0 
is  vertically  above,  vertically  below,  or  at^,  the  body's  c.G. 


Fig.  131. 


For  if  the  line  OG  is  not  quite  vertical.  Figs.  130,  131 
show  that  the  moment  of  the  weight  acting  at  G  tends  to 
tui'n  the  body  about  0  towards  the  position  in  which  G  >8 
vertically  below  0,  and  moay  from  the  position  in  which 
G  is  vertically  above  0.  Hence  the  former  position  ia 
stable  and  the  latter  unstable.  And  since  the  body 
bahmces  in  every  position  Avhen  supported  at  G,  its  equilii 
brium  is  then  neutral, 
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161.  Stability  of  a  body  resting^  on  a  horizontal  plane. — 

When  a  body  rests  touehinof  the  ground  at  one  point,  its  equilibrium 
is  not  necessarily  unstable,  even  although  its  c.G.  is  above  its  point  of 
contact. 


Fig.  132. 


Fig.  133. 


If  the  .surface  of  a  body  is  spherical  and  its  c.G.  is  not  at  its  centre, 
the  body  will  be  in  stable  equilibrium  on  a  horizontal  plane  if  its  c.G. 
be  vertically  below  its  centre,  and  in  unstable  equilibrium  if  its  c.o. 
be  vertically  above  its  centre  ;  for  Figs.  132,  133  show  that  the  moment 
of  the  weight  tends  to  turn  the  body  towards  the  former  position  and 
atcaij  from  the  latter. 

The  whole  body  need  not  necessarily  be  sphf-rical,  provided  that 
the  part  of  the  surface  touching  the  plane  is  spherical. 

162.  Thus,  if  a  hemisphere  of  lead  is  joined  to  a  cylinder  of  cork  so 
that  the  c.g.  of  the  whole  is  below  the  centre  of  the  hemif'phere,  it 
will  stand  upright  although  it  looks  very  top-heavy.  For  kad  is  so 
much  heavier  than  cork,  that  a  cork  of  considerable  length  may  be 
attached  to  the  hemisphere  without  raising  the  c.o.  above  the  centre 
(Fig.  132). 

Several  toys  act  on  this  principle,  for,  if  the  lead  and  ccrk  be  coated 
together  with  paint,  the  difference  of  materials  is  disguited,  and  so  a 
doll  which  will  only  stand  on  its  head  is  easily  made. 


163.  General  condition  of  stability. — The  weight  of  a  body 
acting  at  its  c.G.  always  tends  to  pull  this  c.G.  down  towards  the 
Earth.  Hence,  if  the  body  is  in  equilibrium  with  the  c.G.  in  the 
liighest  possible  position,  its  equilibrium  must  necessarily  be  un- 
stable. And  when  the  c  g.  is  at  the  lowest  possible  position,  the 
body  must  necessarily  be  in  stable  equilibrium,  for  gravity  has 
pulled  it  as  low  as  possible,  and  it  can  go  no  further. 

For  this  reason,  in  order  to  make  a  bodj-  btable,  it  is  often  loaded 
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with  weights  low  down,  so  as  to  lower  the  c.g.  as  much  as  possible. 
This  is  why  ships  carry  ballast.  On  the  other  hand,  people  by 
standing  up  in  a  small  boat  raise  the  c.g.,  and  may  upset  it. 

164.  As  another  illustration,  a  small  particle  or  spherical  ball  will 
be  in  unstable  equilibrium  when  resting  at  the  highest  point  of  the 
convex  surface  of  a  round  body,  and  in  stable  equilibrium  when  resting 
at  the  lowest  point  of  a  concave  bowl.  The  student  should,  as  an 
exercise,  draw  diagrams  for  the  two  cases,  showing  that  when  the 
ball  is  displaced  its  weight  tends  to  pull  it  away  from  the  former 
but  towards  the  latter  position  of  equilibrium.  ' 


Summary  of  Results. 

When  a  body  is  supported  at  one  point,  its  C.G.  is  in 
the  same  vertical  line  as  the  point  of  support.  (§  151.) 

The  hase  of  a  body  is  the  area  enclosed  by  a  string 
drawn  tightly  round  the  points  of  contact  with  the 
supporting  surface.  (§  155.) 

A  body  placed  on  a  plane  will  stand  or  fall  according  as 
the  vertical  line  through  its  c.G.  falls  within  or  without  its 
base.  (§  156.) 

A  body  is  in  stable  or  in  unstable  equilibrium  according 
as  when  slightly  displaced  from  its  equilibrium  position 
it  tends  to  return  to  or  Tuove  further  aivay  from  that 
position.  (§  159.) 

A  body  is  in  neutral  equilibrium  if  when  slightly 
displaced  it  remains  in  its  new  position.  (§  159.) 


EXAMPLES  XI. 

1.  Weights  of  1  fwid  5  lbs.  are  fixed  at  the  two  extremities  of  a 
uniform  heavy  bar  3  ft.  long.  The  centre  of  gravity  of  the  whole  is 
1  ft.  from  one  end.     Find  the  weight  of  tho  bar. 

2.  A  rod,  of  which  the  centre  of  mass  trisects  its  length,  is  hung 
from  a  smooth  peg  by  means  of  a  string  attached  to  its  extremities. 
Find  the  positions  of  equilibrium. 
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3.  A  rod  12  ft.  long  has  a  weight  of  1  lb.  suspended  from  one  end, 
and  when  1 5  lbs.  is  suspended  from  the  other  end  it  balances  at  a 
point  3  ft.  from  that  end,  while  if  8  lbs.  are  suspended  there  it  balances 
at  a  point  4  ft.  from  that  end.  Find  the  weight  of  the  rod  and  the 
position  of  its  centre  of  gravity. 

4.  A  bar  projects  6  ins.  beyond  the  edge  of  a  table,  and  when  2  oz. 
is  hung  on  to  the  projecting  end  the  bar  just  topples  over ;  when  it  is 
pushed  out  so  as  to  project  8  ins.  beyond  the  edge  1  oz.  makes  it 
topple  over.  Find  the  weight  of  the  bar  and  the  distance  of  its  centre 
of  gravity  from  the  end. 

5.  A  body  of  any  form  is  supported  by  a  string,  which,  passing  over 
a  smooth  peg,  is  fastened  at  its  extremities  to  two  points  in  the  bijdy. 
Show  that  in  its  position  of  equilibrium  the  c.o.  of  the  body  is  vertically 
beneath  the  peg^,  and  that  the  two  portions  of  the  string  make  equal 
angles  with  the  vertical  direction. 

6.  Explain  fully  the  circumstances  under  which  a  rectangular  block, 
standing  on  a  plank  which  is  being  gradually  tilted,  shall  topple  over, 
being  prevented  from  sliding  by  a  small  obstacle.  As  an  example, 
take  the  case  of  a  block  8x5x5  cubic  ins. 

7.  Masses  of  1  lb.,  I  lb.,  2  lbs.,  2  lbs.  are  placed  at  the  comers 
A,  B,  C,  D  of  a  rectangle  ABCD.     Determine  the  centre  of  giavity  of 

the  lour  masses. 

8.  Of  two  equal  hollow  spheres  of  the  same  material,  one  contains 
a  quantity  of  water,  and  the  other  a  mass  of  lead  attached  to  the  inner 
surface.  Describe  experiments  which  would  enable  you  to  distinguish 
between  them. 

9.  A  number  of  rectangular  bricks  are  placed  so  that  each  overlaps 
the  one  next  below  by  the  greatest  amount  possible.  Show  that  the 
distance  they  overlap  (beginning  at  the  top)  are  proportional  to  the 
fractions  i,  i,  i,  i,  

10.  A  crane  is  on  a  four-wheeled  railway  truck  weighing  6  tons. 
The  area  of  the  base  formed  by  the  wheels  is  50  sq.  ft.  Neglecting  the 
weight  of  the  crane,  calculate  the  area  of  the  ground  from  which  a 
mass  of  3  tons  can  be  lifted  by  the  crane. 
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165.  In  the  last  chapter  we  showed  how  the  position 
of  the  C.G.  of  certain  figures — snch  as  the  straight  line., 
sphere,  and  parallelogram  —  can  be  inferred  from  the 
symmetry  of  the  figures.  In  most  cases,  however,  it  is 
necessary  to  divide  a  body  into  a  number  of  parts,  and 
to  deduce  the  position  of  the  C.G.  of  the  whole  body  from 
those  of  its  paits.  Accordingly  we  commence  by  investi- 
gating the  general  method  applicable  in  such  cases. 

16S.  Having  given  the  weights  and  centres  of 
gravity  of  the  different  parts  of  a  body,  to  find 
the  C.G.  of  the  whole  body. 

Let  Si,  S^,  8^  be  different 
parts  of  a  body,  and  let 
«;„  ty.„  W3  be  the  weights, 
/r,  L,'M  the  c.G.'s,  of  /S„ 
N.^,  S3,  respectively.  It  is 
required  to  find  the  C.G.  of 
the  whole  body  made  up  of 
the  parts  S^,  S^,  S^. 

The  weights  tv^,  iv.^  may 
be  taken  to  act  at  K,  L. 
Therefoie  their  resultant  is 
a  weiglit  ?<;, +W.2  footing  at  a 
point  0  on  KL,  su,ch  that 


Fig.  134. 
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,rj  .  KO  =  V,  .  OL 

.:       (w,  +  tTj)  KO  =  Jf  J .  OL  +  ir^  .  KO  =  tr, .  KL  ; 
whence 

KO  =  -^^^^KL.    OL  =  KL-KO  = 


KL 


Thus  0  is  the  c.G.  of  the  bodj  made  up  of  S^  and  S^. 

The  total  weight  of  the  two  pai-ts  6',  and  <S,  is  thci-efore 
tf  1  -f-  w^  acting  at  0. 

The  weiglit  of  jSj  is  tf,  acting  at  M.  Therefore  their 
resultant  is  a  weight  7r,-f  tCj  +  tCj  acting  at  a  point  G,  such 

that  (tr,  +  w.)OG  =  w^ .  GM. 

.-.     (tr,+tr,+ w,)  OG  =  «•,  (OG  i  GM)  =  ir, .  OM, 

wlieiice 

tr,  ntM  n  M  tr,  +  tf , 


0G  = 


OM,        GM  = 


OM. 


ICy  +  U^  +  tC,  tOi  +  W^  +  jr^ 

Thus  G  is  the  C.G.  of  the  body  made  up  of  S„  S^,  Sj. 

In  like  manner,  if  the  weights  and  c.tJ.'s  of  four  or  more 
parts  of  a  body  are  known,  we  can  find  the  c.G.  of  the 
whole  body.  The  required  c.G.  is  evidently  the  c.G.  of  a 
number  of  particle.s  whose  weights  aie  equal  to  those  of 
the  several  parts  of  the  body,  placed  at  their  re.spective 
c.G  's,  and  the  above  method  is  identic.il  with  that  used 
for  finding  the  centre  of  pnrallel  forces  (p.  14o). 

Examples. — (1)  To  find  the  c.o.  of 
a  wire  bent  into  an  angle. 

Let  a  uniform  wire  AB  be  bent 
into  an  angle  ACB.  We  may  con- 
sider it  as  consisting  of  two  straight 
wires  AC,  CB  joined  together  at  C- 

The  r.G.'s  of  these  two  portions 
are  at  their  middle  points  K,  L,  and 
their  weights  are  proportional  to 
their  lengths  AC,  CB.  Hence  the 
c.G.  of  the  whole  wire  is  at  a  poiat  G 
in  KL,  such  that 

AC^KG  =  CBx  GL. 

GK  =  CB 

GL      CA  '  Pig.  135. 
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[The  point  6  may  be  found  by  tlie  following  geometrical  construction  :— Draw 
CD  l)isecting  the  angle  ACB  and  ciitting  KL  in  D.  Take  KQ  =  DL,  and  therefore 
6L  =  KD.    Then  G  is  tlic  required  c.o. 

For  since  CD  bisects  angle  KCL,  therefore  (Euclid,  VI.  3) 

LD^LO.  .     GK^CL  ^\CB^^CB     "] 

DK      CK'         "     OL      CK      \CA      CA  '  J 

(2)  To  find  the  c.o.  of  a  cubical  box  without  a  lid. 
Let  a  be  the  length  of  a  side  of  the  cube.  Let  0  be  the  centre  of 
the  cube,  A  the  centre  of  its  base,  G  the  required  c.o.  (figure  should 
be  drawn).  Then  it  is  easy  to  see  that  the  c.o.  of  the  four  sides  of 
the  box  is  at  0,  and  their  total  area  is  iu'^.  Also  the  c.o.  of  the  base 
is  at>4,  and  its  area  is  a'-.  Therefore  G  is  the  c.o.  of  weights  a*  at 
A  and  ia^  at  0. 

.-.     a^  X  AG  =  ia^  ><  GO. 
.-.     AG  =  iGO,     and    AO  =  hGO. 
.-.     GO  =  lAO,    and    AG  =  iAO. 
But  AO  =  5".     Therefore  AG  =  %a. 
Hence  the  c.o.  is  at  a  height  above  the  base  =  |  the  height  of  lh(3 
cube. 

167.  Definition. — The  medians  of  a  triangle  are  the 
straiglit  lines  joining  its  vertices  to  the  middle  points  of 
its  opposite  sides. 

In  finding  the  c.o.  of  a  triangle,  it  will  be  necessary  to  assume  the 
following: — 

Lemma.  Ahi/  straight  line,  parallel  to  the  base  of  a  triangle  and  termi- 
nated by  its  sides,  is  bisected  by  the  median  through  the  vertex  opposite  thi 
base. 

This  is  usually  proved  by  the  aid  of  similar  triangles ;  it  can  alt-o 
be  proved  by  Euclid,  Book  I.,  thus  :  — 

Let  ABC  be  the  triangle,  be  any  line  parallel  to  BC.     Let  D  be  the  ' 
middle  point  of  BO,  and  let  AD  cut  be  in  d.     Then  shall  d  ho  \ 
middle  point  of  6c. 

For,  if  not,  from  dc,  cut  off  dh  =  bd.   Join  Ah,  and  join  D  to  6,  c,  A . 
Then,  since  BD  =  DC;    .-.    AABD  =  /sACD  and    AbBD  =  AcCD, 
.'.    remaining    AAbD  =  ^AcD.      And   since    bd  ■=  dk, 
.-.     hAbd  =  /sAhd,    and    ADbd  =  ADkd  ;      .-.     ^AbD  =  ^AkD  : 

.-.     aAcD  =  AAkD; 
,-.    c/f  is  parallel  to  AD,  which  is  impossible,  eince  ck  cuts  AD  in  d. 
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168.  To  find  the  C.G.  of  a  triangular  area. 

Let  ABC  be  a  triangular  lamina,  Z?,£,f  the  middle  points 
of  the  sides.  Join  AD.  Then  we  shall  show  that  the  C.G. 
of  the  triangle  lies  in  AD. 

Suppose  the  triangle  to  be  divided  into  a  very  large 
number  of  thin  strips  such  as  bc,  by  drawing  straight 
lines  parallel  to  the  base  BG. 


If  the  strips  are  made  sufficiently  thin,  each  may  bu 
treated  as  a  uniform  thin  rod,  and  the  C.G.  of  such  a  rod 
is  at  its  middle  point  cf.* 

But,  by  the  above  lemma,  the  median  AD  passes  through 
d.  Hence  the  C.G.  of  every  thin  strip  of  the  triangle  lies 
in  AD.  And  since  the  weight  of  each  strip  acts  as  if  il 
were  concenti-ated  at  its  C.G.,  we  see  that  the  C.G.  of  the 
whole  triangle  is  the  same  as  that  of  a  certain  distribution 
of  weights  along  the  line  AD. 

Therefore  the  C.G.  of  the  triangle  lies  in  AD. 

Similarly,  by  dividing  the  triangle  up  into  strips 
parallel  to  AC,  it  may  be  shown  that  the  C.G.  of  the 
triangle  lies  in  the  median  line  BE,  and  also  in  CF. 

*  We  may  suppose  the  triangle  to  bc  built  up  of  a  number  of  thin  laths  or  strips 
of  material,  each  slightly  longer  than  the  next  above,  and  fixed  side  by  side. 
Strictly  speaking,  their  ends  would  have  to  be  smoothed  off  along  the  sides 
AB,  AC ;  but  we  suppose  the  strips  so  thin  that  the  amount  smoothed  off  is 
inappreciable.] 
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Therefore  the  c.G.  of  the  triangle  is  at  G,  the  common  point 

of  intersection  of  the  viedians  AD,  BE,  OF. 

Cou.   The  three  medians  AD,  BE,  CF  all  pass  through  one  common  point. 
This  is  a  well-known  geometrical  theorem. 


169.  The  C.Cr.  of  a  triangular  area  coincides  with 
the  C.G.  of  three  equal  particles  placed  at  its 
vertices. 

Also  it  is  the  point  of  trisection  of  any  median 
line  which  is  the  more  remote  from  the  corre* 
spending  vertex. 

(i.)  Let  three  equal  weights  w 
be  placed  at  A,  B,  G. 

Then,  if  D  be  the  middle  point 
of  BG,  the  weights  w  at  B  and  w 
at  G  have  a  resultant  2w  at  D. 

Hence  the  c.G.  of  the  three 
weights  is  also  the  c.G.  of  weights 
2w  at  D  and  ro  at  A. 

Thei-efore  it  lies  in  AD. 

Similarly,  it  lies  in  the  other  two  medians. 

Therefore  it  is  at  G,  their  point  of  intersection. 

That  is,  it  coincides  with  the  C.G.  of  the  triangular 
area  ABG. 

(ii.)  Again,  since  G  is  the  point  of  application  of  the 
resultant  of  weights  2m;  at  D  and  iv  at  A, 

therefore  G  divides  AD,  so  that 

w  .AG  =  2w  .  GD. 
.-.    AG  =  2GD, 
and  .-.    AD  =  AG  +  GD  =  SGD. 

.:    GD  =  IAD,    and    AG  =  f^AD. 

Therefore  G  is  that  point  of  trisection  of  AD  which  is 
the  more  remote  from  the  vertex  A. 
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Cor.  1.  If  each  of  the  weights  tc  is  one-third  the  weight  of  the 
lamina,  their  total  weight  and  the  position  of  their  c.g.  will  be  the 
jame  as  for  the  lamina.  Hence  a  uniform  triangular  lamina  is  stati- 
cally equivalent  to  three  equal  tceights  placed  at  its  vertices,  each  being 
otte'third  the  tceight  of  the  lamina. 

Cor.  2.   The  point  of  intersection  of  the  three  medians  of  a  triangle  is 

one  of  the  points  of  trisect  ion  of  each  of  thetn. 

This  may  also  be  proved  by  pure  geometry.     The  proof  is  left  as 

an  exercise  for  the  reader. 


170.  To  find  the  C.G-.  of  the  perimeter  of  a  triangle. 
Let  ABC  be  a  triangle.     It  is 

reqnired  to  find  the  C.G.  of  a  thin 
uniform  wire  bent  into  the  tri- 
angle ABC. 

Let  D.  £,  F  be  the  middle  points 
of  the  sides  BO,  CA,  AB,  and  let 
their  lengths  be  a,  6,  c,  respec- 
tively. 

The  weights  of  the  three  sides 
are  proportional  to  their  lengths, 
and  act  at  their  middle  points. 
Hence  the  required  c.G.  is  the  c.G. 
of  weights  a,  b,  c  placed  at  D.  £,  F. 

The  weight  a  actintj  at  D  is  equivalent  to  weitfhts  ^a 
at  B  and  ^a  at  C.  Similarly,  for  each  of  the  other  sides. 
Therefore  the  c.G.  of  the  perimeter  is  the  c.G.  of  weights 
^(6  +  c)  at  A,  i(c  +  a)  at  B,  K'l  +  b}  at  G. 

It  might,  therefore,  be  found  by  §  13-4. 

But  the  following  method  is  more  convenient : — 

171.  Alternative  constmction. — Since  g  is  the  c.g.  of  weights 
".  b,  c  placed  nt  D.  E.  F,  therefore  Dg  produced  divide^  EF  in  a  point 
K.  such  that  b  .EK  =  c  .  KF.  But  the  sides  of  aDEF  are,  respect- 
ively, half  those  of  ABC 

■    i^  =  JL  =  -IR  ^i£ . 

'  '    KF       h        IDF      DF' 

whence  (Euclid,  VI.  3)  DK  bisects  /  EOF.     Similarly  Eg,  Fg  bisect 
the  angles  FED.  DFE. 

Therefore  g  i<  the  centre  of  the  circle  inscribed  in  the  triangle  DBF. 
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Fig.  140. 


172.  To  find  the  c.G.  of  the  area  of  any  polygoia. 

Divide  the  polygon  into  tri- 
angles  (8„  S„  S,,^  Fig.  140) 
by  joining  one  of  its  vertices 
A  to  the  other  vertices  not 
already  joined  to  it.  Find 
K,  L,  M,  the  c.G.'s  of  these 
triangles.  Then  the  required 
C.G.  of  the  polygon  is  the 
c.G.  of  weights  at  K,  L,  M 
proportional  to  the  areas 
fifj,  S2,  (S'j,  and  is  therefore  given 
by  the  construction  of  §  166. 

Caution. — The  c.o.  of  a  polygon  is  not,  in  general,  the  c.G.  of 
equal  xceights  placed  at  all  the  comers  of  the  polj'gon. 

173.  To  find  the  G.G.  of  a  portion  of  a  body. 

Having  given  the  weight  and  c.G.  of  a  whole  body  and 
of  any  part  removed  from  it,  to  find  the  position  of  the 
c.G.  of  the  remaining  part. 

Let  0  be  the  c.G.  of  a  body,  W 
its  weight. 

Let  0  be  the  c.G.  of  any  part  of 
the  body,  w  its  weight. 

Let  G  be  the  c.o.  of  the  remainder 
of  the  body.  It  is  required  to 
find  G. 

The  weight  of  this  remaining 
part  is  evidently  W—w. 

Now,  since  0  is  the  C.G.  of  the  whole  body,  0  is  the 
c.G.  of  weights  w  &t  G  and  W—iv  at  G. 

.•.     C,  0,  G  lie  in  a  straight  line,  and 
(W-w)GO  =  to.OC. 

Therefore  G  lies  on  CO  produced  through  0,  so  that 

OG  =  ,/'     GO. 

W—w 


Fig.  141. 
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lxamples.—{l)  ABCD  is  a  square  of  paper,  and  E,  F  are  the  middle 
points  of  AB,  AD. 

(i.)  To  find  the  c.g.  of  the  portion  left  when  the  triangle  AEF  is 
cut  off. 

(ii.)  To  find  the  c.g.  of  the  whole  wheal  the  triangle  AEF  is  douhled 


Let  0  be  the  centre  of  the  square, 
and  let  2«  he  the  length  of  a 
diagonal  so  that  OA  =  a.  Let  W 
be  the  weight  of  the  square ;  then 
that  of  ^AEFia^W. 

(i.)  Now  the  C.G.  of  t\AEF  lies 
i.t  K  where  AK  =  \AQ,  OK  =  |  ■•. 
Hence,  if  G  be  the  c.g.  of  the 
remaining  poition, 

iW^OG  =  iW^OK\ 
.-.   OG  =  \0K  -  s'lfl  =  ijAC. 

(ii.)  When  ^AEFh  folded  over 
into  the  position  OEF  its  c.g.  is  at 
L  where  OL  =  \a.  Let  H  bo  the 
CO.  of  the  whole.  Taking  moments 
about  0,  we  have  to  find  the 
cei^re  ot^TF&tG  and  |  IF  at  Z.  ;  hence,  by  §  137, 

jrxOH  =^  ^irxOG-^JTxOL; 

.-.  OH  =  iOG-iOL  =  t5o«-s»j«  =  J^«  =  ^'^AC. 


-~A 


(2)  To  find  the  c.g.  of  a  hollow  spherical  bullet  containing 
an  excentric  spherical  cavity. 

Let  0  be  the  centre  of  the  surface  of  the  boUet,  C  the  centre  of  the 
cavity  (Fig.  141). 

Let  «,  i  be  the  known  radii  of  the  bullet  and  cavity,  and  let  00  =  e. 
Then  the  volumes  of  the  bullet  and  of  the  cavity  are,  respectively, 
jia'  and  ^irP. 

Hence,  if  W  denote  the  weight  which  the  bullet  would  have  if  no 
cavity  existed,  to  the  weight  of  matter  which  would  fill  the  cavity. 

If  ^  4» 

and  the  weight  of  the  actual  bullet  is  W—w. 

Hence  the  required  c.o.  of  the  hollow  bullet  is  a  point  G  in  GQ 
STAT.  » 
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produced,  such  that         OG  =  CO  x    -,^ —  , 

JF—to 

or  OG  =  ex.  - — -  . 

(3)  To  find  the  c.o.  of  a  trapezoid  [i.e.,  a  quadrilateral  two  of  whose 
sides  are  parallel). 

Let  A  BOO  be  the  trape- 
zoid, having^C,  BD  parallel. 
Let  AC  =  «,  BD  =  >>,  and  let 
h  be  the  perpendicular  dis- 
tance between  AC  and  BD. 

The  quadrilateral  may  be 
divided  into  two  triangles 
ADC,  ABD,  and  the  areas  of 
these  triangles  are  ^ha,  \hb ; 
therefore  their  weights  are 
proportional  to  a,  b. 

Their  c.o.  will  therefore  be  unaltei'ed  by  supposing  their  weights 
to  be  equal  to  a,  b,  respectively. 

Then  the  c.g.  and  weight  of  the  triangle  ADC  will  be  the  same  aa 
thnt  of  equal  weights  \a  placed  at  A,  D,  C.  Similarly,  the  triangle 
ABD  may  bo  replaced  by  equal  weights  -Ji  at  A,  B,  D. 

Hence  the  c.o.  of  the  quadrilateral  is  the  c.g.  of  the  weights 
i{a  +  b)  at  A,      -Ja  at  C,     ^b  at  B,    and    l{a  +  b)  at  D. 

Again,  by  dividing  the  quadrilatei-al  into  two  triangles  ABC,  BDC, 

we  see  taut  its  C.G.  is  also  the  c.g.  of  weights 

la  at  A,     i  {a  +  b)  at  C,     \{a  +  b)  at  B,     and     \b  at  D. 

Hence  the  c.g.  will  be  the  same  when  the  latter  weights  are  added 
to  the  former,  and  it  is  therefore  the  c.g.  of  weights 

\[2a  +  b)&iA,     J(2«  +  *)atC,     \[a^2b)a.iB,     ^{a  +  2b)atD. 

Let  //,  K  be  the  middle  points  of  AC,  BD. 

Then  the  weights  ^'2a  +  b)  at  A  and  ^  (2a  +  b)  &t  C  are  equivalent  to 
a  weight  f  {2a  +  b)  at  H. 

Similarly,  the  weights  \{a  +  2b)  at  B  and  \{a-^2b)  at  D  are  equi- 
valent to  a  weight  |  (a  +  2b)  at  K. 

Hence  the  c.g.  of  the  quadrilateral  is  in  HK  at  a  point  G,  such  thnt 

I  {2a  +  b)xHG  =  ^{a  +  2b)x  GK, 
HG  _^a  +  2b 
/^"^  GK      2a  +  b' 
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174.  To  find  the  C.Q.  of  any  number  of  weights  at  given 
points  in  one  pline. 

Let    any  number    of    particles    of  y 

known  weights  ir„  tr^  itj,  . . .  be  situated 
atgiven  points ^,,i42,^3. ...  in  one  plane. 
Di-aw  two  straight  lines  OX,  OK  at 
right  angles  to  one  another  in  the 
plane,  and  let  the  distances  of  each 
weight  from  each  of  these  two  lines  be 
measured.* 

Let  x^,  Xj,  Tj, ...  be  the  distances  of 
the  weights  from  OY \  !/u  y^  tfi,  ■■• 
their  distances  from  OX. 

[So  that  if,  from  any  weight  A^,  perpendicolars  AiMy  on  OX  and 
AlN^  on  OY  he  drawn,  we  have 

X,  =  OMi  =  NiAi     and    y,  =  ON^  =  ^,-4,.] 

Let  G  be  the  required  c.g.  of  the  weights.  Draw  GM.  GN  perpen- 
dicular on  OX,  OY,  and  let   i  =  OM  =  N6,    y  =  ON  =  MG. 

The  resultant  of  the  weights  xcy,  tr,,  itj,  &c.,  acting  at  ^„  yf  j,  A^  is' 
weight  of  w,  +  If  J  +  ifj  ...   acting  at  G. 

Suppose  the  plane  turned  so  that  OK  is  vertical  and  OX  horizontal. 
Then,  since  the  sum  of  the  moments  of  the  several  weights  about  0  is 
equal  to  the  moment  of  their  resultaiit, 

.".       OM  ^  (»C, +  {f2+ Jf3+  ...)   =  0¥i  X  lC^  +  OM,y  tC^Jr  OM3X  tCj-k-  ..., 

or  X  =  OAf  =  '^.^.  +  '^^e  +  "->^3+      . 

If,  f  tf2+  If3+  ... 

Next  place  the  system  so  that  OX  is  vertical  and  0  K  horizontal. 
By  taking  moments  in  like  manner  about  0,  we  have 

OVx   (if,  +  lf.j+W3+...)    =    0^,  Xtf,  +  OA^J  X  If, +  0A^3X  If  3+..., 


whence  y  =  ON  =  '^' '^ -^  ""t'^?  + '^3>^3  +  -  . 

(f,  +  (f;  +  ir3+  ... 

Hence  the  di!>tanccs  OM,  ON  are  known,  and  by  completing  the 

rectangle  OMGN,  the  position  of  G,  the  required  c.g.,  can  be  found. 


*  We  may  suppose  the  "  particles  in  one  plane  "  to  be  a  number  of  small  weishte 
attached  to  a  flat  square  sheet  of  cardboard,  and  the  two  straight  lines  at  right 
apgles  to  be  two  adjacent  edges  of  the  square. 
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Observations.— The  foruiuliie  evidently  apply  to  finding  the  c.o.  of  a  body, 
when  Ai,  Ai,  A3  are  the  c.o.'s  of  its  several  portion.s,  and  ^v\,  11%  ws  their  weights. 

Again,  if  for  W;,  W3,  w^  we  write  mi,  m^,  m^,  the  masses  of  the  bodies,  the 
formulae  determine  the  position  of  their  centre  of  mass. 

Although  the  weights  are  supposed  above  to  be  in  one  plane,  we  may  here  state 
that  .similar  formula}  hold  in  the  more  general  ease.  If  xi,  y\,  z\  are  the  distances 
of  any  weight  Ai  from  three  planes  at  right  angles  (say  two  adjacent  walls  and  the 
floor  of  a  room),  and  so  on,  the  corresponding  distances  i,  y,  J  for  the  c.g.  are 
given  by  formulae  proved  above,  and  a  third  similar  formula  with  z's  written  fur 
x's  or  y's. 

Example. — (1)  To  find  the  c.g.  of  a  square  slab  ABCD  whose  weight 
is  1  lb.,  together  with  weights  of  2,  3,  4,  8  lbs.,  placed  at  its  four 
corners. 

Let  X  be  the  distance  of  the  c.g.  from  AD,  y  its  distance  from  AB, 
a  the  length  of  the  side  of  the  square. 

The  total  weight  =  1  +  2  +  3  +  4  +  5  lbs.  =  15  lbs.  Therefore,  taking 
AD  vertical,  the  equation  of  moments  about  A  gives 

15a;  =  2.0  +  5.0  +  1  .  ^-a  +  3  .  a  +  4  .  a  =  7ia ; 
.".     X  =  ^a. 
Taking  AB  vertical,  we  have,  in  like  manner, 

loy  =  2  .  0  +  3  .  0  +  1  .  ^a  +  4  .  a  +  5  .  a  =  9|a  ; 

Hence  G  lies  on  the  bisector  of  the  sides  AB,  DC  at  a  distance  \%n 
from  AB. 

175.  Work  done  in  raising  weights.  —  The  work 
done  in  raising  a  nuynher  of  weights  off  the  ground  or  raising 
them  up  to  the  ground  is  the  same  as  if  their  total  weight 
were  collected  at  their  C.G. 

Let  there  be  any  number  of  weights  Wi,  u\  w^,  ... ,  and  let  them  bo 
raised  from  the  ground  to  heights  a;,,  x^,  x^,  ...  .     Let  Who  their  total 
weight,  X  the  height  of  their  c.g.  in  the  now  position. 
Then  work  done  in  raising  the  woiglits 

=  tcxi  +  u'.^x^  +  M-j-rj  +  . . . . 
But,  by  the  last  article, 

-  _  iVyXf  +  W^.2  4  W-^Xg  +  ...  _  v\x^  +W2^^  +  W^+  ...  . 

.•.     u\x^+w<^n+  ...  =  W.x;  I 

.•.     whole  work  done  =  Wx  =  work  required  to  lift  total  weight  to 
the  height  of  the  c.Q. 
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Similarly,  by  taking  x„  r^...  to  represent  the  depths  of  a  number  of 

weights  Mow  the  gronnd,  we  see  that  the  work  done  in  lifting  a 

number  of  weights  from  below  the  surface  to  the  ground  ia  the  same 

as  if  the  weights  were  all  concentrated  at  their  c.o. 

Obsebvatios. — The  weights  need  not  all  be  in  the  same  vertical  plane.  The 
theorem  is  true  in  every  case,  but,  unless  the  weights  are  in  a  vertical  plane,  the 
above  proof  assames  the  more  general  theorem  which  we  stated  without  proof  ui 
the  observation  on  §  174. 

Examples. — (I)  The  work  done  in  building  a  cylindrical  tower  is 
the  same  as  would  be  required  to  lift  the  whole  of  the  materials  through 
4  the  height  of  the  tower. 

(2)  The  work  done  in  diggring  a  ditch  of  triangubir  section  through 
earth  of  uniform  material  is  the  same  as  would  be  required  to  lift  the 
total  mass  of  earth  through  ^  the  depth  of  the  lowest  point  of  the  ditch. 

176.  To  find  the  C.G.  of  a  uniform  tetrahedron  •r 
pyramid  on  a  triangular  base. — We  shall  now  show* 
that— 

(i.)  Ihe  C.G.  of  a  triangular  pyramid  A  BCD  is  in  the  line 
joining  any  corner  D  to  H,  the  c.G.  of  the  oppcsite  face. 

(ii.)  It  coincides  with  the  C.O.  of  four  equal  weight 
placed  at  the  comers  A,  B,  C,  D. 

(iii.)  It  divides  the  straight  line  joining  any  corner  to  the 
C.G.  of  the  opposite  facs  in  the  ratio  of  3  to  1,  i.e.,  ai  a  point 
G,  such  that  DG  =  iDH  and  GH  =  \DH. 

(i.)  Let  F  be  the  middle 
point  of  AB.  H  the  C.G.  of  the 
triangle  ABC.  It  i.s  required 
t<}  show  that  the  C.G.  of  the 
pyramid  lies  in  DH. 

Divide  the  pyramid  into 
an  infinitely  large  number 
of  infinitely  thin  triangnlar 
laminae  of  nniforra  thickne.ss 
by   drawinsr  planes  parallel 

to  the  face  ABC,  and  let  abo  8 

be  one  of  these  sections.  Fig.  145. 

Join  DF.  cutting  a6  in/,  and  in  the  plane  of  the  triangle 
DCF  dr^w  the  straicrht  lines  c/,  DH  intersecting  in  h 

*  The  prooEs  may  be  omitted  by  the  bt^nner,  but  the  results  state<I  arc 
important. 
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Then,  since  ab  is  parallel  to  AB  and  F  is  the  niiddlu 
point  of  AB,  therefore/ is  the  middle  point  of  ab  (§  167). 
Hence  ch  produced  bisects  ab  in  /;  therefore  ch  is  a 
median  of  the  triangle  abc  In  like  manner,  ah  and  bh 
are  medians  of  abc  Therefore  h  is  the  c.G.  of  the 
triangular  lamina  abc,  and  it  lies  in  the  line  DH.  Thus 
the  C.G.  of  each  of  the  laminae  of  the  pyramid  is  in  the 
lineZ?//;  therefore  that  of  the  pyramid  is  also  in  the  line  DH. 

(ii.)  Now  let  equal  weights 
IV  be  placed  at  the  four 
corners  A,  B,  C,  D.  The  C.G. 
of  the  weights  at  A,  B,C  is 
H ;  hence  that  of  the  four 
weights  also  lies  in  the  line 
DH. 

Similarly,  if  either  of  the 
other  corners,  such  as  >4,  be 
joined  to  K,  the  C.G.  of  the 
opposite  face,  both  the  C.G. 
of  the  pyramid  and  that  of 
of  the  four   equal    weights  ^^S-  ^45. 

at  A,  B,  G,  D  mnst  lie  in  the  joining  line  AK. 

Therefore  AK  and  DH  mnst  intersect  in  a  point  G,  and 
G  will  be  the  c.G.  both  of  the  pyramid  and  of  the  four 
equal  weights  at  A,  B,  G,  D. 

(iii.)  Now  the  C.G.  of  the  (bur  weights  w  at  A,  B,  G,  D  is 
the  same  as  that  of  w  at  D,  and  3a'  at  H  (since  H  is  the 
C.G.  of  the  weights  at  A,  B,  G).  Therefore  (?,  the  c.G.  of 
the  pyramid,  is  a  point  in  DH,  such  that 

?>GH  =  DG,  or  DG  :GH  =  ^:  1, 
whence  GH  =  iDH,    DG  =  IDH. 

Cor.  1.  G  is  the  middle  point  of  the  line  joining  the  middle  points 
of  opposite  edges  of  the  pyramid. 

This  follows  at  once  by  replacing  the  weights  tv  at  A,  B  hy  a  single 
weight  2w  at  F.  the  middle  point  of  AB,  and  the  weights  tc  at  C,  D  by 
2iv  at  the  middle  point  of  CD. 

CoR.  2.  The  lines  joining  the  four  corners  of  a  triangular  pyramid 
to  the  c.G.'s  of  the  opposite  faces  all  pass  through  one  common  point 
G,  and  are  there  divided  in  the  ratio  of  3  to  1.  Also  the  lines  joining 
the  middle  points  of  pairs  of  opposite  edges  pass  through  and  are 
bisected  at  the  same  point. 
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Fig.  146. 


177.  To  find  the  C.G.  of  a  pyramid  on  any  poly- 
gonal base  whatever. 

Let  y  e  the  vertex,  ABODE 
the  polyj^onal  base  of  the  pyra- 
mid. Let  H  be  the  C.G.  of  the 
base.  Then  shall  the  C.G.  of  the 
pyramid  be  a  point  G  on  VH, 
sach  that 

VG  =  '6GH,     or     GH  =  \VH; 
and      .-.      I/G  =  ^l/H. 

For  divide  the  pyramid  into 
a  nnmljer  of  triangular  pyra- 
mids, havinar  1/  for  vertex  and 
the  triangles  ABO,  ACD.  ADE 
for  bases.  Let  /f,  /.,  M  be  the 
c.G.'s  of  these  bases. 

Consider  the  triangular  pyramid  VABO.  Its  c.G. 
divides  VK  in  the  proportion  of  3:1;  therefore  it  may 
be  replaced  by  \  its  weight  at  V  and  f  its  weight  at  K. 

Let  the  weights  of  the  other  triangular  pyramids  be 
similarly  replaced.  Then  the  weights  tlms  placed  at  /f, 
Z.,  M  are  proportional  to  the  volumes  of  the  pyramids, 
and  therefore  to  the  areas  of  their  bases  (since  they  have 
the  same  altitude).  Hence  the  c.G.  of  these  weights  is  H, 
the  c.G.  of  the  area  of  the  base. 

Therefore  the  whole  pyramid  is  replaced  by  J  its  total 
weight  at  V  and  f  its  total  weight  at  //.  Therefore  its 
c.G.  divides  VH  so  that  VG  —  SGH.  as  was  to  be  proved. 

178.  To  find  the  C.G.  of  a  cone. 

Draw  any  polygon  circumscribin?  the  base  of  the  cone 
and  complete  the  pyramid,  having  this  polygon  for  base, 
and  having  its  vertex  at  the  vertex  of  the  cone.  This 
pyramid  will  circumscribe  the  cone,  but,  if  the  number  of 
faces  of  the  pyramid  be  made  sufficiently  great,  the 
pyramid  will  not  differ  perceptibly  from  the  cone.* 

•  For  fresh  faces  may  be  adilcl  by  slicing  off  the  .sharp  edges  of  the  slant  surface 
of  the  pyramid,  and  this  process  contioned  till  the  pyramid  is  smoothed  down  to 
a  cone. 
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Hetice  what  holds  good  foi'  the  c.G.  of  a  pyramid  must 
also  hold  good  for  the  c.G.  of  a  cone, 

Therefoi'e  the  C.G.  of  a  cone  is  in  the  line  joining  ilie 
vertex  to  the  c.G.  of  the  base,  and  at  a  distance  from  the 
latter  point  equal  to  }  the  distance  of  the  vertex. 

In  a  right  circular  cone  (the  only  kind  of  cone  we  have 
to  consider)  the  c.G.  is,  of  course,  in  the  axis,  at  a  distance 
from  the  base  of  ^  the  altitude  of  the  cone. 

179.  To  find  the  C.G.  of  tlie  slant  surface  of  a  regfnlar 
pyramid,  and  cf  a  right  circular  cone. 

The  slant  surface  of  the  pyramid  whoso  vertex  is  V  and  base  any 
polygon  ABODE...  consists  of  a  number  of  triangles  Mfl,  VBC,  VCD. 
The  c.G.  of  each  triangle  is  at  a  distance  from  its  base  equal  to  ^  the 
distance  of  the  vortex  V. 

Hence  the  c.G.  of  the  -wbole  surface  is  at  a  height  above  the  base 
eqiial  to  |-  the  altitude  of  the  pyramid. 

And  therefore,  if  the  pyramid  is  regular,  the  c.G.  must  lie  in  its 
axis  VH  (which  is  perpendicular  to  and  pa.sses  through//  the  centre  of 
the  base)  at  a  point  G,  such  that 

HG  =  \HV    and    GV  =  IHV. 

If  the  number  of  faces  of  the  pyramid  be  sufficiently  increased,  the 
slant  surface  of  the  j^yramid  will  ultimately  become  the  slant  surface 
of  a  cone. 

Hence  the  c.g.  of  the  slant  surface  of  a  right  circular  cone  is  on  its 
axis,  at  a  distance  from  the  base  equal  to  \  of  the  altitude. 

Observations. — In  the  above  investigation,  the  surface  of  the  base 
is  not  taken  into  account.  If  we  wanted  the  c.G.  of  the  whole 
surface-area,  we  should  have  to  apj)ly  §  166  or  §  174. 

The  c.G.  of  the  slant  surface  of  atuj  pyramid  or  cone  whatever  is  at 
a  distance  from  the  base  equal  to  |-  the  altitude ;  but,  unless  the 
pyramid  or  cone  is  symmetrical  about  its  axis,  there  is  no  simple  rule 
for  finding  the  point  where  the  line  VG  i>roduccd  meets  the  base. 
This  point  is  not,  in  general,  the  c.g.  of  either  the  area  or  perimeter 
of  the  base. 

SUMMAEY   OF   RESULTS. 

The  centre  of  gravity  of 

(1)  a   triangular  area  is  the  point  of  {insection  of   any 

median    furthest    from   the    corresponding   vertex. 

It  coincides  Avith  the  c.G.  of  three  equal  particles 

placed  at  its  vertices.  (§§  168,  1G9.) 


DEtERillXATIOK   OF"   THE    CEXtRE    OF   GRATiTT,  185 

(2)  a  pyramid  or  a  liyht  cone  is  in  the  line  joining  its 
vertex  to  the  c  G.  of  the  base  at  a  distance  from  the 
base  equal  to  i  of  the  distance  of  the  vertex  from 
the  base.  (§§  176-178.) 

If  TF,  10  be  the  weights  of  a  body  and  of  a  portion  of  it, 
and  if  their  c.G.'s  are  at  0  and  C,  the  c.G.  of  the  remaining 
portion  is  at  a  point  G  in  00  produced  through  0,  such  that 

OG  =  ~^CO.  (§173.) 

W  — ic 

If  z^,  o-j,  aTj  ...,  i/i,  I/,,  y,  ...  be  the  distances  of  a  series 
of  weights  iL\,  ic^,  to^  ...  from  two  perpendicular  straight 
lines  OY,  OX,  respectively,  the  distances  x,  y  of  the  C.G.  of 
these  weights  from  OY,  OX  are  given  by 

-  ^  tr,.r,  ^tf,.T,-t-...^    _  _  tc,?/,+triy,  +  ...^       .„  ^^^  . 
ifi  +  i«;3+ ...     '  tri  +  M;,  +  ... 

The  xcorh  done  in  raising  a  number  of  weights  is  the  same 
as  if  their  total  weight  were  collected  at  their  g.g.  (§  175.) 


EXAMPLES  XII. 

1.  How  would  you  determine  the  centre  of  gravity  of  a  hoop  that 
was  not  quite  circular  ? 

2.  A  uniform  isosceles  triangle  has  its  two  equal  sides  each  5  ft.  long 
and  its  base  8  ft.  long  ;  find  its  centre  of  gravity.  If  its  weight  he 
5  lbs.,  and  a  weight  of  10  lbs.  be  hung  at  the  vertex,  find  the  centre  of 
gravity  of  the  whole. 

3.  Weights  of  2  lbs.,  7  lbs.,  9  lbs.,  4  lbs.  are  placed  at  the  comers 
A,  B,  C,  D,  respectively,  of  a  square,  the  length  of  whose  side  is  1ft. 
Find  the  position  of  the  c.G.  of  the  weights. 

4.  "Weights  of  3 lbs.,  5 lbs.,  2 lbs.,  and  6 lbs.  are  placed  at  the 
comers  A,  B,  C,  D,  respectively,  of  a  square,  the  length  of  whose  side 
is  8  ins.     Find  the  position  of  the  centre  of  gravity  of  the  weights. 

5.  ABCD  is  a  square,  0  the  point  of  intersection  of  its  diagonals, 
E,  F  the  middle  points  of  the  sides  AB,  AD.  If  the  sq  uare  AEOF  be 
removed,  find  the  centre  of  gravity  of  the  remainder. 

6.  Find  the  centre  of  gravity  of  the  remaining  portion  of  a  parallelo- 
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gram  when  a  triangle  lias  been  cut   off  from  the  parallelograin  by  u 
single  straight  cut. 

7.  ABCDEF  is  a  regular  hexagon,  having  0  as  the  centre  and  a  as 
radius  of  its  inscribed  circle.  If  the  triangle  AOB  be  removed,  find 
the  centre  of  gravity  of  the  remaining  area, 

8.  Assuming  the  rule  for  finding  the  centre  of  gravity  of  a 
triangular  pyramid,  prove  the  rule  for  finding  that  of  a  pyramid 
whose  base  is  a  four-sided  figure. 

9.  Prove  that  if  equal  triangles  be  cut  from  the  corners  of  a  given 
triangle  by  lines  parallel  to  the  respective  opposite  sides  the  centre 
of  mass  of  the  remainder  will  coincide  with  that  of  the  triangle. 

10.  If  there  are  two  triangles  on  the  same  base  and  between  the 
same  parallels,  prove  that  the  distance  between  their  centres  of  gravity 
is  one-third  of  the  distance  between  their  vertices. 

11.  ABCD  is  a  square,  0  the  intersrction  of  its  diagonals.  If  the 
triangle  AOB  is  removed,  find  the  centre  of  gravity  of  the  remainder. 

12.  If  the  angular  points  of  one  triangle  lie  at  the  middle  points  of 
the  sides  of  another,  show  that  the  centres  of  gravity  of  the  triangles 
are  coincident. 

13.  A  cylinder  of  metal  is  1ft.  high,  1ft.  external  diameter  and 
11  ins.  internal  diameter  and  11  ins.  deep  inside.  It  is  open  at  the  top. 
Find  the  position  of  its  centre  of  gravity. 

14.  Determine  the  c.o.  of  a  cone  and  of  a  frustum  of  a  cone. 

lo.  A  wire  1  ft.  long  is  bent  into  a  right-angled  triangle  whoso 
sides  are  3,  1,  •')  ins.  long.  Apply  the  method  of  {  174  to  find  the 
distances  of  its  c.G.  from  the  sides  including  the  right  angle. 

16.  Find  the  number  of  foot-pounds  of  work  required  to  wind  up  a 
given  chain  which  hangs  by  one  end. 

17.  Find  the  c.o.  of  a  circular  board,  from  which  a  circular  piece 
has  been  cut  out,  having  aa  diameter  a  radius  of  the  board. 

18.  Prove  that  a  triangular  plate  cannot  stand  verticilly  with  its 
base  resting  on  a  horizontal  plane  if  its  vertex  overhangs  the  base  by 
more  than  the  length  of  the  base- 
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19.  Three  particles  are  situate  at  A,  B,  C.  Prove  that, by  properly- 
adjusting  the  ratios  of  their  masses,  their  centre  of  gravity  can  be 
made  to  occupy  any  given  position  within  the  triangle  ABC. 

20.  Find  the  ratios  of  the  masses  in  Question  19  when  the  centre 
of  gravity  is  at  the  centre  of  the  inscribed  circle. 

21.  A  circular  wire  is  divided  into  two  parts  by  a  chord.  Prove 
that  the  distances  of  the  centres  of  gravity  of  the  parts  from  the  centre 
of  the  circle  are  inversely  proportional  to  the  lengths  of  the  parts. 

22.  A  solid  figure  is  formed  of  an  upright  triangular  prism  sur- 
mounted by  a  pyramid  ;  if  the  length  of  every  edge  of  this  figure  be 
a  ft.,  find  the  height  of  its  centre  of  gravity  above  the  base. 

23.  A  square  uniform  plate  is  suspended  at  one  of  its  vertices,  and 
a  weight  equal  to  half  that  of  the  plate  is  suspended  from  an  adjacent 
vertex  of  the  square.  Find  the  point  where  the  vertical  through  the 
point  of  suspension  cuts  the  opposite  diagonal  of  the  square. 

24.  Two  sides  of  a  rectangle  are  double  of  the  other  two,  and  on 
the  longer  side  an  equilateral  trinngle  is  described.  Find  the  centre 
of  gravity  of  the  lamina  made  up  of  the  rectangle  and  the  triangle. 

25.  Masses  of  1,  2,  3,  4,  .5,  6,  7,  8  lbs.  respectively  arc  placed  at 
the  comers  of  a  cube  ABCDEF6H,  whose  edge  is  1  ft.  and  whose  faces 
ABCD,  EFGH  are  horizontil,  ABCD  being  uppermost.  How  many 
ft. -lbs.  of  work  are  done  in  exchanging  the  masses  at  A,  B,  C,  D 
with  those  at  £,  F,  G.  H  ?  Hence  find  the  vertical  distance  through 
which  the  common  centre  of  gravity  has  been  raised. 

26.  A  shaft,  560  ft.  deep  and  5  ft.  in  diameter,  is  full  of  water; 
how  many  ft. -lbs.  of  work  are  required  to  empty  it  ? 

27.  ABC  is  a  plflne  triangle.  Weights  of  2  lbs.,  2  lbs.,  and  1  lb. 
are  placed  at  the  vertices,  and  their  centre  of  gravity  G  is  found. 
Then  weights  of  8  oz.,  8  oz.,  and  14  oz.  are  placed  at  the  same 
vertices,  and  their  centre  of  gravity  H  is  found.  Prove  that  G  and  H 
are  equally  distant  from  the  centre  of  gravity  of  the  triangle. 

28.  Two  circles  of  radii  n,  b  touch  one  another  internally,  and  the 
space  between  them  is  cut  out  of  paper.  Show  that  the  distance  of 
its  CO.  from  the  point  of  contact  of  the  circles  is  [a"  +  ab  +  b-)  -f  (rr  +  b), 
and  find  this  distance  when  b  approaches  and  becomes  equal  to  a. 
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EXAMINATION  PAPER  V. 

1.  Define  the  centre  of  a  8}'stem  of  parallel  forces,  and  state  a 
method  of  finding  its  position  when  there  are  more  than  two  forces. 

2.  If  a  body  be  suspended  from  a  point,  prove  that  its  centre  of 
gravity  is  vertically  below  that  point. 

3.  Having  given  the  c.o.  of  a  body  and  that  of  one  part,  find  the 
CO.  of  the  remainder. 

4.  Prove  that  the  centre  of  gravity  of  a  uniform  triangular  area 
coincides  with  that  of  three  equal  heavy  particles  placed  at  its  angular 
points. 

6.  The  centre  of  gravity  of  a  quadrilateral  lies  in  one  of  the 
diagonals.     Prove  that  one  of  the  diagonals  is  bisected  by  the  other. 

6.  How  would  you  test  the  nature  of  the  equilibrium  of  a  body  at 
rest  f 

Point    out   the   advantages   of  three-legged  and   four-legged 
tables  respectively. 

7.  Find  the  centre  of  six  like  parallel  forces  of  3  lbs.,  2  lbs.,  3  lbs., 
4  lbs.,  5  lbs.,  2  lbs.  acting  at  points  A,  B,  C,  D,  £,  F  in  a  straight  line 
such  that  AB,  BO,  CD,  DE,  EF  equal  2,  2,  4,  4,  and  3  ins.  respectively. 

Where  would  the  resultant  act  if  the  forces  at  D  and  E  were  in 
the  opposite  direction  to  the  rest  ? 

8.  The  lid  of  a  cubical  box  of  uniform  thickness  is  turned  back  till 
it  comes  into  a  horizontal  position.  If  each  edge  of  the  box  measures 
12  ins.,  what  is  the  position  of  the  centre  of  gravity  of  the  box  P 

9.  Find  the  centre  of  gravity  of  a  uniform  triangular  pyramid ; 
and  prove  that  its  position  coincides  with  that  of  four  spheres  of  equal 
weight  centred  at  the  four  angles  of  the  pyramid. 

10.  The  triangle  formed  by  joining  the  middle  points  of  the  sides 
of  a  given  triangle  is  removed.  Find  the  position  of  the  centre  of 
gravity  of  the  remainder. 
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BALANCES. 

180.  In  this  chapter  we  shall  describe  the  various 
contrivances  by  which  bodies  are  nsnallj  weighed. 
Remembering  that  weight  is  proportional  to  mass,  we 
obsei*ve  that  the  opemtion  of  weighing  by  balancino-  a 
body  with  known  weights  affoi-ds  in  every  case  a  correct 
measure  of  the  masi  or  quantity  of  matter  in  the  body  in 
pounds  or  grammes  or  other  chosen  units,  and  that  the 
observed  tceight  is  independent  of  any  local  variations  in 
tlie  intensity  of  gravity. 

181.  The  common  balance  (see  Fig.  147,  p.  190)  con- 
sists essentially  of  a  beam  or  lever  AB  fixed  so  that  it  can 
turn  about  a  fulcrum  0  placed  a  little  above  its  middle 
point.  From  its  ends  are  suspended  two  scale  pans ;  the 
goods  to  be  weighed  are  placed  in  one  of  these,  and  are 
balanced  by  placing  suitable  weights  in  the  other,  till  the 
beam  assumes  a  horizontal  position. 

In  delicately  constracted  balances,  the  fulcrum  and 
points  of  suspension  consist  of  wedge-shaped  pieces  of 
hard  steel  (called  "  knife  blades  "),  whose  edges  rest  on 
hard  plates  of  steel. 

The  requisites  of  a  good  balance  are  that  it  be 
(i.)  tme,     (ii.)  stable,     (iii.)  sensitive,     (ivj  rigi4. 
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182.  Conditions  that  the  balance  may  be  true. — 

A  balance  is  said  to  be  true  if  the  beam  assumes  a  hori- 
zontal position  when  equal  weights  are  placed  in  the  two 
scale  pans.     This  requires  that — 


Fig.  147. 


(i.)  7'^p  two  arms  of  the  beam  must  he  of  equal  lengfJi, 
that  is,  AO  =  BO,  or  the  fulcrum  0  must  be  in  a  line  HO, 
bisecting  at  right  angles  the  line  AB,  whicli  joins  the 
points  of  suspension  of  the  two  scale  pans. 

(ii.)   The  scale  pans  must  he  of  equal  weight. 

(iii  )  The  c.G.  of  the  heam  must  be  vertically  under  the 
fnlcrnm  when  the  beam  is  horizontal,  and  therefore  also 
in  HO. 

When  these  C(mdition8  are  satisfied,  equal  weights 
placed  anywhere  wli,((teoer  in  the  scale  pans  will  balance 
each  other  with  the  beam  horizontal. 

F(  r,  since  the  scale  pans  liang  freely  from  the  beam  at  A  and  B,  they 
viil  asBume  positionfl  Ja  which  the  c.G.  of  each  pan  aad  its  cootenta  is 
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vertically  below  its  points  of  suspension.*  Hence  the  total  weights  of 
the  pans  and  their  contents  always  act  vertically  through  A,  B  (Fig. 
148,  p.  192).  These  weights  are  equal ;  therefore  their  resultant  acts  at 
H,  the  middle  point  of  AB.  Also  the  weight  of  the  beam  acts  at  G,  its 
c.G.  But  when  the  beam  is  horizontal,  G,  H  are  both  vertically  below 
the  fulcrum  0.  Hence  the  resultant  forces  at  G,  H  have  no  moment 
about  0,  and  the  beam  is  in  equilibrium. 

183.  Conditions  that  the  balance  may  be  stable. — 
A  balance  is  .said  to  be  stable  ii:  the  beam  tends  of  it.s 
own  accord  to  fall  into  its  equilibrium  position.  A 
balance  would  evidentlj  be  usekss  for  weighing  if  its 
equilibrinm  position  were  unstable  or  even  neutral  (§  159). 

A  balance  is  said  to  be  more  or  less  stable  according  to 
the  comparative  readiness  or  reluctance  of  the  beam  fo 
assume  its  equilibrium  position 

Stability  is  secured  by  placing  0,  the  fnlcram  of  the 
beam,  a  little  aliuve  tlie  points  G,  H,  at  which  the  resultant 
weights  of  the  beam  and  the  two  pans  act  respectively. 

For,  if  the  beam  be  slightly  incline!  (Fig.  148),  the  equal  weights  of 
the  two  loaded  scale  pans  stiU  act  at  A,  B.  and  their  resultant  therefore 
still  acts  at  Hf.  And  the  moments  ab<.ut  0  of  this  resultant  at  H,  and 
the  weight  of  the  beam  at  G,  both  tend  to  restore  equilibrium  by 
bringing  the  beam  back  to  its  horizontal  position. 

If  the  fulcrum  0  is  only  at  a  r«-(/  little  height  above  G,  H,  the 
moment  tending  to  restore  equilibrium  will  be  very  small,  and  the 
balance  will  oscillate  for  a  long  time  before  coming  to  rest,  and  will 
therefore  possess  very  little,  stability.  If  goods  have  to  be  weighed 
quickly,  the  stability  may  be  increased  by  increa-ing  the  height  of  the 
fulcrum  0,  thereby  increasing  the  moment  about  0  for  any  inclination 
of  the  beam.  This,  however,  diminishes  the  sensitiveness  of  the 
balance,  as  we  shall  now  explain. 

•  If  one  of  ti.e  weights  (Q,  Fig.  147)  is  placo<l  a  little  on  one  side  in  the  scale  pan 
instead  of  in  the  middle,  the  pan  will  swing  it^self  a  little  to  the  other  side  so  as  to 
bring  its  c.g.  vertically  below  the  point  of  support  B.  The  stndent  should  verify 
this  by  experiment. 

t  The  point  H  is  not  the  co.  of  the  scale  pans  and  their  contents,  but  i.s  the 
centre  of  parallel  forces  for  thejr  weights  acting  at  /) ,  fl.  It  may  or  may  not  coincide 
>vith  6, 
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184.  Conditions  that  the  balance  may  be  sensitive. 

— It  is  not  sufficient  that  the  beam  should  bo  horizontal 
when  the  weights  in  the  scale  pans  ai-e  equal.  It  must 
also  indicate  when  they  are  unequal,  by  the  beam  assuming 
a  non-horizontal  position.  This  is  expressed  by  saying 
that  the  balance  must  be  sensitive  (or,  as  some  Avritera 
call  it,  "sensible").  In  a  sensitive  balance,  even  a  small 
additional  weight  placed  in  one  scale  pan  should  turn 
the  beam  through  a  perceptible  angle,  and  the  smallness 
of  the  weight  vv^hich  suffices  to  do  so  affords  a  measure  of 
the  sensitiveness  of  the  balance  and  of  the  degree  of 
accuracy  attainable  in  weighing  with  it. 

Thns  a  good  chemical  balance  will  indicate  differences 
of  weight  down  to  tenths  of  a  milligiamme. 

In  order  to  enable  the  smallest  deflection  to  be  observed 
with  great  accuracy,  the  beam  carries  an  index  or 
pointer  /  (Fig.  147),  which  moves  in  front  of  a  fixed 
graduated  scale  S,  always  remaining  perpendicular  to  AB. 

Sensitiveness  maybe  secured  at  the  expense  of  stability 
by  making  OH  the  height  of  the  fulcrum  small,  and  also 
by  lengthening  the  arms. 

For  let  a  be  the  length  of 
the  arms  AH,  HB,  Q  the  weight 
of  each  scale-pan  and  its  con- 
tents, W  that  of  the  beam. 

Let  a  small  additional  weight 
IV  be  placed  in  the  scale-pan  at 
A.  The  moment  of  this  weight 
about  0  is  initially  ica,  and  it 
turns  tbe  beam  out  of  the  hori- 
zontal position  untilit  isbalanccd 
by  the  moment  of  the  original 
weights  {i.e.,  W  at  G  and  2Q  at 
//),tendingin  the  opposite  direction.  Hence  the  greater  the  sensitiveness, 
the  smaller  must  be  the  moment  tending  to  restore  cquihbriuiu  wIk  n 
w  is  removed,  and  the  smaller  therefore  the  stability  of  the  balance. 

By  increasing  the  arm  a,  wo  may  obtain  the  same  moment  with  a 
smaller  weight  iv,  and  thus  increase  the  sensitiveness,  whilst,  anordinff 
to  the  last  article,  the  .'-tabilitv  would  Ik;  unaltered,  since  it  depends 
only  on  tbe  hciglits  60,  HO.  Prnctimlhj,  however,  the  effect  of 
lengthening  the  arms  is  to  make  the  beam  oscillate  for  a  longer  time 
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before  coining  to  rest ;  hence  it  is  impossible  to  attain  rapid  weighing 
with  a  highly  sensitive  chemical  balance. 

In  a  balance  so  constructed  that  G,  H  coincided  with  the  fulcrum  0, 
the  beam  would  be  in  neutral  equilibrium  in  any  position  with  equal 
weights  in  the  scale  pans,  but  the  slightest  inequjdity  in  the  weights 
would  turn  the  beam  right  over.  Such  a  balance  would  be  highly 
sensitive,  but  would  have  no  stability,  and  would  therefore  be  prac- 
tically useless. 

185.  Rigidity.  —  The  balance  must  have  a  beam 
sufficiently  strong  not  to  bend  under  the  weights  which 
it  has  to  carry.  For  this  purpose  a  short  thick  beam 
would  be  preferable  to  a  long  thin  one,  but  it  would  of 
course  be  less  sensitive.  To  secure  the  greatest  strength 
consistent  with  lightness,  the  beam  is  usually  made  in  the 
form  shown  in  Fig.  147. 

186.  False  balances. — Double  weighing. — A  balance 
will  evidently  be  false  if — 

(i.)  The  arms  are  of  unequal  length, 
(ii.)  The  scale  pans  are  of  unequal  weight. 
(iii.)  The  beam  is  improperly  balanced  {i.e.,  G  not 
on  OH). 
In  all  such  cases  the  true  weight  of  a  body  may  be 
found  by  either  of  the  following  methods  of  double  weighing. 

Tbe  first  method  is  to  place  the  body  in  one  scale 
pan  and  balance  it  with  suitable  counterpoises  {e.g.,  small 
shot  or  fine  sand)  placed  in  the  opposite  pan.  Now 
remove  the  body  and  replace  it  by  weights  sufficient  to 
balance  the  counterpoises,  and  to  bring  the  beam  to  the 
same  position  as  before.  These  weights  are  evidently 
equal  to  the  required  weight  of  the  body,  however  false 
the  balance  used,  for  they  act  under  exactly  the  same 
circumstances  and  produce  exactly  the  same  effect. 

The  second  method  is  less  simple,  but  it  enables  us 
to  test  the  trueness  of  the  balance.  The  body  is  weighed 
first  in  one  scale  pan  and  then  in  the  other.  If  the  two 
observed  weights  are  equal,  the  balance  is  true,  and  each 
is  equal  to  the  true  weight  of  the  body.  If  not,  the  balance 
is  false,  and  we  have  the  following  cases  to  consider  :^ 
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187.  Case  1.  When  the  arms  are  of  uueq^ual  leugtl., 

but  the  weights  of  tlie  scale  pans  balance  one  another  with 
the  beam  horizontal. 

Let  a,  b  be  the  lengths  of  the  arms.  Let  W  be  the  trno 
weight  of  a  bodj,  P,  Q  the  weights  required  to  balance  it 
when  it  is  weighed  first  in  one  scale  pan  and  then  in  the 
other.      Then,  by  taking  moments    about   the    fulci'um, 

we  have  Wxa  =  Pxb (i  ), 

and  Wxh  =  Qxa  (ii.) 

By  multiplication,    W'^aJ)  =  PQ  ah,  or 
Tr  =  PQ. 

Therefore  W  =  V{PQ) (iii.), 

that  is,  the  true  weight  is  the  geometric  mean*  between  the 
observed  weights. 

The  moments  of  the  weights  of  the  beam  and  scale  pan  do  not  come 
into  the  above  equations,  because  they  balance  one  another  in  the 
horizontal  position  of  the  beam. 

When  the  inequality  of  the  arms  is  small  (as  is  the  case  in  all  actual 
balances)  it  is  sufficiently  accurate  for  all  practical  purposes  to  take  as 
the  true  weight  the  arithmetic  mean  J  (P+  Q)  instead  of  the  geometric 
mean  V{FQ),  which  would  be  harder  to  calculate. 

To  compare  the  lengths  of  the  two  anus,  we  have, 
by(i.),(u.),  y  =  ^.    and     -^  =  -- 

62        TFQ       Q ' 

giving  the  ratio  ajb.  When  this  is  known,  the  true  weight  of  any 
body  may  be  found  by  weighing  once  and  multiplying  the  observed 
weight  by  ajb  or  b/a,  according  to  which  arm  the  body  is  suspended 
from. 


therefore  11L  =  1L±^±^,    or     |=y'(|), 


Examples. — (1)  The  arms  of  a  balance  are  in  the  proportion  of  9  :  10. 
Sugar  is  weighed  out  against  i-lb.  weight,  placed  first  in  one  scale 
pan  and  then  in  the  other.    To  find  the  total  true  weight  of  sugar. 

Since  the  two  portions  of  sugar  balance  the  ^-Ib.  weight  in  the  two 
pans,  their  actual  weights  are  i  x  y'^  and  ^  x  a'^  lb. ;  therefore  true 
weight  of  sugar  =  i  (-i\,  +  V")  =  m=  Mo  Ihs. 

(2)  The  observed  weights  of  a  body  when  weighed  first  in  one  scale 
pan  and  then  in  the  other  are  101  lbs.  and  99  lbs.     If  the  discrepancy 

*   y.1  ( PQ)  is  tho  geometric  mean  between  P  and  Q. 


BALANCES.  195 

IS  due  to  the  unequal  length  of  the  arms  of  the  balance,  fiud  the 
error  which  would  be  made  in  taking  the  true  weight  to  be  100  lbs. 

The  true  weight  =  •/(99  x  101)  =  ^/99991b8. 

By  calculation,     >/9999  =  99-99.5  =  1C0--005,  approximately. 

Hence,  by  taking  the  arithmetic  mean  of  the  two  weights,  viz., 
100  lbs.,  as  the  true  weight,  we  should  only  make  an  error  of 
■OOo  lb.,  or  ^L-  per  cent,  of  the  whole,  whereas,  if  we  were  to  take 
cither  of  the  observed  weights  101  or  99  lbs.,  we  should  make  an 
error  of  about  1  lb.,  or  1  per  cent. 

183.  Case  2.  When  the  scale  pans  are  of  unequal 
weight,  but  the  aims  are  of  equal  length. 

This  often  happens  in  old  balances  on  account  of  the 
greater  wear  and  tear  of  the  pan  with  the  larger  surface, 
it  is  sometimes  corrected  by  fastening  a  piece  of  lead 
below  the  lighter  pan,  or  filing  down  the  heavier  pan.  If 
this  is  not  done,  the  beam  will  not  be  horizontal  when  the 
pans  are  empty,  so  that  the  defect  will  be  obvious. 

Let  p,  q  be  the  weights  of  the  two  pans,  P,  Q  the  weights  which,  when 
placed  in  them,  respectively,  will  balance  a  body  whose  true  weight  is  IV. 

Then,  since  the  total  weights  on  the  two  sides  of  the  beam  are 
oqual,  ...      jp+p  =  TF+q, 

JF+p=  Q  +  q; 
.-.   F-JF=TF-Q    or     2jr=F+Q; 

that  is,  the  true  weight  is  the  arithmetic  wean  of  the  observed  weights. 

189.  Case  3.  When  the  CO,  of  the  beam  is  a  little  on' 
one  side,  this  also  will  throw  the  beam  slightly  out  of  the  horizontal, 
and  the  effect  will  be  the  same  as  that  produced  by  a  slight  inequality 
in  the  weights  of  the  pans,  from  which,  however,  it  may  be  distin- 
guished by  interchanging  the  two  pans.  It  is  corrected  by  filing  the 
beam  away  on  the  heavier  side  till  it  balances  horizontally.  As  in 
Case  2,  the  arithmetic  mean  of  the  two  weighings  gives  the  correct 
weight. 

It  follows  that  the  correct  weight  of  a  body  is  always  the  arithtnetic 
mean  of  its  apparent  weights  in  the  two  scale  pans  except  when  the 
inequality  in  the  arms  of  the  balance  is  considerable.  [But  even  in  this 
case  the  first  method  of  double  weighing  of  §  186  is  correct.] 
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Fig.  149. 


190.  Roberval's  Balance. 

— This  is  a  letter-balance  in 
which  the  scale  pans  are 
hinged  to  two  levers  AEB, 
CFD,  "which  turn  about  their 
middle  points  £,  F.  When 
the  balance  is  slightly  dis- 
placed, one  of  the  platforms 
goes  up  and  the  other  goes 
down  through  exactly  the 
Game  distance,  and  the  platforms  always  continue  to  remain 
horizontal.  Hence,  if  equal  weights  P,  Q  are  placed 
anywhere  on  the  pans,  the  works  done  by  them  in  rising 
and  falling  will  be  equal  and  opposite,  and  will  be  the  same, 
no  matter  whereabouts  on  the  pans  P,  Q  be  placed. 
Therefore,  by  the  Principle  of  Work,  equal  weights  will 
balance  one  another  whatever  be  their  positions,  although 
one  may  be  nearer  the  fulcrums  £,  F  than  the  other. 

191.  The  common  or  Roman  steelyard  consists  of  a 
beam  (AB,  Fig.  160)  moveable  about  a  fulcrum  or  knife 
blade  C  fixed  near  one  end  B.  From  B  is  suspended  the 
scale  pan  containing  the  body  to  be  weighed,  and  a 
moveable  weight  is  slid  along  the  arm  CA  until  the  beam 
balances  horizontally.  The  arm  is  graduated  in  such  a 
way  that  the  reading  P,  at  which  the  weight  rests, 
indicates  the  required  weight  of  the  body. 

192.  To  graduate  the  common  steelyard. — Let  F 

denote  the  moveable  weight.  First  let  the  scale  pan  be 
empty,  and  let  0  be  the  position  of  the  weight  F  when 
the  beam  balances  horizontally  about  C.  Then  the  point 
0  must  be  marked  0  (zei'o).  We  notice  that  the  shorter 
aim  CB  and  scale  pan  at  B  must  be  heavy  enough  for 
their  moments  about  C  to  balance  those  of  the  weight  of 
the  longer  arm  OA,  and  of  P  acting  at  0. 

Now  let  a  weight  W  be  placed  in  the  scale  pan.  This 
weight  acts  on  the  beam  at  B,  hence  its  moment  about  G 
is  WxBO.  To  balance  this  added  moment,  we  must 
increase   the   moment  of   P   by   an  equal   and    opposite 
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amoTiiit  by  moving  it  farther  away  from  the  fulcram. 
Thus,  if  P  be  the  new  position  of  P,  its  moment  about  G 
is   increased    by    PxOP-PxCO,    that   is,    by    PxOP 


I    P 


Fig   150. 
Equating  the  added  moments  of  P,  W  about  C,  we  have 
therefore  PxOP=Wx  BC, 

or  OP=JxBG. 

Now  let  /  denote  the  position  of  P  when  the  unit  of 
weight  (say  1  lb.)  is  placed  in  the  scale  pan.      Putting 

Tr=l,  wehave  0/ =  ^  BG. 

Therefore  OP=W.Of. 

Hence,         if  TF  =  2  units,  OP  =  201 
if  IF  =  3  units,  OP  =  SOI 
if  Tr=iunit,    OP  =  \OI 
and  so  on.     We  therefore  have  the  following  rnle : — 

Find,  "by  actual  trial,  the  points  0, 1  at  which  P  must  be 
placed  when  the  scale  pan  is  empty  and  ichen  it  contains  the 
unit  of  iveight,  respectively.  From  0  measure  off  on  OA 
successive  multiples  and  submultiples  of  the  length  Of-  Their 
extremities  icill  be  the  points  of  graduation  for  the  corre- 
spoudvig  multiples  and  subtyitdtiples  of  the  unit  of  weight. 

193.  Modifications  of  the  common  steelyard.— Weighingr 
machines. 

In  order  to  use  the  common  steelyard  for  widely  difEering  weights, 
it  would  be  necessary  either  to  make  the  arm  very  long,  or  to  bring 
thf>  graduations  very  close  together :  in  one  case  tha  beam  would  be 
liable  to  bend  ;  in  the  other  it  would  lose  much  of  its  sensitiveness. 
For  this  reason  most  steelyards  (such  as  the  common  weighbridge  or 
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weighing  machine  of  railway  stations)  carry  a  scale  pan  attached  to 
the  longer  arm  at  A,  and  larger  weights  {e.ff.,  28  lbs.,  66  lbs.,  I  cwt., 
&c.)  are  measured  by  a  set  of  weights  placed  in  this  scale,  smaller 
weights  only  {c.ff.,  0  to  28  lbs.)  being  read  off  on  the  arm  by  the 
sliding  weight.  And,  since  the  aim  CA  is  many  times  longer  than 
CB,  each  of  the  weights  used  in  the  scale  at  A  is  marked  to  represent 
a  weight  many  times  larger  than  itself.  Thus  heavy  goods  can  be 
weighed  by  means  of  weights  that  are  quite  handy  to  lift. 

This  mechanical  advantage  is  further  increased  in  most  weighing 
machines  by  means  of  levers  placed  underneath  the  platform  carrying 
the  goods. 

In  a  chemical  balance,  small  weights  (milligrammes)  are  measured 
by  a  "  rider  "  moved  along  the  beam  like  the  moveable  weight  in  a 
steelyard. 

194.  The  Danish  steelyard  (not  used  in  this  country) 
has  no  moveable  weight,  but  the  fulcrum  itself  is  move- 
able, and  generally  consists  of  a  loop  of  string  from  which 
the  beam  hangs.  The  end  A  of  the  beam  is  loaded,  so 
that  wheu  the  scale  is  empty  it  balances  about  a  point  0 
very  near  that  eud.  0  is  therefore  I  ho  point  at  which  the 
resultant  weight  of  the  beam  and  scale  acts. 

If  now  a  series  of 
weights  of  1  lb.,  2  lbs., 
3  lbs.,  &c.,  be  placed  in 


^^ 


succession   iu   the    scale,  A~~^~*^ 

the  fulcrum  will  have  to 

be    moved     nearer     aud 

nearer   towards  the    end 

B,    for   the    greater    the 

weight  at  B,  the  nearer  Fig.  151. 

must  the  balancing  point 

be  to  B.     By  marking  on  the  beam   BO  the   successive 

points    about    w^iich    it    balances,  the   steelyard    will  be 

graduated  in  lbs.,  and  similarly  it  may  be  graduated  iu 

grammes  or  for  any  other  set  of  weights. 

195.  To  find  a  mathematical  formula  for  the  positions 
of  the  graduations. 

[We  shall  now  show  how  to  graduate  the  Danish  steelyard 
thionikaUy ,  although,  practically,  the  graduations  can  be  found  much 
more  easily  by  actual  trial,  as  oxphiiued  above.] 

Let  W  be  the  weight  placed  in  the  scale  pan  at  B,  and  let  P  bo  the 
wholo  weight  of  the  beam  and  scale  pan  acting  at  0.     Then,  in  order 
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to  balance,  the  fulcnun  will  have  to  be  mored  from  0  to  a  point  C, 
such  that  the  moments  about  C  of  P  at  0  and  JF  at  B  are  equal  and 
opposite,  or  W%BC  =  F>cCO. 

The  graduations  on  the  Danish  s'eelyard  are  not  equidistant.  Sup- 
posing W  to  be  n  times  P,  we  have 

uBC  =  CO  ; 
BO  =  BC  +  CO  =  {n+l)BC, 

or  flC  =  -^  BO. 

w  +  1 

Putting  »  =  1,  2,  3,  we  see  that  the  distances  BC  corresponding  to 
weights  F,2P,  3P  ...  are  respectively  2,  J,  i  ...  of  BO.  It  readily 
follows  that  the  distances  between  the  graduations  grow  less  and  leas 
towards  the  end  B. 

[The  munbers  1,  \,  \,  \  ...  are  the  reciprocals  of  1,  2,  3,  4  ...,  and  the  latter 
numbers  are  in  arithmetical  progression.  Now  a  series  of  the  reciprocals  of 
numbers  in  arithmetical  progression  is  calletl  a  harmonic  pxogression. 
Uence  the  distances  of  Uie  successive  graduations  from  B  are  in  Iianuouic 
progression.] 

196.  The  bent  lever  balance  commonly  used  for  weighing 
litters  and  small  parcels  consists  essentially  of  a  bent  lever  (usually 
cut  out  of  a  sheet  of  metal),  whose  arms  include  rather  more  than  a 
right  angle.  The  longer  arm  is  so  heavy  as  to  rest  nearly  vertically 
in  the  position  of  equilibrium,  but  when  a  letter  or  parcel  is  suspended 
from  the  shorter  arm,  the  moment  of  its  weight  turns  the  lever  round. 
The  inclination  of  the  longer  arm  to  the  vertical  in  its  new  position  of 
equilibrium  determines  the  weight  of  the  latter,  and  is  read  off  by 
means  of  a  pointer  in  front  of  a  graduated  scale  arranged  in  various 
ways  with  which  the  reader  is  doubtless  familiar.  Unlike  the  other 
balances  here  described,  the  bent  lever  balance  fiills  into  its  equilibrium 
position  of  its  own  accord  without  any  adjustment  of  weights,  &c.,  so 
that  letters  can  be  weighed  very  rapidly  by  it.  A  mathematical 
formula  for  the  positions  of  the  graduations  can  be  obtained,  but  prac- 
tically they  are  ;ound  by  trial. 

Summary  of  Results. 
The  requisites  of  a  good  halance  are  that  it  should  be 

(1)  true,  i.e.,  the  beam  should  be  horizontal  when  loaded 

with  equal  weight-s. 

Conditions. — Equal    arms,    scale-pans    of    equal 
weight,  beam  properly  balanced.  (§  182.) 

(2)  stable,  i.e.,  the  beam  should  return  to  its  equilibrium 

position  when  displaced. 

Conditions. — c.G.  and  middle  point  of  beam  helow 
knife  blade.  (§  183.) 
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(3)  sensitive,  i.e.,  the  beam  sensibly  deflected  when  weights 

slightly  nneqaal. 

CondiHons. — Height  of  knife  blade  small,  arms 
long.  (§184) 

(4)  rigid,  i.e.,  beam  not  bent  by  weights.  (§  185.) 
With  &  fahe  balance  the  true  weight  of  a  body  may  be 

found  by  double  weighing  (two  methods).  (§  186.) 

If  the   arms   are  unequal,  W,  the  true  weight,   is  the 

geometric  mean  of  P,  Q,  the  observed  weights  in  the  two 

pans,  i.e.,  W=^/(PQ).  (§187.) 

If  the  scale  fans  are  of  unequal  weight,  the  true  weight 

is  tlie  arithmetic  mean  of  the  observed  weights,  i.e., 

W=UP+Q)-  (§188.) 

In  the   common  steehjard,  a  weight  is  moveable  along 

the  beam  ;  graduations  equidistant.  (§§191,192.) 

fn  the  Danish  steelyard,  the  fulcrum  is  moveable,  the 
weights  fixed.  (§  194.) 

EXAMPLES  XIII. 

1.  Descrihe  some  form  of  weighing-macliine,  and  explain  carefully 
why  the  indication  of  the  machine  does  not  depend  on  the  position  of 
the  body  to  be  weighed  on  the  platform. 

2.  A  balance  consists  of  a  uniform  rod,  of  length  18  ins.,  and 
weight  =  ^Ib.,  the  fulcrum  being  i  in.  to  one  side  of  the  c.o.  of  the 
rod.  If  1  lb.  be  in  the  scale  attached  to  the  shorter  arm,  find  how 
much  tea  a  customer  has  weighed  out  to  him  in  the  other  scale. 

3.  In  a  steelyard  the  distance  of  the  fulcrum  from  the  point  of  sus- 
pension of  the  weight  is  1  in.  and  the  moveable  weight  is  6  oz.  To 
weigh  15  lbs.  the  moveable  weight  must  bo  placed  8  ins.  from  the 
fulcrum.     Where  must  it  be  placed  to  weigh  24  lbs.  ? 

4.  The  arms  of  a  balance  are  7  ins.  and  8  ins.  respectively.  A  body 
when  suspended  successively  at  the  two  extremities  appears  to  weigh 
4  lbs.  and  5ii  lbs.     Is  the  beam  of  the  balance  uniform  ? 

6.  C<n  the  steelyard  bo  employed  to  determine  whether  or  not  the 
weight  of  a  body  is  the  same  in  different  places  ? 

fi.  If  a  IXanish  steelyard  weighs  5  lbs.,  and  if  to  weigh  15  lbs.  the 
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fulcrum  must  be  placed  3  ins.  from  the  point  of  saspension  of  the 
weight,  where  must  it  be  placed  in  order  to  weigh  7  lbs.  ? 

7.  A  uniform  rod  2  ft.  long  and  weighing  3  lbs.  is  to  be  used  aa  a  steel- 
yard. The  fulcrum  is  2  ins.  from  one  end  of  the  rod,  and  the  sliding 
weight  is  1  lb.  Find  the  greatest  and  the  least  weights  which  can  be 
determined  by  this  machine ;  and  also  where  the  sliding  weight  must 
be  placed  to  indicate  a  weight  of  20  lbs. 

8.  Write  down  the  weights  of  the  least  number  of  weights  capable 
of  weighing  any  exact  number  of  pounds  (i.)  from  1  to  31  lbs.,  if  no 
weights  are  placed  in  the  scale  pan  containing  the  goods,  (ii.)  from 
1  to  40  lbs.,  if  weights  are  placed  in  either  scale  pan. 

9.  A  shopman  using  a  common  steelyard  alters  the  moveable  weight 
for  which  it  has  been  graduated.  Determine  whether  be  cheats 
himself  or  his  customers. 

10.  A  balance  has  a  weight  attached  to  its  beam  below  the  centre  of 
gravity.  Is  the  sensibility  of  the  balance  greater  when  the  weight  is 
hung  freely  by  a  string,  or  when  it  is  rigidly  attached  to  the  balance? 

11 .  A  Danish  steelyard  has  the  loop  forming  the  fulcrum  removed, 
and  it  is  hung  from  a  peg  by  two  strings  attached  to  the  end  of  its 
bar.  If  a  plumb-lice  be  hung  from  the  same  peg,  prove  that  the 
graduation  on  the  bar  which  falls  opposite  the  plumb-line  will 
indicate  the  correct  weight  of  a  body  placed  in  the  scale  pan. 

12.  A  spring-balance  hangs  from  the  shorter  arm  of  a  lever,  and  in 
weighing  goods,  the  scale  pan  is  raised  from  off  the  ground  by  pulling 
down  the  longer  arm  of  the  lever  and  thus  lifting  the  balance.  A 
person  stands  in  the  scale  pan  and  pulls  himself  up  in  this  way,  and 
the  balance  indicates  a  weight  of  8  stone.  If  the  arms  of  the  lever 
are  6  ins.  and  2  ft.  long  respectively,  find  the  man's  true  weight. 

13.  It  is  desired  to  change  the  moveable  weight,  2  oz.,  of  a  steel- 
yard for  one  of  1  lb.  Show  that  there  will  be  no  necessity  to  alter  the 
graduations,  provided  a  weight  equal  to  7  times  the  weight  of  the  steel- 
yard is  suspended  at  its  centre  of  gravity. 

14.  There  are  no  graduations  on  a  certain  Danish  steelyard,  and  its 
weight  is  not  known ;  but,  by  hanging  up  from  the  end  A,  weights 
P  lbs.  and  Q  lbs.  in  succession,  it  is  found  that  the  corresponding 
distances  of  the  fulcrum  from  A  are  a  and  b  ins.  respectively.  Find 
the  position  of  the  centre  of  gravity  of  the  instrument,  and  show  that  it« 
weight  is  {bq-af)/{a-b)lha, 
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EXAMINATION  PArER  VI. 

1.  Explain  why  in  a  common  scale  pan  or  letter  balance  it  does  not 
matter  whereabouts  on  the  pan  the  weights  are  placed  ;  although  they 
may  be  sometimes  near,  and  sometimes  further  off,  the  fulcrum. 

2.  Describe  the  common  steelyard,  and  show  how  to  graduate  it, 
and  that  the  graduations  are  equidistant.  What  advantage  is  gained 
by  the  use  of  a  steelyard  ? 

3.  Describe  the  Danish  steelyard  with  fixed  counterpoises,  and 
show  that  the  distances  of  the  points  of  graduation  along  the  load 
arm  form  a  harmonical  progression. 

4.  Explain  the  method  of  double  weighing  in  a  balance,  and  show 
that  any  inequality  in  the  arms  of  the  balance  will  not  affect  the 
accuracy  of  the  result  obtained. 

5.  A  steelyard  is  correctly  graduated  when  new]  but,  by  the 
wearing  away  of  the  rod,  the  weight  of  the  rod  and  the  position  of  its 
centre  of  gravity  are  slightly  changed.  It  is  found  that  a  body 
appearing  to  weigh  2  lbs.  in  reality  weighs  2  lbs.  ^  oz.  Find  the 
true  weight  of  a  body  appearing  to  weigh  10  lbs. 

6.  Find  an  expression  for  the  whole  amount  of  work  done  in  raising 
several  weights  through  different  heights. 

7.  A  uniform  beam  weighs  1000  lbs.  and  is  20  ft.  long.  It  hangs 
by  one  end,  round  which  it  can  turn  freely.  How  many  footTpounds 
of  work  must  be  done  to  raise  it  from  its  lowest  to  its  highest  position  ? 

8.  A  thread  9  ft.  long  has  its  ends  fastened  to  the  ends  of  a  weight- 
less rod  6  ft.  long.  The  rod  is  supported  in  such  a  manner  as  to  be 
capable  of  turning  freely  round  a  point  2  ft.  from  one  end.  A  weight 
is  placed  on  the  thread,  like  a  bead  on  a  string.  Give  a  diagram 
showing  the  position  in  which  the  rod  will  come  to  rest. 

9.  Find  the  centre  of  gravity  of  equal  masses  placed  at  each  of  five 
of  the  corners  of  a  regular  hexagon. 

10.  Two  equal  heavy  spheres  of  1  in.  radius  are  in  equilibrium 
within  a  smooth  spherical  cup  of  3  ins.  radius.  Show  that  tho  thrust 
between  the  cup  and  one  of  the  spheres  is  double  the  thrust  between 
the  two  spheres. 
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CHAPTER      XIT 


CONDITIONS  OF  EQUILIBRIUM  OF  COPLANAR 
FORCES. 
197.  Defixitiox. — By  coplanar  forces  are  meant  forces 
in  one  plane.  In  discussing  the  statical  effects  of  different 
systems  of  forces  in  this  chapter  we  shall  assome,  unless 
otherwise  stated,  that  all  the  forces  are  applied  to  the  same 
rigid  hod'j. 

Any  system  of  coplanar  forces,  not  in  equilibrium, 
is  equivalent  either  to  a  single  force,  or  to  a  couple. 

(Cf.  §  96.) 

We  will  first  prove  that  any  three  forces,  say  P,  Q,  B,  can 
always  be  reduced  to  two. 

Two  forces  can  always  be  replaced  by  a  single  resultant, 
unless  they  form  a  couple. 

Thus  we  can  always  compound  P  with  either  Q  or  B, 
unless  P  forms  a  couple  with  each  of  ihem. 

In  this  case,  Q  and  B  are  equal,  parallel,  and  like  forces 
(for  each  acts  in  the  opposite  sense  to  P),  and  thus  Q  and 
B  can  be  compounded. 

Hence  any  three  forces  can  always  be  reduced  to  two. 

By  applying  this  theorem  to  three  of  the  forces  in  any 
system,  we  should  reduce  the  total  number  of  forces  by 
unity.  Hence,  by  repeated  applications  of  the  theorem,  we 
can  obviously  reduce  any  system  of  forces  to  two  forces, 
and  these  two  forces  must  either  be  in  equilibrium,  or 
form  a  couple,  or  have  a  single  resultant. 

If  the  system  reduces  to  a  couple,  it  is  better  to  call  it  the  equivalent 
conplp.  rather  than  the  resultant  couple,  of  the  system. 
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198.  Deductions  from  the  preceding  theorem. — Wo 

have  proved  in  §  29  that  (he  algebraic  sum  of  the  resolved 
parts  of  two  forces  in  any  direction  is  equal  to  the  resolved 
part  of  their  resultant  in  that  direction. 

By  applying  this  theorem  at  every  step  in  the  reducing 
of  a  system  of  forces,  we  see  thut 

The  algebraic  sum  of  tlie  resolved  jarts  of  a  system  of 
coplanar  forces  in  anij  direction  is  equal  to  the  resolvtd  part 
of  their  resultant  force,  or  equicalent  couple,  in  that  direction. 

It  must  also  be  noticed  that  the  sum  of  the  resolved 
parts  of  a  couple  in  any  direction  is  zero.  For  the  resolved 
parts  of  the  two  forces  which  form  the  couple  are  equal  in 
magnitude  (since  the  forces  are  equal  and  are  inclined  at 
equal  angles  to  the  given  direction)  ;  also  the  resolved 
parts  are  of  opposite  sign,  since  the  two  forces  are  unlike. 

Hence,  if  a  system  of  forces  is  in  equilibrium,  or  reduces 
to  a  couple,  the  algebraic  sum  of  resoliites  in  any  din  ctio7i 
is  equal  to  zero. 

Similarly,  by  repeated  application  of  §  80,  Cor.  2  : — 
The  algebraic  sum  of  the  moments  of  avy  system  of  forces 

about  a  point  is  equal  to  the  moment  of  their  resultant  force, 

or  equivalent  couple,  about  that  point. 

199.  Theorem. — (i.)  If  the  algebraic  sum  of  moments  of 
a  system  of  coplanar  forces  about  every  point  in  the  plane  is 
zero,  the  system  is  in  equilibiium. 

For,  if  the  system  reduced  to  a  single  force,  i(s  moment 
would  only  be  zero  round  a  point  in  its  line  of  action  ; 
and,  if  the  system  reduced  to  a  couple,  the  algebraic  sum 
of  moments  about  any  point  would  be  equal  to  the  moment 
of  the  couple. 

Similarly  we  have  the  two  following  theorems. — 

Theorem. —  (ii.)  If  the  algebraic  sum  of  moments  of  a 
system  is  the  same  about  every  point  in  its  plane,  the  system 
reduces  to  a  couple. 

Theorem. —  (iii.)  If  the  algebraic  sum  of  moments  of  a 
f-ystem  is  different  about  different  points  in  the  plane,  the 
oystem  reduces  to  a  single  force. 
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200.  Necessary  and  sufficient  conditions  of  equi- 
librium. 

We  are  now  in  a  position  to  prove  tlie  two  following 
importaot  theortms  : — 

Theorem. — (i.)  If  the  algebraic  sum  of  movients  of  a 
coplanar  system  of  forces  vanishes  about  each  of  three  points 
which  are  not  in  the  same  straight  line,  then  the  system  is 
in  equilibrium. 

It  cannot  reduce  to  a  couple,  for  in  that  case  the 
algebraic  sum  of  moments  about  any  point  in  the  plai\e 
"would  be  equal  to  the  moment  of  the  couple. 

If  possible,  let  it  reduce  to  a  single  force  ;  then  the 
moment  of  this  force  about  each  of  the  three  points  is  zero; 
therefore  its  line  of  action  passes  through  each  point,  i.e., 
its  line  of  action  passes  through  three  points  tchich  are  not 
in  the  same  straight  line,  which  is  impossible. 

201.  Theorem. — (ii.)  If  the  algebraic  sum  of  resolved 
parts  of  a  system  vanishes  in  each  of  two  given  different 
directions,  and  if  also  the  algebraic  sum  of  moments  vanishes 
about  one  given  point,  then  the  system  is  in  equilibrium. 

Cor. — The  result  of  §  93  follows  at  once  from  this  theorem.  For 
the  sum  of  the  momenta  of  these  two  equal  and  opposite  couples  about 
any  point  is  zero. 

[N.B. — To  resolve  a  force  in  a  given  direction  is  to  resolve  it 
parallel  to  a  given  straight  line.  Thus  the  two  given  different  direc- 
tions must  be  determined  by  two  given  straight  lines  which  are 
themselves  not  parallel,  for  two  parallel  lines  are  in  the  same  direction 
and  resolving  parallel  to  the  one  would  be  the  same  as  resolving 
parallel  to  the  other.] 

The  system  cannot  reduce  to  a  couple,  for  in  that  case 
the  algebi-aic  sum  of  moments  about  the  given  point  would 
be  equal  to  the  moment  of  the  couple. 

If  possible,  let  it  reduce  to  a  single  force.  The  resolved 
part  of  a  force  along  a  line  is  not  zero  unless  the  line  of 
action  of  the  force  is  perpendicular  to  the  line. 

Thus  the  line  of  action  of  the  resultant  force  is  perpen- 
dicular to  each  of  the  two  given  lines,  and,  since  these  are 
not  parallel,  this  is  impossible. 
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202.  Analytical  expressions  for  the  conditions  ot 
equilibrium. — The  theoiern  of  the  last  paragraph  uiay  be 
put  into  a  very  convenient  form  if  the  two  given  directions 
are  at  right  angles.    Let  0  be  the  given 
point  round  which  moments  are  taken,        y  Y,       -p. 

and  let  OX  and  OK  be  drawn  in  the 
two  given  directions;  then  ZXOY is  a 
right  angle. 

Let  the  forces  of  the  system  be  Pj,  ^'\ 

Pj,  Pj,  ...,  acting  at  the  points  /4i,  A^,        o  X' 

A3,  ... ;  let  tbe  perpendicular  distances  Fig.  152. 

of  these  points  from  OY  be  x^,x.2,  x^, ..., 
and   from    OX  be  y^,  y.^,  y^,  ...    (cf.   §  174)  ;    and  let  the 
resolved  parts  of  the  forces  parallel  to  OX  be  X^,  X^,  X^,  ..., 
and  parallel  to  OY  he  Y^,  Y^,  Yj, 

Then  the  moment  of  P^  about  0 

=  algebraic  sum  of  moments  of  X^  and  Yj  about  0 

=  ^iYi-yiX,; 

thus  the  algebraic  sum  of  moments  of  the  system  about  0 

=  (x,Y,-y,X,)  +  (x,Y-y,X,)  +  &c. 

This  expression  is  most  conveniently  represented  by  the 
notation  2  (xY—yX),  where  2  (k)  denotes  the  summation 
of  a  series  of  terms  of  which  k  is  the  type. 

Again  the  algebraic  sum  of  resolved  parts  parallel  to 
OX  is  Zi+X,  +  X,f...=2(X), 

and  of  resolved  parts  parallel  to  OY  is 

r,+Y,+  r3+...  =  S(Y). 

Thus  the  necessary  and  sufficient  conditions  of  equi- 
librium in  Theorem  (ii.)  of  the  last  paragraph  reduce  to 
the  following  three  equations  : — 

^ixY-yX)=0  (1); 

%(X)        =0  (2); 

^(Y)        =0  (3). 
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If  ^1,  p.,,  ...  represent  the  perpendiculars  from  0  on  the 
lilies  of  action  of  Pj,  P.,  ...,  then  the  moment  of  Pi  about 
0  is  Pip, ;  and  thus  the  first  condition,  viz.,  that  the  sum 
of  moments  about  0  =  0,  may  be  represented  by  the 
equation 

2(l>i>)=0  (lA), 

where  the  signs  of  P,Pi,  P^Pi,  •••  are  Lletermincd  according 
to  the  usual  convention  for  moments. 


203.  Condition  for  a  couple. — If  the  algebraic  sum  of 
moments  of  a  system  of  forces  is  the  same  and  of  the  same 
sign  when  taken  about  each  of  three  points  not  in  the  same 
straight  Ihie,  then  the  system  reduces  to  a  couple. 

If  possible,  let  it  reduce  to  a  sinpjle  force  P ;  and  let 
Pv  ?V  Ps  ^6  the  perpendiculars  from  the  three  given  pointc 
on  the  line  of  action  of  P. 

Then  the  moment  of  P  about  each  point  is  the  same, 

■'•    Pi=Pi=Fi^ 
i.e.,  the  three  points  are  all  at  the  same  distance  from  the 
line  of  action  of  P.     Again,  since  the  moments  are  all  of 
the  same  sign,  the  three  points  are  all  on  the  same  side  of 
the  line  of  action  of  P. 

Therefore  the  three  points  are  in  one  straight  line, 
which  is  contrary  to  hypothesis. 

Hmmph's. — (1)  If  forces  act  along  the  sides  of  a  closed  polygon,  and 
are  represented  in  magnitude  and  direction  by  the  sides  of  the  polygon 
taken  in  order,  prove  that  they  are  equivalent 
to  a  couple. 

Let  ABCDEF  be  the  polygon ;  join  each 
angular  point  to  some  point  0  within  the 
polygon. 

Then  moment  of  AB  about  0  =  2aOAB, 

„      „    BO      „        =2A0flC, 
and  so  on ; 

.•.     algebraic  sum  of  moments  about  0 

=  2  area  of  polygon. 
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0 


Fig.  164. 


If  the  point  0  be  taken  without  the  polygon  as  iu  Fig.  154,  we  have, 
when   the   positive    and    negative 

signs  of  the  various  moments  are  D 

taken  into  account, 

algebraic  sum  of  moments  about  0 
=  2.{aA0B  +  aBOC  ^r  aCOD 

-AEOD-aFOE-aAOF) 
=  2  (figure  OABCD -Ggare  OAFED) 
—  2  ,  area  of  polygon,  as  before. 

Thus  the  algebraic  sum  of  mo- 
ments  is   the    same    about   every 
point  in  the  plane ;   therefore,  from  §  203,  the  system  is  equivalent 
to  a  couple. 

(2)  If  in  a  system  of  coplanar  forces  in  equilibrium  we  alter  the 
points  of  application  of  the  forces  without  altering  their  magnitudes 
and  directions,  prove  that  the  new  system  is  either  in  equilibrium  or 
equivalent  to  a  couple. 

For,  since  we  have  not  altered  the  tnagnitudee  or  directions  of  the 
forces,  we  have  not  altered  their  resolved  parts  in  any  given  direction. 
But,  since  the  original  system  is  in  equilibrium,  therefore  the  algebraic 
sum  of  resolved  parts  in  any  direction  is  zero  in  the  original  system, 
and  therefore  also  in  the  new  system.  But  if  the  new  system  were 
equivalent  to  a  single  force,  the  algebraic  sum  of  resolved  parts  would 
not  bo  zero,  except  when  resolved  in  one  direction,  viz.,  at  right 
angles  to  the  line  of  action  of  the  force.     Hence  the  theorem  follows. 

204.  To  find  the  resxiltaut  of  a  given  force  and 
couple. — Let  the  foi'ce  be  Q,  acting  at  C,  and  let  the 
moment  of  the  coaple  be  M. 


Fig.  165. 
The  couple  can  bd  replaced  by  a  couple    whose  two 
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forces   Q,  and  Q^  are  each  equal  to   Q,  and  whose  arm 

=  ——  units  of  lencrth.     For  the  moment  of  this  couple 
Q 

Moreover  the  naw  couple  can  be  placed  in  any  position 
in  the  plane.  Suppose  it  then  so  placed  that  Q,  acts  at  G 
in  the  opposite  direction  to  Q.  Then  Qj  will  be  acting  in 
a  direction  parallel  to  Q  and  at  a  distance   equal  to  the 

arm  of  the  couple,  viz.,  —units  of  length.     (Fig.  155.) 

In  this  case  Q  and  Qj  balance,  and  therefore  the  system 
reduces  to  Q^.     Moreover  the  moment  of  Q,  round  G 

=  Qj  X  ai-m  of  couple  =  Q  x  -^  =  M. 

Thns  the  resultant  of  the  system  is  a  force  equal  and  paral- 
lel to  the  given  force,  and  at  such  a  distance  from  it  that  its 
m,oment  about  the  point  of  application  of  the  original  force 
is  equal  to  the  moment  of  the  couple. 

For  the  sake  of  clearness  we  have  omitted  to  consider  the  sig^  of 
M.  In  all  cases  the  moment  of  the  resultant  about  C  is  algebraically 
equal  to  the  moment  of  the  given  couple.  This  the  student  should 
verify. 

Example. — To  find  the  resultant  of  a  force  of  5  lbs.  and  a  couple 
formed  of  two  forces  of  4  lbs.  acting  on  an  arm  of  2^  feet. 

Let  the  given  force  of  5  lbs.  act  &t  A 
in  the  direction  represented  in  Fig .156.  ^  5 to s. 

Draw  AB  perpendicular  to  it.  /VA<         \f4Jbi 

Then,  if  the  resultant  of  the  three        /  ^^^    /\-'^'^^''\ 
forces  cuts  AB  in  B,  the  algebraic  sum      /a\\c     ^«/b\  \ 

of  their  moments  about  B  is  zero,  and  "  \  V_jt 

hence  the  moment  of  the  force  of  5  lbs.  \s/ic 

at  ^  is  equal  and  opposite  to  that  of 
the  couple  ;  Fig,  156. 

.  ■.     5  X  >(fl  =  2i  X  4  ;    whence   /Ifl  =  2  ft. 

At  B  introduce  two  equal  and  opposite  forces  of  5  lbs.  One  of  these 
combined  with  the  force  at  A  will  form  a  couple  whose  moment  ia 
equal  and  opposite  to  the  given  couple,  and  which  therefore  balances 
the  latter.  Hence  the  resultant  is  the  remaining  force  of  5  Its-  acting 
at  B,  parallel  to  the  original  force  at  A. 

8IAT.  y 
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205.  Two  couples  of  equal  and  opposite  moment, 
in  parallel  planes,  balance  one  another. 

Firstly,  let  the  arm  AB  of  one  couple  be  equal  and 
parallel  to  the  arm  CD  of  the  other,  Fig.  150;  then  the 
forces  will  be  equal  and  parallel,  though  not  in  the  same 
plane. 

Then  ABDG  is  a  parallelogram  ;  therefore  its  diagonals 
AD  and  BG  bisect  each  other,  say  at  0' 


Fig.  156. 

Now  P  at  A  and  P  at  Z?  are  equivalent  to  2P  at  0. 

Also  P  at  5  and  P  at  C  are  equivalent  to  2P  at  0  in  the 
opposite  direction. 

Thus  the  system  is  in  equilibrium. 

Secondly,  if  the  arms  of  tbo  couple  are  not  equal  and 
parallel,  one  couple  can  be  replaced  by  a  new  couple  of 
equal  moment  in  the  same  piano  whose  arm  is  equal  and 
parallel  to  that  of  the  other  couple.  Whence  the  theorem 
still  holds. 

Cor. — The  effect  of  a  coiiple  is  unaltered  if  it  be  trans- 
ferred to  a  parallel  plane. 

206.  Axis  of  a  couple. — The  statical  effect  of  a  couple 
on  a  rigid  body  depends  only  on — 

(i.)  The  magnitude  of  its  moment. 

(ii.)  The  direction  of  the  plane  in  which  it  a^jts. 
Parallel  planes  are,  of  course,  to  be  considered  as  having 
the  same  direction,  which  fits  in  with  the  property  that 
equal  couples  in  parallel  planes  are  equivalent. 
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(iii.)  The  sense  in  which  the  couple  tends  to  turn  a 
body. 

Now  all  these  characteristics  can  be  represented  by  a 
straight  line,  for  the  length  of  the  line  may  be  made  pro- 
portional to  the  moment  of  the  couple,  and  the  direction  of 
the  line  may  be  taken  perpendicular  to  the  plane  of  the 
couple.  The  way  in  which  the  sense  of  the  couple  may 
be  represented  by  the  sense  in  which  the  line  is  drawn 
requires  a  little  fuller  consideration. 

Suppose  vre  are  turning  an  ordinary  right-handed  screw  (all  screws 
in  common  use  are  right-handed)  in  a  plank  bjr  means  of  a  screw- 
driver. If  we  want  to  unscrew  the  screw,  we  apply  a  couple  to  the 
screwdriver  tending  to  torn  it  in  the  opposite  direction  to  that  in 
which  the-hands  of  a  watch  move  {i.e.,  the  counter-clockwise  direction), 
and  this  causes  the  screw  to  move  towards  us.  If  we  applied  a  couple 
in  the  reverse  or  clockwise  direction,  we  should  drive  the  screw  further 
into  the  board,  i.e.,  should  make  the  screw  move  aicay  from  us.  Hence 
the  sense  of  direction  in  which  the  screw  moves  depends  on  the  sense 
of  the  couple  applied  to  it. 

The  sense  of  a  couple  may  therefore  be  represented  by  a 
straight  lino  p>erpendicular  to  its  plane  if  this  line  be 
drawn  in  the  sense  in  which  the  couple  tends  to  move  a 
right-handed  screw. 

We  now  have  the  following  definition : — 

Definition. — The  axis  of  a  couple  is  a  straight  line 
whose  direction  is  perpendicular  to  the  plane  of  the  couple, 
whose  length  measures  the  moment  of  the  couple,  and  the 
sense  in  which  this  length  is  measured  is  the  sense  in 
which  the  couple  would  tend  to  move  a  right-handed 
screw. 

The  point  from  which  the  axis  of  the  couple  is  measured  may  be 
anywhere. 

We  may  here  state  that,  if  two  couples  act  in  different  planes  (not 
parallel)  on  a  rigid  body,  and  if  their  axes  be  taken  as  two  adjacent 
sides  of  a  parallelogram  drawn  from  their  point  of  intersection,  the 
couples  will  be  equivalent  to  a  single  couple  whose  axis  is  the  diagonal 
of  the  parallelogram  drawn  from  the  same  point.  This  property, 
which  is  called  the  ParalUlogram  of  Couples,  is  analogous  to  the 
ParaUelogram  of  Forces ;  as  it  is  a  little  difficult  to  prove,  we  content 
ourselves  with  stating  it. 


212 


STATICS. 


207.  Force    Diagrams.  —  Graphic    Solutions.  —  We 

will  now  give  examples  of  the  method  of  solving  problems 
on  the  equilibrium  of  bodies  by  force  diagrams. 

It  is  possible,  and  often  very  convenient,  to  draw  the 
force  diagrams  very  accurately,  and  obtain  the  required 
I'csults  by  direct  measurement,  and  not  by  calculation. 

This  method  of  solving  problems  is  known  as  the  Graphic 
method,  and  the  theory  underlying  the  method  is  known 
as  Graphical  Statics. 

Examples. — (1)  ABCD  (Fig.  158)  represents  a  square  framework  of 
light  rods  freely  hinged  together.  CE  is  a  string  supporting  a  weight 
IF.     If  the  whole  is  suspended  from  A,  determine  the  stress  in  BD. 


Fig.  159. 


There  are  three  forces  in  equilibrium  at  C,  viz.,  TF  a,nd  the  tensions 
of  the  rods  CD  and  CB. 

Draw  a  triangle  PQR  whose  sides  are  parallel  to  CE,  CD,  and  CB, 
respectively  (Fig.  157).  Then  the  sides  of  this  triangle  are  propor- 
tional to  the  forces  at  C  ;  thus,  if  PQ  represents  W,  the  tension  along 
CD  is  represented  by  QR. 

Again,  there  are  three  forces  in  equilibrium  at  D,  viz.,  tensions 
along  DC  and  DA,  and  thrust  along  BD.  But  the  tension  along  DC  is 
equal  and  opposite  to  that  at  C  along  CD  ;  and  is  therefore  represented 
by  RQ.  Thus,  if  we  draw  RS  and  QS  parallel  to  DA  and  DB  respectively, 
the  triangle  QRS  represents  the  forces  at  D  ;  thus  the  thrust  along  BD 
is  represented  by  QS. 

It  follows  at  once,  by  geometry,  that   Q8  =  PQ- 

Thus  the  thrust  along  BD  <=  TF. 
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(2)  ABCD  is  a  sqoare  formed  of  equal  light  rods  hinged  freely 
together ;  B  and  D  are  joined  hy  a  string.  If  equal  weights  are 
attached  to  each  comer  and  the  system  is  halancing  on  the  corner  C, 
find  the  tension  of  the  string  (Fig.  160). 

Let  TF  he  the  weight  at  each  comer. 

Draw  a  triangle  PQR  (Fig.  161),  whose  sides  are  parallel  to  AC, 
AB,  and  AD,  respectively.     Then  the  sides  of  this  triangle  are  propor- 


Fig.  160. 


Fig  161 


tiOnal  to  the  forces  acting  at  A ;  thus,  if  PQ  represents  W,  RP  repre- 
sents the  thrust  along  DA. 

Produce  QP  to  T,  making  PT  =  PQ. 

Now  there  are  four  forces  in  equilihrium  at  D,  of  which  two,  viz., 
the  weight  W  and  the  thrust  down  AD,  may  be  represented  by  TP 
and  PR  respectively.  Thus,  if  RS  and  7*5  be  dravm  parallel  to  CD  and 
DB  respectively,  it  follows,  from  the  polygon  of  forces,  that  RS  and 
ST  represent  the  thrust  along  CD  and  the  tension  along  DB,  respec- 
tively. 

The  geometry  of  the  figure  gives  ST  =  TQ  =  2PQ ;  thus  the  force 
represented  by  57"  is  2  /F. 

Hence  tension  of  string  =  2W. 
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Summary  of  Results. 

Any  system  of  coplanar  forces  cither  is  in  equilibrium, 
or  reduces  to  a  single  force  or  to  a  couple.  (§  197.) 

A  system  of  coplanar  forces  is  in  equilibriuvi  if  the 
algebraic  sum  of  moments  is  zero  about  each  of  three 
points  which  are  not  in  the  same  straight  line.        (§  200.) 

A  system  of  coplanar  forces  is  in  equilibrium  if  the 
algebraic  sura  of  resolved  parts  vanishes  in  each  of  two 
different  directions,  and  also  the  algebraic  sum  of  moments 
vanishes  about  one  point.  (§  201.) 

A  system  of  coplanar  forces  is  in  equilibrium  if 
2(X)       =0, 
5(3^)        =0, 
and  2  {xY-yX)  =  0.  (§  202.) 

A  couple  may  always  be  replaced  by  any  other  couple 
of  equal  moment  acting  in  any  plane  parallel  to  its  own 
plane.  (§  206.) 

EXAMPLES  XIV. 

1.  Two  coplanar  systems  of  forces  have  equal  algebraic  sums  of 
moments  about  eacli  of  throe  points  which  arc  not  in  the  same  straight 
line.     Prove  that  the  systems  are  equivalent  to  each  other. 

2.  Two  coplanar  systems  of  forces  have  equal  algebraic  sums  of 
resolved  parts  in  each  of  two  different  directions  ;  also  they  have  equal 
algebraic  sums  of  moments  about  one  point.  Prove  that  they  are 
equivalent  to  each  other. 

3.  A  system  of  coplanar  forces,  which  is  not  in  equilibrium,  has  its 
algebraic  sum  of  moments  equal  to  zero,  about  each  of  two  points 
A  and  B.  Prove  that  the  algebraic  sum  of  resolved  parts  is  zero  only 
in  the  direction  perpendicular  to  AB. 

4.  If  a  system  of  forces  reduces  to  a  couple,  prove  that,  if  all  the 
forces  were  applied  at  one  point,  their  magnitudes  and  directions 
being  unaltered,  the  system  would  be  in  equilibrium. 

5.  Prove  §  95,  Cor.,  from  Question  1. 
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6.  Find  the  point  0  within  a  triangle  ABO  such  that  the  three  forces 
represented  by  OA,  OB,  00  are  in  equilibrium. 

7.  ABCDEF is  a  regular  hexagon  having  the  following  forces  acting 
along  the  sides  :— along  BA,  7  lbs. ;  BO,  5  lbs. ;  DO,  1  lb. ;  ED,  1  lb. ; 
FE,  1  lb. ;  FA,  5  lbs.     Show  that  the  system  is  in  equilibrium. 

8.  Forces  act  along  the  sides  of  a  regular  hexagon  ABODEF  as 
follows :— along  OB,  5  lbs. ;  OD,  8  lbs. ;  ED,  6  lbs. ;  EF,  1  lb. ;  FA,  2  lbs. 
Is  the  system  in  equilibrium  ? 

9.  The  following  forces  act  on  a  square  ABCD  : — along  BA,  4  lbs. ; 
CB,  3  lbs.  ;  DO,  2  lbs.  ;  AD,  5  lbs.  ;  DB,  2  v/2  lbs.  Show  that  the 
system  reduces  to  a  couple,  and  find  its  moment  if  each  side  of  the 
square  measures  3  ft. 

10.  Given  a  quadrilateral  ABCD  acted  on  by  forces  represented  by 
AB,  OB,  DO,  DA,  find  the  condition  that  it  is  possible  to  balance 
them  by  forces  along  the  diagonals.  Also  find  the  force  required 
along  each  diagonal. 

11.  A  system  of  forces  acts  along  the  sides  of  an  irregular  polygon 
circumscribed  to  a  circle.  Prove  that,  if  the  system  is  in  equilibrium, 
the  sum  of  the  forces  which  act  in  one  direction  round  the  polygon  ia 
equal  to  the  sum  of  those  which  act  in  the  other. 

12.  Prove  (from  §  200,  or  otherwise)  that  any  coplanar  system  of 
forces  which  is  not  in  equilibrium  can  be  balanced  by  forces  acting 
along  the  sides  of  a  given  triangle. 

Prove  also  that,  given  the  8}*sfem  and  the  triangle,  only  one 
set  of  forces  will  balance  it. 

Lastly,  find  the  condition  that  the  required  force  along  any  side 


13.  Prove,  from  Question  12  or  otherwise,  that  any  coplanar 
cystem  of  forces,  not  in  equilibrium,  can  be  reduced  to  two  forces 
acting  at  two  given  points  A  and  B,  one  of  which  may  be  inclined  at 
any  required  angle  to  the  line  AB. 

14.  Prove  that  a  system  of  forces  can  always  be  reduced  to  a  force 
at  a  given  point  and  a  oouple. 


CHAPTER  XV. 


THE   PRINCIPLES    OP  VIRTUAL   WORK   AND 
VIRTUAL  VELOCITIES. 

208.  Virtual  Work. — We  often  find  it  convenient  for 
the  sake  of  argument  to  suppose  a  particle  displaced  from 
one  position  A  to  another  position  B,  although  the  particle 
may  have  no  tendency  to  move  in  this  direction,  or, 
perhaps,  in  any  direction. 

In  this  case  AB  is  called  the  virtual  displacement  of 
the  particle ;  and  the  work  which  ivould  be  done  by  any 
force  acting  on  the  particle  during  the  displacement  is 
called  the  virtual  work  of  that  force. 

The  results  of  §§  38,  39  can  now  be  stated  thus  : — 

If  a  particle  under  the  action  of  any  forces  receive  a  virtual 
displacement,  then  the  algebraic  sum  of  the  virtual  worhs  of 
the  forces  is  equal  to  the  virtual  work  of  their  resultant. 

And,  if  the  system  of  forces  he  in  equilihrium,  the  algebraic 
sum  of  the  virtual  works  is  zero. 

The  last  property  is  a  case  of  what  is  called  the 
Principle  of  Virtual  Work. 

209.  Converse  of  the  Principle  of  Virtual  Work  for 
a  particle. — If  a  particle  is  acted  on  by  a  system  of  forces 
in  one  plane,  and  if  the  virtual  rcorJc  of  the  system  vanishes 
for  each  of  two  displacements  which  are  not  in  thr.  same 
straight  line,  then  the  system  is  in  equilibrium. 

For,  if  not,  the  virtual  work  of  the  resultant  must  also 
vanish  for  each  displacement.     But 
the  virtual  work  of  the  resultant  =  displacement  x  resolved 

part  of  the  resultant  along  the  displacement ; 
.'.   resolved  part  of  resultant  along  each  displacement  =  0; 
therefore  the  line  of  action  of  the  resultant  is  perpendicular 
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to  each,  displacement,  which  is  impossible  since  the  dis- 
placements are  not  in  the  same  straight  line  and  the 
resultant  is  in  the  same  plane  with  them  both. 


210.  Application  to  the  Inclined  Plane. — As  an  example 
of  the  application  of  the  Principle  of  Yirtual  Work,  let  us  consider 
the  case  of  a  particle  supported  on  a  smooth  inclined  plane  by  a  force 
acting  along  the  plane.     (Cf.  §  44.) 

(1)  To  find  the  relation  between  Pand  7F. 

Give  the  particle  a  virtual  displacement,    OD,   along  the  plane. 
Draw  Dd  perpendicular  to  the  line  of  action 
of  W  produced.     Then,  since  OD  is  perpen- 
dicular to  H, 

.•.    work  done  by  i?  =  0  ; 
also  work  done  by  P  =  P .  00 ; 

and  work  done  by  W—  —TF.Od; 

whence  the  Equation  of  Virtual  "Work  gives 
F.OD-W.Od  =  0\ 

-'-    —  ^  7m~  Tn  (^y  similar  triangles). 


JF 


AC 


Fig.  162. 


(2)  To  find  the  relation  between  P  and  li. 

Give  the  particle  a  virtual  displacement,  OD,  horizontally.  (This 
displacement  could  not  be  actually  made  in  one  direction  without 
breaking  the  plane,  or  in  the  opposite  direction  without  the  particle 
leaving  the  plane.) 

Draw  Dd  and  De  perpendicular  to  the 
lines  of  action  of  P  and  P,  respectively. 
Then,  since  JF  is  perpendicular  to  OD, 

work  done  by  7F  =  0  ; 
also  work  done  by  P  =  +  F.  Od ; 

and  work  done  by  P  =  —R.Oe; 

whence  the  Equation  of  Virtual  "Work  gives 
P.Od-E.Oe^O, 

"     B,      Od     De     AB 

(by  similar  triangles). 

N.B. — It  should  be  noticed  that,  to  find  the  relation  between  P  an(? 
TT,  we  take  a  virtual  displacement  perpendicular  to  P ;  then  the 
virtual  work  of  P  =  0  ;  and  therefore  P  does  not  enter  into  the 
Equation  of  Virtual  "Work.  Similarly,  in  (2)  we  take  a  virtual  dis- 
placement  perpendicular  to  W. 


Fig.  163. 
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211.  Virtual  Velocities.— Suppose  a  particle  under 
the  action  of  a  system  of  forces  in  equilibrium  to  be 
moved  in  any  manner  whatever ;  then,  by  the  principle  of 
virtual  work,  the  work  done  by  the  system  during  any 
time  is  zero ;  therefore  the  rate  of  doing  work  of  the  system 
at  any  instant  is  zero. 

Now,  the  rate  of  doing  work  at  any  instant  depends 
only  on  the  magnitude  and  direction  of  the  forces  at  that 
instant.     Hence, 

If  at  one  particular  instant  the  forces  acting  on  the  particle 
are  in  equilibrium,  the  algebraic  sum  of  the  rates  of  working 
of  the  forces  at  that  instant  is  zero. 

Now  suppose  a  particle  moving  with  velocity  u  (which 
we  shall  call  its  virtual  velocity)  in  a  given  direction  AG^ 
and  acted  on  by  a  force  P,  making  an  angle  $  with  the 
given  direction. 

Then  the  rate  of  working  of  P  is  the  work  that  would 
be  done  by  P  in  one  second  if  the  particle  continued  to 
move  with  the  same  velocity  during  that  second.  This  is 
equal  to  the  work  done  by  P  while  the  particle  moves  a 
distance  u  in  the  direction  AG 

=  P  X  resolved  part  of  u  along  P's  line  of  action 
=  Fu  cos  6. 

Suppose  the  rate  of  working  of  the  whole  system  is 
zero,  so  that  the  forces  of  the  system  are  in  equilibrium. 
Then  we  have,  by  summation, 

"L^FucosB)  =0  (1). 

This  result  may  he  stated  in  words  thus : 
Let  a  system,  offerees  he  in  equilibrium  at  any  instant,  and 
let  given  velocities  be  communicated  to  the  points  of  appli- 
cation of  forces ;  then  the  algebraic  sunn  of  the  products  formed 
by  multiplying  each  force  into  the  resolved  part  of  the  velocity 
along  the  line  of  action  of  the  force  is  zero. 

Equation  (1)  is  called  the  Equation  of  Virtual  Veloci- 
ties, and  the  principle,  when  enunciated  in  words,  is  the 
Principle  of  Virtual  Velocities.  This  principle  was 
enunciated  by  NeAvton  in  a  ^^ scholium"  or  rider  appended 
to  his  statement  of  the  Third  Law  of  Motion. 
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Note.  — In  some  text-books,  however,  thePrinciple  ofVirttialWork  is 
called  by  the  same  name.  The  latter  principle  asserts  that  the  sum 
of  the  works  done  by  a  system  of  forces  is  zero  for  any  displacement  of 
any  magnitude  •whatever,  provided  that  the  forces  continue  to  remain  in 
equilibrium  during  the  tchole  of  the  displacement.  In  most  statical 
problems  the  forces  do  not  remain  in  equilibrium  in  the  displaced 
position,  and  then  the  principle  only  holds  for  a  very  small  displa'cment. 
But  for  such  a  displacement  the  virtual  works  of  the  forces  are  them- 
selves very  small,  and  it  is  therefore  more  convenient  to  use  the 
principle  as  stated  above. 

212.  On  the  motion  of  a  right  line  of  constant 
length  in  a  plane. — Let  one  end  ^  of  a  line  AB  be 
fixed ;  then,  if  the  length  of  the  line  is  fixed,  the  only 
motion  possible  for  B  is  to  move  round  the  circle  of  which 
A  is  the  centre  and  AB  the  radius ;  and,  therefore,  the 
velocity  of  B  at  any  instant  mnst  be  perpendicular  to  the 
position  of  AB  at  that  instant.  Now,  if  A  is  also  free  to 
move  in  the  plane,  it  will  still  be  true  that,  in  whatever 
way  the  line  moves,  B's,  path  relative  to  ^  is  a  circle  or 
part  of  a  circle ;  therefore  5's  velocity  relative  to  A  at  any 
instant  is  at  right  angles  to  the  position  of  AB  at  that 
instant.  Again,  fi's  actual  velocity  at  any  instant  is 
compounded  of  its  velocity  relative  to  A  and  >4's  actual 
velocity. 

But  the  resolved  part  of  a  resultant  velocity  in  any 
direction  is  equal  to  the  algebraic  sum  of  the  resolved 
parts  of  the  component  velocities.  (Cf.  §  29  for  the  cor- 
responding theorem  in  forces.) 

.*.     resolved  part  along  AB  of  fi's  actual  velocity 
=  resolved  part  of  B's  velocity  relative  to  A 

-|- resolved  part  of  A's  actual  velocity. 

But  we  have  proved  that  B's  velocity  relative  to  A  is 
per  endicular  to  AB ;    and,   therefore,  its  resolved  part 
along  AB  is  zero  ; 
.•.     resolved  part  of  B'&  velocity  along  AB 

■=■  resolved  part  of  A's  velocity  along  AB. 

Hence,  if  a  line  AB  of  constant  length  he  moving  in  a 
plane  in  any  manner,  the  resolved  parts  of  the  velocities  of  A 
and  B  along  AB  are  always  equal  to  each  other. 
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213.  Principle  of  Virtual  Velocities  for  a  network 
of  particles. — Now  consider  a  system  of  particles  {e.g., 
three  particles  A,  B,  C)  in  a  plane,  rigidly  connected  with 
each  other  by  light  wires,  and  acted  on  by  a  system  of 
forces  which  keep  them  in  equi- 
librium. Then  each  wire  will 
probably  be  in  a  state  of  strain, 
i.e.,  it  may  be  pulling  the  two 
particles  to  which  it  is  attached 
towards  each  other  (in  which 
case  we  say  there  is  a  "  tension  " 
along  the  wire)  ;  or  it  may  bo 
pushing  them  away  from  each 
other  (in  which  case  we  say  there 
is  a  "  thrust"  along  the  wire). 

[These  tensions  and  thrusts,  which 
are  merely  reactions  along  different 
parts   of  the    system,    are   called  the 

internal  forces  of  the  system  ;  and  the  other  forces,  which  are  due  to 
actions  from  outside,  are  called  external  forces.] 

Since  the  system  is  in  equilibrium,  each  particle  is  in 
equilibrium;  therefore,  if  we  give  virtual  velocities  to  A, 
B,  and  C,  algebraic  sum  of  rates  of  working  of  the  forces 
acting  on  ^  =  0 ;  and  similarly  for  B  and  G. 

Therefore,  by  summing, 
algebraic  sum  of  rates  of  working  of  all  the  forces  {external 
and  internal)  =  0  (I)- 

This  result  is  true  no  matter  what  virtual  velocities  we 
give  to  A,  B,  and  G. 

But  now  suppose  that  we  limit  ourselves  to  giving  only 
such  virtual  velocities  toA,B,  and  G  as  they  can  respectively 
have  ivithout  breaking  the  wires  (say,  u,  v,  and  iv).  Also  let 
Ej,  ir*2,  iS„  S.2,  Ti,  Tj  be  the  actions  and  reactions  along  the 
wires.     Then,  by  §  212, 

resolved  part  of  u  along  AB  =  resolved  part  of  v  along  AB. 

Moreover,  by  Newton's  Third  Law, 

r,  =  -T,; 

but  rate  o-f  working  of  1\  =  Ti  x  resolved  part  of  u  nlougAB, 


PRINCIPLES  OF  VIRTUAL  WORK  AND  VIRTUAL  VELOCITIES.     221 

rate  of  working  of  Tj  =  T,  x  resolved  part  of  v  along  AB, 

=  — T^X  resolved  part  of  u  along  AB  ; 

.*.     algebraic  sum  of  rates  of  working  of  T^  and  T^  =  0. 

Similarly  for  B^  and  JS^,  S^  and  S^ ; 

.*.     sum  of  rates  of  ivorking  of  all  the  internal  forces  =  0 

(2); 

therefore,  by  subtraction  from  (1), 

algebraic  stun  of  rates  of  working  of  all  the  external 
forces  =  O (3). 

214.  The  above  theorem  can  obviously  be  extended  to  a 
system  of  any  number  of  coplanar  particles  rigidly  con- 
nected ;  also  to  two  particles  connected  by  an  inextensible 
string ;  and  we  may  further  extend  it  to  the  case  of  a 
rigid  lamina,  or,  indeed,  to  a  rigid  body  of  any  shape. 
For,  whatever  be  the  nature  of  the  forces  which  keep  the 
vaiious  particles  of  the  lamina  in  the  same  position  rela- 
tive to  one  another,  we  may  fairly  assume  (1)  that  these 
forces  act  between  pairs  of  particles;  and  (2)  that  the 
action  and  reaction  between  any  pair  of  particles  consists 
of  a  pair  of  equal  and  opposite  forces,  such  as  Tj  and  T, 
in  the  figure.  Moreover,  by  the  definition  of  a  rigid  body, 
the  distance  between  any  two  particles  remains  constant 
when  the  body  is  displaced  (§  49).  Hence  the  arguments 
of  §  213  apply  step  for  step. 

The  theorem  also  applies   to  two  particles  connected  by  an  in- 
extensible   string   passing    over   a    smooth   peg 
(Fig.  165). 
For  resolved  part  of  u  along  AC 

=  rate  at  which  A  is  approaching  the  peg 
=  rate  at  which  string  is  passing  over  peg 
=  rate  at  which  B  is  leaving  the  peg 
=  resolved  part  of  t-  along  DB. 
Also  tension  at  i4  =  tension  at  B. 
Hence,  as  in  §  213, 

algebraic  sum  of  rates  of  working  of  tensions  at  A  and  B  =  0. 
Again,  in  the  case  of  a  particle  on  a  smooth  surface,  if  the  virtual 
velocity  be  taken  along  the  surface,  the  reaction  of  the  surface  does 
no  work,  being  at  right  angles  to  the  displacement. 
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215.  Recapitulation. — The  connections  of  the  various 
particles  in  a  system  with  one  another,  and  the  restraints 
imposed  by  strings,  or  contact  with  smooth  planes,  &j., 
are  usually  spoken  of  as  the  Geometrical  Conditions  of 
the  System. 

Thus  we  may  sum  up  our  results  in  the  following 
manner : — 

If  in  any  system  under  the  action  of  forces  we  assign 
arbitrary  virtual  velocities  to  the  various  parts,  then,  %vhen 
passing  through  the  position  of  equilibrium,  the  algebraic 
sum  of  tie  rates  of  working  of  all  the  forces  external  and 
internal  =  0. 

But,  if  the  virtual  velocities  are  such  that  they  do  not  violate 
the  geometrical  conditions  of  the  system,  then  all  internal 
forces,  and  all  reactions  at  sm,ooth  surfaces,  may  be  omitted 
from  the  Equation  of  Virtual  Velocities. 

Note. — ^Tn  solving  problems  by  means  of  the  principle, 
it  is  usual  to  omit  the  internal  reactions  from  the  very 
beginning  of  the  work. 


216,  Work  of  a  couple. — If  a  rigid  body  acted  on  by  a 
couple  of  m,oment  M  perform,  a  complete  rotation  round  any 
point  (the  couple  mairdaining  the  same  position  relative  to 
the  body),  the  work  done  by  the  couple  =  2TrM. 


Fig.  166. 

Let  the  rigid  body  rotate  round  0  ;  and  let  OAB,  perpendicular  to 
the  lines  of  action  of  the  forces,  cut  them  in  A  and  B,  respectively. 
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Then  suppose  the  forces  Pand  P  applied  at  A  and  B.     B  describes  a 
circle  of  radius  OB,  and  P always  acts  along  the  tangent  to  that  circle ; 

.',     work  done  by  P  at  fl  in  one  revolution  =  Fx2w  .  OB. 

Similarly,  work  done  by  Pat  ^  in  one  revolution  =  —Px2r.0A; 

.:    work  done  by  couple  =  P .  2-r(0B-  OA)  =  2r  .T .AB .  =  2tM. 

The  student  should  verify  for  himself  the  case  where  0  lies  between 
A  and  B. 


217.  We  will  now  work  some  examples  illustrating  the 
application  of  the  Principle  of  Virtual  Velocities. 

Example*. — (1)  In  the  accompanying  figure  AB  represents  a  plane 
inclined  at  an  angle  of  30°  to  the  horizon  ;  A  and  D  are  smooth  pegs, 
over  which  pass  strings  connecting  the  weights  P,  Q,  and  R. 

Given  P=(2=A^31bs.,  and  fi  =  1  lb.,  find  the  angle  which 
the  string  DQ  makes  with  the  inclined  plane  in  the  position  of 
equilibrium. 

Let  B  be  the  required  angle.  Give  the  system  a  virtual  motion 
eoim»tent  tcith  its  geometrical  conditions  ;  suppose  P  moving  vertically 
up  willi  velocity  «,  and  therefore  Q  moving  down  the  plane  with  the 
Fame  velocity  ;  and  R  moving  vertically  down  with  velocity  r. 

Then  from  the  georaetri(al  conditions  we  obtain  (cf.  §  214)  resolved 
part  of  Q's  velocity  along  QO  =  resolved  part  of  ^'s  velocity  along  Z)5, 

i.e.,  ucos9  =  v  (1). 

Also,  algebraic  sum  of  rates  of  working  of  the  external  forces 
(excludinjj  reactions  at  smooth  surfaces)  =  0  (cf.  §  215) ;; 

i.e.,  algebraic  sum  of  rates  of  working  of  the  weights  cf  P,  Q,  and  P  =  0 ; 

i.e.,  P.(-M)  +  Q.(MCO860')  +  P.f  =  0  (cf.  §  211) 

whence,  putting  in  numerical  values, 

.".     from  equation  (1) 


—  U  -v/S  +  -— —  -i  UCOS0  =  0 


whence 


cose  =  ^- 


2    ' 

.-.    e  =  30°, 

or  the  string  QQ  is  horizontal. 


Fig.  167. 
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(2)  A  rod  whose  centre  of  gravity  is  not  at  its  middle  point  is 
resting  entirely  within  a  smooth  hemispherical  howl.  Prove  that  in 
the  position  of  equilibrium  the  centre  of  gravity  will  be  vertically 
below  the  centre  of  the  bowl. 

Suppose  the  rod  to  slide  inside  the 
bowl,  and  let  AB,  A'B'  represent  two 
positions  of  the  rod,  G  and  G'  being  the 
corresponding  positions  of  the  centre 
of  gravity,  E  the  centre  of  the  bowl. 

Then  the  centre  of  gravity  tvill  always 
be  at  the  same  distance  from  E. 

For  AAEB=  aA'EB'  (Euc.  I.  8); 
hence  /\EAG=  t^EA'G'  (Euc.  I.  4), 
i.e.,  EG^EG'; 

which  proves  that  G  is  always  at  the  same  distance  from  E. 

Hence  the  locus  of  G  is  a  circle ;  therefore  its  virtual  velocity  is 
always  at  right  angles  to  EG. 

Again,  since  the  geometrical  conditions  are  not  violated,  the  only 
force  which  enters  into  the  Equation  of  Virtual  Velocities  is  W,  the  weight 
of  the  rod.     (Cf.  §  215.) 

Hence,  in  the  position  of  equilibrium,  rate  of  working  of  W  =  0. 

Hence  the  virtual  velocity  ofG  must  be  horizontal;  but  virtual  velocity 
of  G  is  always  perpendicular  to  EG ; 

.  •.     EG  must  be  vertical. 


Summary  of  Resolts. 

If  a  particle  under  the  action  of  a  system  of  forces  in 
equilibrium  receive  a  virtual  displacement,  the  algebraic 
sum  of  the  virtual  works  of  the  system  is  zero.       (§  208.) 

If  a  system  of  bodies  under  the  action  of  a  system  of 
forces  be  moving  with  given  virtual  velocities,  theu, 
when  passing  through  the  position  of  equilibrium,  the 
algebraic  sum  of  the  rates  of  working  of  all  the  foi-ces  is 
zero. . 

If  the  virtual  velocities  do  not  violate  the  geometrical 
conditions  of  the  system,  the  algebraic  sum  of  the  rates  of 
working  of  the  external  forces  alone  (omitting  reactions  at 
smooth  surfaces,  and  tensions  of  inextensible  strings)  is 
zero.  (§  213.) 
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EXAMPLES    XV. 

1.  Prove  the  results  of  §  41  by  the  Principle  of  Virtual  "Work. 

2.  Prove  the  r  suits  of  J  101  by  the  Principle  of  Virtual  Velocities. 
(Make  the  lever  rotate  round  the  fulcinim.) 

3.  A  mass  of  v^3  lbs.  rests  on  a  smooth  plane  inclined  at  an  angle 
of  30°  to  the  horizon.  It  is  attached  to  a  string  which  passes  over  a 
smooth  pulley  above  the  top  of  the  plane,  and  supports  a  mass  of  1  lb 
hanging  vertically.  Find  the  angle  between  the  plane  and  the  string 
by  the  Principle  of  Virtual  Work. 

4.  Prove  that  the  Principle  of  Virtual  Work  holds  good  in.  the  first 
system  of  pulleys  if  there  are  three  moveable  heavy  pulleys. 

5.  A  weight  W,  constrained  to  move  in  the  circumference  of  a 
vertical  circle,  is  attached  to  anclher  weight  F,  hanging  vertically  by 
means  of  a  cord  passing  over  a  fixed  pulley  at  a  given  point  on  the 
circle.     Find  the  position  of  equilibrium  of  W. 

6.  A  step-ladder  of  the  form  of  the  letter  A,  with  both  its  legs 
inclined  at  an  angle  o  to  the  vertical,  is  placed  on  a  horizontal  floor, 
and  is  held  up  by  a  cord  connecting  the  middle  points  of  its  legs, 
there  being  no  friction  anywhere.  Prove  that,  when  a  weight  W  is 
placed  on  the  top  of  the  ladder,  the  tension  of  this  cord  is  increased 
by  Jr  t&n  a.     (By  Virtual  Work,) 

7.  In  the  last  question,  prove  that,  when  the  weight  W  is  placed 
on  one  of  the  steps  at  a  height  from  the  floor  equal  to  1/n  of  the 

-ight  of  the  ladder,  the  increase  of  tension  is 

(jrtana)/«, 

8.  A  square  is  formed  of  equal  heavy  rods  of  weight  jy.  It  is 
suspended  from  a  peg  at  one  comer,  and  kept  in  shape  by  a  string 
joining  this  comer  to  the  opposite  one.  Find,  by  Virtual  Work,  the 
tension  of  the  string. 

STAT.  Q 
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EXAMINATION   PAPER   VII. 

1.  State  and  prove  the  conditions  of  equilibrium  of  any  number  ol 
forces  in  a  plane. 

2.  A  system  of  forces  in  a  piano  is  such  that  the  sum  of  their 
moments  about  a  point  A  in  the  plane  vanishes.  Prove  that  the  forces 
are  either  in  equilibrium  or  have  a  resultant  which  passes  through  A. 

3.  Prove  that,  if  n  forces  P,,  T^,  ...  1\  act  in  a  plane  on  a  rigid 
body,  if  rectangiilar  axes  Ox,  Oy  be  taken  in  that  plane,  if  the  com- 
ponents of  any  force  such  as  F,-  parallel  to  these  axes  be  X,-,  Yr,  and 
if  the  coordinates  of  the  point  of  application  of  Pr  be  Xr,  t/r,  then  the 
system  P,j  1\,  ...  P„  is  equivalent  to  a  force  'S.Xr  acting  along  the 
axis  of  X,  a  force  :S,Yr  acting  along  the  axis  of  y,  and  a  couple 
'S,[x,.Yy—yrXr)  in  the  plane  oi  x,  y\  2  denoting  summation  for  all 
values  of  the  suffix  r  from  1  to  w 

4.  A  frame,  consisting  of  two  pairs  of  parallel  bars  hinged  without 
friction  at  their  four  intersections,  being  supposed  in  strained  equi- 
librium under  the  tensions  of  two  diagonal  ties,  determine,  given  all 
particulars,  thu  rali'j  uf  the  tensions  in  the  ties. 

6.  A  thin  board  is  free  to  move  on  a  horizontal  plane,  and  is  acted 
on  by  a  system  of  forces  which  all  lie  in  that  plane.  Prove  that 
there  is  usually  a  line  in  the  plane  such  that,  if  it  is  rigidly  connected 
with  the  board  and  any  point  0!i  it  is  held  fixed,  the  board  will  not 
move.     What  is  the  exceptional  case  ? 

6.  A  rough  heavy  body,  bounded  by  a  curved  surface,  rests  upon 
two  others  which  themselves  rest  on  a  rough  horizontal  plane.  Prove 
that  the  three  centres  of  gravity  and  the  four  points  of  contact  lie  in 
one  plane. 

7.  State  the  Principle  of  Virtual  Velocities,  and  apply  it  to  find  the 
relation  between  the  power  and  weight  in  the  third  system  of  pulleys, 
the  strings  being  parallel,  and  the  number  of  puUej-s  «. 

[The  third  system  of  pulleys  is  that  in  which  each  string  is 
attached  at  one  end  to  the  weight.] 

8.  Describe  the  action  of  the  oar  of  a  boat,  and  compare  the  velocity 
of  the  boat  and  the  velocity  of  the  hands  pulling  the  oar.  Hence, 
find  the  ratio  of  the  resistance  to  the  effort  if  the  oar  be  I  feet  long 
and  the  rowlock  a  feet  from  the  hands. 

9.  Two  weightless  strings  are  tied  to  the  ends  of  a  uniform  bar ; 
each  passes  over  a  pulley,  and  has  a  weight  attached  to  it  equal  to  the 
weight  of  the  bar.  Prove  that,  when  in  equilibrium,  the  bar  is  hori- 
zontal, and  find  the  inclination  of  the  strings  to  the  vertical. 

10.  A  uniform  bar  AB,  of  weight  W,  rests  in  a  horizontal  position 
on  two  supports  at  the  ends,  and  an  ideal  section  is  made  at  any 
point  P.  Determine,  for  the  part  BP,  the  force  at  P,  and  the  couple, 
which  might  statically  replace  the  supporting  action  of  the  portion  AP 
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THE   LAWS   OF   FRICTION. 

218.  We  have  often  had  occasion  to  make  use  of  the 
principle  that  when  two  perfectly  smooth  bodies  rest 
against  one  another  the  reaction  against  them  is  perpen- 
dicular, or,  as  it  is  sometimes  called,  "  normal,"  to  the 
surfaces  in  contact.  But  no  body  can  be  made  perfectly 
.■^mooth,  however  mnch  its  surface  may  be  polished  or 
smoothed  down.  Hence  all  bodies  are  capable  of  exerting 
a  certain  resistance  which  tends  to  prevent  them  from 
sliding  along  one  another.  This  resistance  is  called 
friction. 

The  laws  of  friction  have  to  be  found  by  experiment. 
Accordingly,  we  shall  begin  by  describing  certain  experi- 
ments which  might  be  used  to  prove  them. 

r'      /  J  N.      P-hanifina  ni 
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Of  block 
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Fig.  169. 


219.  Experiments    on  a  horizontal    plane. —  I.  Let 

a  block  of  any  substance  (whose  faces  are  not  all  equal)  A 
be  placed  on  a  horizontal  table  or  surface  of  the  same 
or  any  other  substance,  and  let  the  block  be  tied  to  a 
string  passing  over  a  small  pulley  at  the  edge  of  the 
table,  and  carrying  at  its  other  end  a  light  scale  pan,  by 
which  weights  P  can  bo  placed  tending  to  pull  the  block 
along  the  plane  (Fig.  169). 
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Then  it  will  be  found  that,  unless  total  suspended 
weight  at  P  exceeds  a  certain  amount,  the  block  will  not 
slide  along  the  plane.  Since  the  block  remains  in  equi- 
librium, the  table  must  exert  on  it  a  horizontal  force  equal 
and  opposite  to  the  pull  of  the  string,  and  therefore 
equal  to  the  weight  attached  at  P. 

By  increasing  the  weights  at  P,  we  shall  at  last  reach 
a  limit  beyond  which  it  is  impossible  to  add  further 
weights  without  making  the  block  slide.  After  this 
limit  has  been  passed,  the  friction  is  no  longer  able  to 
counteract  the  pull  of  the  string,  and  the  block  begins 
to  slide. 

Definitton. — The  greatest  amount  of  fi-iction  that  can 
be  called  into  play  between  two  surfaces  is  called  the 
limiting  friction.     Hence  we  have  the  following: — 

Law  I.^ — The  amount  of  friction  called  into  play- 
between  two  surfaces  in  contact  will  just  suffice 
to  prevent  them  from  sliding  on  one  another,  pro- 
vided that  this  amount  does  not  exceed  the  limiting 
friction. 

220.  Experiment  II.  —  Let  weights  be  placed  at  P 
until  the  addition  of  any  more  weights  would  cause  the 
block  to  slide.  Then  these  weights  are  exactly  equal  to 
the  limiting  friction.  Now  double  the  load  A  resting 
on  the  table  by  placing  another  equal  block  of  the  same 
substance  on  top  of  the  first,  or  otherwise.  It  will  be 
found  that  the  weights  at  P  will  have  to  be  doubled 
before  the  block  begins  to  move.  If  the  weight  of  A  be 
trebled,  the  weights  at  P  will  have  to  be  trebled  before 
the  block  slides,  and  so  on. 

Hence  the  limiting  friction  is  proportional  to  the 
weight  of  A,  say  R.  But  the  plane  exerts  an  equal  and 
opposite  upward  reaction  J2,  preventing  the  weight  A 
from  penetrating  into  it.  This  reaction  is  perpendicular 
to  the  plane,  and  is  therefore  the  normal  thrust  between 
the  surfaces.     Hence  we  have 

Law  if. — The  limiting  friction  is  proportional  to 
the  normal  thrust  between  the  surfaces  in  contact. 
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221.  Experiment  III. — Let  the  weisrhts  at  P  be  aga-'n 
adjusted  till  the  block  is  on  the  point  of  moving.  Let 
the  block  be  tamed  over  on  one  of  its  other  faces.  Then, 
with  the  same  weights  at  P,  the  block  will  still  be  on  the 
point  of  moving.  This  shows  that  the  limiting  friction 
is  the  same  as  before,  although  a  different  surface  is  in 
contact  with  the  table.     Hence 

Law  III. — The  limiting  firiction  does  not  depend 
on  the  axeas  of  the  surfaces  of  the  two  bodies. 


Fiij.  169. 

222.  Experiment  IV.  —  Let  the  weights  at  P  be 
sufficient  to  draw  A  along  the  plane.  Then  careful 
experiments  prove  that  A  and  P  move  with  approximately 
uniform  acceleration,  thns  showing  that  they  are  acted 
on  by  a  force  that  is  approximately  constant.  The  only 
forces  on  them  are  the  weight  at  P  and  the  friction  on  A. 
Hence  the  latter  is  approximately  constant ;  and,  since 
the  velocity  of  A  is  continually  increasing,  we  see  that 

Law  IV. — When  slipping  tahes  place,  the  friction 
is  approximately  independent  of  the  velocities  of 
the  surfaces  in  contact. 

Careful  experiments  show  that  the  friction  is  not  quite  constant,  but 
varies  slightly  as  the  velocity  changes. 

223.  Experiment  V. — If  bodies  of  different  material, 
but  of  the  same  weights,  be  substituted  for^.  the  weights 
at  P  requited  to  set  them  in  motion  will  be  different. 
They  will  also  be  altered  by  altering  the  material  of  which 
the  surface  of  the  table  is  formed. 

Hence  the  friction  between  two  bodies  varies 
according  to  the  nature  of  the  material  forming 
their  surfaces. 
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224.  Coefficient  of  friction.— Definition. — The  ratio 
of  the  limiting  fiiction  to  the  normal  thrust  is  called  the 
coefficient  of  friction.  It  is  generally  denoted  by  the 
Greek  letter  /x  (mu).  Thus,  if  E  denote  the  normal 
thrust  and  F  the  limiting  friction, 

f  =  /^,   or    F=f,B    (1). 

Law  II.  shows  that  /i  is  the  same  for  different  weights 
formed  of  the  same  material.  Law  Hi.  shows  that  it  is 
independent  of  the  area  of  the  surfaces  in  contact,  and 
Experiment  V.  shows  that  fx  varies  with  the  nature  of 
the  materials  forming  these  surfaces. 

Even  for  the  same  materials,  the  coefficient  of  friction  can  be  dimin- 
ished by  smoothing  their  surfaces,  or  increased  by  roughening  them 
up  with  coarse  sand-paper.  By  greasing  or  oihng  the  surfaces,  the 
coefficient  of  friction  can  be  reduced  considerably  ;  this  is  the  reason 
why  in  machinery  all  sliding  surfaces  are  lubricated  (as  it  is  called) 
by  oiling. 


Fig.  170. 


225.  To  determine   the    coefficient   of  friction   by 
experiments  with  inclined  planes. — Experiment  VI. 

— Let  a  body  W  of  any  substance,  and  of  such  a  shape  as 
not  easily  to  topple  over  when  tilted  on  one  side,  be  placed 
on  a  flat  slab  of  any  material,  and  let  the  slab  be  gradually 
tilted  up  on  one  side  so  as  to  form  an  inclined  plane. 
The  body  will  at  first  continue  to  rest  on  the  plane,  being 
kept  from  sliding  down  by  the  friction  of  the  plane. 
When  the  plane  has  reached  a  certain  inclination,  the 
body  will  just  be  on  the  point  of  sliding,  and  any  further 
increase  in  the  inclination  will  cause  the  body  to  slip 
down.  At  this  particular  inclination  the  friction  is 
limiting. 
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Now  the  body  is  acted  on  by  its  weight  W  (Fior.  168) 
the  normal  reaction  B  (say)  of  the  plane  and  the  force  of 
friction  i^(say)  acting  alons:  the  plane  and  preventinfr  the 
body  from  sliding  down.  The  conditions  of  equilibrium 
are  tlierefore  the  same  as  if  the  inclined  plane  were  smooth 
and  the  body  were  supported  by  an  effort  F  applied  along 
the  plane.     Hence 

BG~  AB"  CA' 

F  W  E 

or    = =  ; 

height  of  pi. iiie       length  of  plane       base  of  plane 

cc  ■     .     e  r  •  i.-  P       BO       heieht  of  plane 

.•.  coemcient  of  friction  u  =  -—  =  ^r-j  =  — — ^ . 

Ic        UA         base  of  plane 

Hence,  by  measuring  the  height  and  the  base  of  the 
plane,  the  coefficient  of  friction  may  be  found. 

Corollary. — Hence 
/x  =  tan  BAC=  t mgent  of  inclination  of  the  plane...  (2). 

226.  Experiment  VII. — The  laws  of  friction  can  also 
be  verified  by  means  of  asi  inclined  plane.  For,  if  different 
bodies  of  the  same  substance  bo  placed  on  the  plane,  and 
tho  plane  gradaally  tdted  more  and  more,  the  bodies  will 
all  begin  to  slide  down  together,  and  when  they  slide 
they  will  all  slide  with  the  same  approximately  unifoiai 
acceleration.  This  shows  that  the  coefficient  of  friction 
is  the  same  for  any  two  bodies  who.se  surfaces  are  of  the 
same  substance,  that  it  is  independent  of  the  areas  of 
the  surfaces  in  c  intact,  and  that  it  is  approximately 
independent  of  the  velocity  when  the  bod  its  sliilc. 

227.  Angle  of  friction.— Total  reaction. 

Definiiion  1. — The  angle  whc^se  tangent  is  /x,  the 
coefficient  of  friction,  i>!  called  the  angle  of  friction. 
This  angle  is  expressed  by  the  trigonometrical  notation 

angle  of  friction  ^  =  tan' /*  (2a). 

[This  may  le  regarded  as  equivMl-nt  to  the  statement 

tane  =  tt (2).] 
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Definition  2.  —  The  resuUant  force  which  two  rono;h 
bodies  exert  on  each  other  (whether  friction  is  limiting 
or  not)  is  called  the  total  reaction  between  the  bodies. 

Thus  the  total  reaction  is  the  resultant  of  R  the  normal 
reaction  and  ^the  force  of  fi-iction. 

Definition  3. — A  body  is  said  to  be  in  limiting  equi- 
librium when  the  limiting  friction  or  greatest  possible 
friction  has  to  be  called  into  play  to  prevent  it  fi'om 
slipping. 

From  §  225  (2)  we  now  see  that  the  greatest  inclination 
at  which  a  body  will  remain  at  rest  on  an  inclined  plane  is 
equal  to  the  angle  of  friction. 

Let  us  consider  the  case  of  equilibrium  on  an  inclined 
plane  a  little  more  closely.  If  P  be  the  total  reaction  of 
the  plane,  the  conditions  of  equilibrium  require  that  P 


Fig.  171. 

should  be  equal  and  opposite  to  the  weight  W  (Fig.  169), 
since  P,  W  are  the  only  forces  on  the  body.  Hence  P 
must  be  vertical,  and  therefore 

Z  between  P  and  B  =  /.BAG. 

But,  when  the  body  is  on  the  point  of  slipping,  we  have 
seen  that   Z  BAG  is  equal  to  the  angle  of  friction. 

Thus,  in  limiting  equilibrium,  the  total  reaction  makes 
with  the  normal  an  angle  equal  to  the  angle  of  friction. 

If  the  inclination  is  less  than  the  angle  of  friction,  no 
slipping  will  take  place.  If  greater,  the  body  will  slip 
down  the  plane. 

Hence  we  have  an  easy  way  of  finding  out  whether 
two  bodies  will  slip  when  placed  in  contact  under  any 
forces.      We  only  have  to  construct  the  direction  of  the 
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reaction  at  the  point  of  contact  which  wonld  be  required 
to  keep  them  in  equilibriam.  The  bodies  will  slip  or 
stick  fast  according  as  the  angle  which  the  reaction  makes 
with  the  normal  to  the  surface  i3  an  angle  greater  or  less 
than  the  angfle  of  friction. 


Fig.  172. 


22S.  Limiting  equilibrium  of  bodies  of  any  shape. 

—We  have  considered  above  the  case  of  a  body  on  an 
inclined  plane,  bat  the  same  is  true  for  any  bodies  in 
contact. 

Thus,  let  U,  Vhe  tvro  bodies  toaching 
each  other  at  A  in  the  plane  AX.  Then 
the  line  BAO  drawn  through  A  per- 
pendicular to  AX  is  the  common 
normal  at  A ,  and  the  components  of 
the  total  reaction  at  A  resolved  along 
AB  and  in  the  plane  AX  are  the  normal 
reaction  and  friction,  respectively. 
Calling  these  £  and  F,  their  resultant 
-he  total  reaction)  makes  vrith  AB  an 
angle  whose  tangent  is  F  R  (ride  j  35, 
p.  32).  For  equilibrium,  F  must  be  less  than  fiR  or  F  R<n;  hence 
the  inclination  of  the  total  reaction  to  the  normal  <  tan^'/tj  »•*•> 
<  angle  of  friction. 

Examples. — (1)  A  ladder  is  resting  on  a  rough  ground,  and  leaning 
against  a  rough  wall :  find  the  greatest  angle  at  which  the  ladder  can 
be  inclined  to  the  vertical  without  slipping ;  given  the  coefficients  of 
friction  for  the  ground  and  wall  are  ^^  V'6  and  \  v^3,  respectively. 

Let  AB  represent  the  ladder,  BC  the  ground,  and  CA  the  wall,  DE 
the  line  of  action  of  the  weight,  R  and  S  the  normal  reactions  at  B 
and  A,  respectively,  and  I  the  length  of  the  ladder  (Fig.  173).  Let  a 
be  the  greatest  anele  at  which  the  ladder  can  be  inclined  to  the  wall. 
Then  the  limiting  frictions  act  at  A  and  B,  as 
represented  in  the  figure. 

Now  apply  §  -iOOj'Theorem  (2). 

Resolving  vertically, 


horizontally, 


ij+  ^^_7r=0...  (i.), 

e      4Sy3       „  .... 

5 ^^  =  0  ■••    (no- 


Taking  moments  about  C. 

S.AC+  JJ'.EC-R.BC  =  0; 
i.e.,      S  .  icoaa+  JF.ilauia—£ .laina  —  0...  (iii.)- 
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From  (i.)  and  (ii.)  we  obtain 

i?  =  ?^^^     and     7F=^-^^ 
4  2      ■ 

Substituting  in  (iii.),  dividing  through  by  Slcosa,  and  simplifying, 
we  find  tan  o —,     whence    a  =  30^ 

(2)  A  rectangular  block,  aft.  lor  g  and  i  ft.  high,  is  at  rest  on  a 
rough  horizontal  plane.  A  string  is  attached  to  the  top  of  the  block, 
and  pulled  horizontally  with  increasing  force  P.  Required  to  deter- 
mine whether  the  block  will  tilt  over  before  it  slides,  or  vice  versa 
(Fig.  174). 

We  must  first  determine  what  force  will  be  required  to  make  the 
block  tilt,  supposing  it  does  not  slide.     If  it  is  on  the  point  of  tilting. 


i.e.,  of  rotating  about  A,  the  moments  of  P  and  JF  about  A  must 
balance,  i.e.,        Fb  =  IF.^a,     whence    F=  Waj2b. 

Next,  to  determine  what  force  will  make  the  block  slide,  supposing 
it  does  not  tilt. 

The  only  forces  with  a  horizontal  component  are  P  and  the  friction ; 
but  the  friction  cannot  exceed  p.  W.  Hence  the  block  will  be  on  the 
point  of  sliding  when   P  =  fiJF. 

Thus  the  block  will  slide  first  if  fiJF<  Wajlb,    i.e.,  if  ix<al2h. 


229.  Loss  of  work  by  friction.  —  When  a  body  is 
drawn  along  a  rough  plane,  the  friction  always  tends  to 
retard  it,  and  therefore  work  has  to  be  done  against 
friction  in  addition  to  any  other  work  that  is  done 
against  other  forces  that  may  be  present.  Hence,  when 
slipping  takes  place  there  is  a  loss  of  work  due  to 
friction. 

The  action  and  reaction  of  two  bodies  due  to  friction 
are  equal  and  opposite,  but  the  points  of  the  bodies  in 
contact  do  not  move  together  when  slipping  takes  place ; 
hence  the  works  done  arc  not  equal  and  opposite  (§  213). 
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Friction  always  tends  to  retard  any  relative  slipping 
motion  of  the  two  snrfaces  between  whieli  it  acts.  It 
never  tends  to  produce  slipping.  Hence  any  work  that 
has  been  done  against  friction  can  never  be  recovered,  at 
any  rate,  in  the  form  of  nseful  mechanical  work,  but  for 
all  pi-actical  purposes  such  work  must  be  regarded  as 
lost. 

It  is  in  reality,  mostly  converted  into  heat  as  a  rule.  In  a  frictional 
electric  machine,  part  of  the  work  done  against  friction  takes  the 
form  of  electrical  energy.  The  Principle  of  Conservation  of  Energy 
tells  U8  that  the  lost  energy  always  appears  in  some  form  or  other. 

230.  To  find  the  least  force  which,  will  pull  a  body  up 
a  rough  inclined  plane,  the  force  being  supposed  to  act 
parallel  to  the  plane. 

By  the  least  force  is  meant  that  force  which  will  draw  the  body 
along  with  uniform  velocity — i.e.,  trithmtt  acceleraticn.  Such  a  force 
will  just  balance  the  limiting  friction  and  the  resolved  part  of  the 
weight  which  it  has  to  overcome ;  any  greater  force  will  draw  the  body 
up  with  constant  acctleration. 

Suppose  the  body  /I  to  be  just  on  the  point  of  moving  up  the  inclined 
plane  BC  under  the  action  of  a  force  P  (Fig.  175).     Then  the  limiting 


Fig.  175. 

friction  ixS  will  be  acting  down  the  plane.     Resolving  at  right  angles 
to  the  plane,  we  find  i2  =  JFcosa. 

Resolving  parallel  to  the  plane,  we  find 

F  =  fjJi  *  TTsina  =  m^ cosa+  TFsin a  (3). 

In  the  same  way  it  may  be  proved  that,  if  the  inclination  of  the 
plane  is  less  than  the  angle  of  friction,  the  least  force  required  to 
make  it  move  down  the  plane  will  be  ^JT cos  a—  TT  tin  a  ;  and  that, 
if  the  inclination  of  the  plane  is  greater  than  the  angle  of  friction,  the 
least  force  which  will  prevent  it  moving  down  the  plane  is 
/Fein  a  —  [iTF cos  a. 
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231.  Eqailibritini  of  the  screw  press,  taking  account  of 
friction. 

To  determine  'approximately  the  relation  between  the  effort  P  and  the 
resistance  Q  in  a  screiv  press,  icith  rectangular  thread  of  small  breadth,  if 
the  coefficient  of  friction  between  the  thread  of  the  screw  and  the  groove  in 
which  it  runs  is  /x. 

[Fig.  176  represents  the  screw,  and  Fig.  177  represents  a  section 
through  the  axis  showing  the  rectangular  form  of  the  thread ;  a  screw 
with  triangular  thread  being  shown  for  the  purpose  of  comparison  in 
Fig.  178.] 

Let  the  radius  of  the  cylinder  of  the  screw  be  r ;  let  OX  be  the  arm, 
of  length  a,  at  the  end  of  which  the  force  P  is  applied.  Imagine  the 
cylinder  of  the  screw  to  be  hollow,  and  to  be  cut  down  the  line  AE, 
and  spread  out  into  a  rectangle,  as  in  Fig.  179.  Then  the  line 
representing  the  thread  of  the  screw  would  be  cut  through  at  the 

points  fi,  C,  D and  would  appear  as  the  parallel  straight  lines 

A_;ffi,  BXx,  CiDi,  ....  Also  BiB.2,  CjCo,  ...  would  be  perpendicular 
to  AiEi.  Let  HA.S^B.,  =  a  ;  then  a  represents  the  inclination  of  the 
thread  of  the  screw  to  the  horizontal  (the  screw  being  supposed 
vertical) . 


Figs.  177,  178. 


Fig.  179. 


Then  the  forces  acting  on  the  screw  are 

(1)  P,  applied  horizontally  at  the  end  of  the  arm  OX  ; 

(2)  Q,  the  resistance ; 

(3)  a  series  of  normal  reactions   72],    Tl^,    ...    at  the  various 

points  of  contact  of  the  thread  of  the  screw  with  the 
groove  in  which  it  works  ; 

(4)  the  corresponding  series  of  limiting  frictions  fxlt^,  ft-B^ 

Since  the  breadth  of  the  thread  is  assumed  to  be  small,  the  points 

of  application  of  the  reactions  between  the  thrfiad  and  the  groove 
■nay  be  treated  as  lying  approximately  on  the  surface  of  the  cylinder. 
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Also,  since  the  thread  of  the  screw  is  inclined  at  an  angle  a  to  the 
horizontal  and  is  of  rectangular  section,  each  normal  reaction  will  he 
inclined  at  an  angle  o  to  the  vertical,  and  will  he,  approximately,  in 
the  tangent  plane  to  the  cylinder  at  its  point  of  application.*  Also 
each  corresponding  force  of  friction  will  for  the  same  reason  lie 
approximately  in  the  same  tangent  plane,  and  make  an  angle  a  with 
the  horizon. 

Thus  ^,  can  he  resolved  into  jRi  cos  a  vertically  downwards,  and 
i?,  sin  a  horizontal  and  tangential  to  the  cylinder ;  similarly  for  i?;, 

Also  /ii?,  can  he  resolved  into  /ii?i  sin  a  vertically  upwards;  and 
fiE^  cos  a  horizontal  and  tangential  to  the  cylinder. 

Thus,  resolving  vertically,  we  obtain 

Q  =  i?j  coso  +  ^i  coBa+  ...—fiRi  sino  — /iiZjsiiia— ... 
=  (cosa— /usino)  (^, +i?2+ ...), 

i.e.,  Q  =  (coso— ^sina,  2(-B)     (i.)» 

where  2  denotes  summation. 

Again,  taking  moments  about  the  axis  of  the  screw,  we  notice  that 
Q  and  the  vertical  resolved  forces  do  not  tend  to  turn  the  screw ; 
while  the  he  rizontal  resolved  forces,  being  regarded  as  tangential  to 
the  cylinder,  are  at  a  perpendicular  distance  r  (approximately)  from 
the  axis. 

Thufl     Fa  =  ri?i  sin  a  +  rIL  sin  o  +  . . .  +  r/iff ,  cos  a  +  r/^fij  cos  a  +  . . . 

=  r  (sin  a  4  ^  cos  a)  2  (i2) (ii.). 

From  equations  (i.)  and  (ii.),  we  find 

p  —   L  sin  a  +  fi  cos  a  q 

a   coso— /isina 

But,  if  B  be  the  angle  of  friction  /x  =  tan  B ;  thus 

p  _  j[^  sin  a  '■  cos  a  tan  9  q  _  ^  sin  a  cos  B  +  cos  a  sin  B  q 

a  cosa— sin  atan  e  a  cos  a  cos  0— sin  a  sin  0 

r  sin  (a  +  0)  ^        r      ,       ,       „.  ^  ,  . , 

= -f  Q=  —  .tan(a+0)  Q     (4). 

a  cos  (a  +  0)  a  ' 

If  b  denotes  the  step  or  ditt&nce  between  two  threads  (flj,  Ci), 

b 
tana  =    —    (5), 

whence  a  may  be  found. 


CoK.  I. — If  the  !-crew  is  smooth,  0  =  0; 

a 
agreeing  with  the  result  of  §  132 


P  =  -  tan  «  Q  =  ^  [from  (5)], 


*  If  the  thread  were  triang-ular,  the  reactions  R  would  act  as  in  Fig.  177,  and 
would  not  be  tangential  to  the  cylinder. 
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Cor.  II. — Comparing  the  last  two  results,  we  see  that  the  effect  of 
friction  is  equivalent  to  increasing  the  inclination  of  the  thread  to  the 
horizon  by  the  angle  of  friction. 

Cor.  III. — Substituting  in  (4)  the  value  of  tan  o  from  (5),  and  /nfor 
tan  5,  we  obtain 

p^    r    j/27rr  +  u  ^  ^   r    b  +  2jm.  ^^   > 

a    l—nbJ2nr  a    2irr—bfji 

232.  In  like  manner  we  can  consider  the  case  in  which  the  screw  is 
on  the  point  of  untwisting,  by  supposing  that  the  friction  acts  up  the 
screw.  In  this  case,  ii  a>d,  the  force  required  to  prevent  the  press 
from  unscrewing  itself  under  the  action  of  Q  will  be  given  by 

P=  rtan(o-0)Q/«. 
11  a<6  (as  is  usually  the  case  in  practice) ,  the  force  required  to 
unscrew  the  press  will  be  given  by 

P=  rtan  {e-a)Q/a. 

Summary  of  Results. 

The  magnitude  of  the  limiting  friction  depends  only  on 
the  roughness  of  the  surfaces  in  contact,  and  the  normal 
thrust  between  them  ; 

F^fiB   (1); 

fi=  ta.uO    (2). 

The  least  force  parallel  to  the  plane  which  will  pull  a 
body  up  a  rough  iiicUned  plane  is 

Tr(sina+/x  cosa)  (3). 

In  the  rough  screw  press  with  a  narrow  rectangular 
thread,  P  =  r  tan  (a  +  O)  Q/a  (4). 


EXAMPLES  XV. 

1.  A  bead  runs  on  a  rough  circular  wire  whose  plane  is  vertical;  if 
)•  is  the  radius  of  the  circle,  and  0  the  angle  of  friction,  prove  that  the 
bead  can  be  in  equilibrium  at  any  point  of  a  certain  arc  whose  length 
is  2re. 

2.  The  radius  of  a  screw  is  2  ins.,  its  step  is  88/21  ins. ;  the  coeffi- 
cient of  friction  between  the  screw  and  the  groove  in  which  it  runs  is 
1/7  ;  determine  the  mechanical  advantage  when  worked  by  an  arm 
2  ft.  long. 


THE    LAWS   OP   FRICTION.  239 

3.  Determine  the  mechanical  advantage  of  a  screw  if  the  radios  of 
the  screw  is  rin.,  the  step  bin.,  the  arm  a  in.,  and  the  coeflBcieot  of 
friction  fi. 

4.  Determine  the  least  force  parallel  to  the  plane  which  wiU  poll  a 
mass  of  4  lbs.  up  a  rough  plane  at  an  inclination  of  30°  to  the  horizon, 
if  the  angle  of  friction  is  30^. 

0.  Determine  the  least  force  parallel  to  the  plane  which  will  prevent 
a  mass  of  4  lbs.  from  sliding  down  a  rough  plane  inclined  to  the 
horizon  at  an  angle  of  60°,  if  the  angle  of  friction  is  30". 

6.  Determine  the  least  force  parallel  to  the  plane  which  will  pull  a 
mass  of  20  lbs.  down  a  rough  plane  at  an  inclination  of  30°  to  the 
horizon,  if  the  angle  of  friction  is  60'. 

7.  If  the  least  force  parallel  to  the  plane  which  will  pull  a  weight 
up  a  rough  plane  inclined  at  an  angle  of  45°  to  the  horizon  is 
V2  times  the  weight,  find  the  cotfBcient  of  friction. 

8.  A  beam,  a  in.  broad  and  b  in.  thick,  is  lying  on  a  rough  plane 
parallel  to  one  edge.  If  the  plane  be  gradually  tilted  up  about  this 
edge,  prove  that  the  beam  will  slide  before  rolling  ii  a>  bfi. 

9.  Prove  that,  to  move  a  particle  resting  on  a  rough  horizontal 
plane  with  the  least  possible  efEort,  the  force  should  be  applied  in  a 
direction  inclined  to  the  plane  at  the  angle  of  friction. 

10.  Prove  the  same  result  for  moving  a  particle  up  a  rough  inclined 
plane. 

11.  A  ladder  resting  against  a  rough  wall,  and  on  a  rough  ground, 
is  on  the  point  of  slipping  when  the  distance  of  its  foot  from  the  wall 
is  one-half  of  its  length.  Determine  the  coeflBcients  of  friction  with 
the  ground  and  with  the  wall,  respectively.  Given  that  their  product 
is  -16. 

12.  A  ladder  on  a  rough  ground,  against  a  rough  wall,  is  on  the 
point  of  slipping  down  if  the  top  of  the  ladder  is  four  times  as  far 
from  the  bottom  of  the  wall  as  is  the  bottotn  of  the  ladder.  The 
coefficient  of  friction  with  the  ground  is  •12  ;  determine  that  with  the 
wall. 
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13.  The  two  ends  of  a  heavy  uniform  beam  are  in  contact  with  two 
planes  inclined  at  angles  of  60°  and  30°  to  the  horizon,  respectively. 
Prove  that  the  beam  can  just  rest  horizontally,  if  either  plane  is 
smooth,  and  the  angle  of  friction  of  the  other  is  30". 

14.  A  heavy  uniform  beam  rests  with  one  end  on  a  rough  horizontal 
plane,  and  the  other  on  an  equally  rough  plane  inclined  at  60°  to  the 
horizon.  If  the  beam  is  on  the  point  of  slipping  down  when  inclined 
at  30°  to  the  horizon,  show  that  the  coefficient  of  friction  is  determined 
from  the  equation   /i-  +  4/x  \^3  -  3  =  0. 

15.  If  the  beam  in  the  last  question  can  just  rest  horizontally  when 
both  planes  are  rough,  prove  that  the  sum  of  the  two  angles  of  friction 
is  30°. 

16.  A  cylinder  rests  on  a  perfectly  rough  horizontal  plane ;  leaning 
against  it  is  a  heavy  bar,  hinged  to  the  horizontal  plane  at  one  end. 
If  6  be  the  angle  of  friction  for  the  bar,  find  the  greatest  angle  at 
which  the  bar  can  be  inclined  to  the  plane. 

17.  A  square  lamina  is  standing  upright  on  a  rough  horizontal 
plane.  A  string  is  attached  to  one  of  the  upper  corners,  and  pulled 
with  slowly  increasing  force  in  a  direction  at  right  angles  to  the 
diagonal  through  that  corner.  Prove  that  the  lamina  will  tilt  before 
it  slides  if  the  coefficient  of  friction  is  greater  than  -3. 

18.  A  particle  is  tied  to  one  end  of  a  light  string,  the  other  end  of 
which  is  fixed  to  a  point  in  a  rough  plane  inclined  to  the  horizon  at 
an  angle  a,  which  is  greater  than  the  angle  of  friction  6.  Prove  that 
the  particle  cannot  remain  at  rest  if  the  angle  between  the  string 
and  the  line  of  greatest  slope  is  greater*  than 

sin-*  (tan  6 cot  a). 

19.  A  uniform  bar  AB,  of  weight  JF,  rests  in  a  horizontal  position 
with  the  end  A  against  a  rough  wall,  being  supported  by  a  string  con- 
necting its  middle  point  with  a  point  of  the  wall  vertically  above  A  at 
a  distance  equal  to  ^AB.  Prove  that,  if  a  weight  m  TF  be  suspended 
from  B,  the  horizontal  and  vertical  components  of  the  reaction  of  the 
wall  at  A  will  bo  (2w  +  1)  ^and  nJF,  respectively. 

*  sin  ' '  ar  denotes  the  angle  wliose  .sine  is  x,  just  as  tan  " '  /a  denotes  the  angle  whose 
tangent  is  ij..    (§  227,  Def.  1.) 


CHAPTER  XVII. 


FUKTHER  DETERMINATIONS  OF  THE  CENTRE 
OF  GRAVITY. 

233.  To  find  the  coordinates  of  the  CO.  of  a 
triangle  referred  to  any  two  lines  at  right  angles  in  its 
plane. 

Let  (a^,  y,),  (xj.  ?/,),  (a!j,  ?/s)  be  the  coordinates  of  the 
three  vertices  ABC,  so  that  OK  =  x^,  KA  =  y^,  &c. 


Fig.  180. 
Then  the  required  c.G.  is  the  c.G.  of  three  equal  weights 
placed  at  A,  B.  0.     Taking  each  of  these  equal  weights  to 
be  unity,  the  formulae  of  §  174  give 


^  3 


y-      3     • 


ADV.  STAT. 
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234.  The  formulae  of  §  174,  quoted  above,  determine  the 
centre  of  gravity  of  a  number  of  weights  or  bodies  whose 
centres  of  gravity  are  all  in  one  plane,  referring  their 
positions  to  two  straight  lines  at  right  angles  in  that 
plane.  These  formulae  can  be  expressed  in  the  2  notation 
very  briefly  thus : 

-  _  S  (wx)  ^(wy) 

^{w)'  ^  2  (to)  ' 
We  shall  now  prove  that  similar  expressions  can  be 
used  to  find  the  C.G.  of  a  body  from  which  part  has  been 
cut  off,  with  only  this  difference,  that  the  weight  of  the 
portion  removed  has  a  minus  sign  prefixed  to  it  both  in  the 
numerator  and  denominator  of  the  fraction. 

235.  To  find  the  C.G.  of  a  body  from  which  part 
has  been  cut  off,  referred  to  two  lines  at  right  angles 

in  the  same  plane  with  the  c.G.  of  the  whole  and  that  of  the 
part. 

Let  A  be  the  c.G.  of  the  whole  body,  W  its  weight,  and 
let  a  portion  of  weight  w  be  removed,  whose  C.G.  before 


Fig.  181. 
removal  is  at  B.     It  is  required  to  find  G,  the  c.G.  of  the 
remaining  portion. 

Let  OX,  OK  be  two  straight  lines  at  right  angles  in  the 
same  plane  with  A,  B,  G,  and  let  the  distances  of  A,  B 
from  OV  be  Xq,  x^.  Let  ce  be  the  required  distance  of  G 
from  or. 

Then  the  whole  body  (weight  W)  is  made  up  of  the 
portions  w  and  W—  w,  whose  centres  of  gravity  are  at  G 
and  B.  Hence,  if  OV  be  placed  vertical,  the  equation  of 
moments  about  0  gives,  in  the  notation  of  the  figure, 

WxOK=wxOL+  (W-w)xOM, 
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or    JVj:q  =  {\V—w)x+icXi,  whence  (TF—fp)^  =  Wx^—icx^; 

W-w    ' 
Again,  let  x/q,  3/j,  y  be  the  distances  of  A,  B,  G  from  OX 
(i.e.,  the  distances  KA,  LB,  MG)  ;  then,  by  turning  the  body 
and  axes  round  till  OX  is  vertical  and  downwards,  we 
obtain,  in  like  manner. 


y 


W—to 


The  distance  of  L  from  EH  is  3  ins. ;  also 
EH  is  2  ins.  distant  from  AD  : 


£x.  1. — From  one  comer  of  a  square  lamina  ABCD,  whose  side  is- 
8  ins.,  a  smaller  square  EBFC  is  cut  off,  whose  side  is  6  ins.  To  find 
the  distance*  of  the  c.g.  of  the  remaining  part  from  the  sides  AD,  DC 

Let  K  be  the  c.g.  of  the  lai^,  and  L  that 

of  the  small,  square. 

The  weights  of  the  whole  sqiiare  and  the 
part  removed  are  proportional  to  their  areas, 
«.'-  ,  as  64  :  36,  or  16  :  9. 

We  may,  therefore,  denote  them  by  IGw 
and  9w,  respectively,  where  tc  is  some 
constant. 

The  distance  of  K  from  AD  is  4  ins. 

Sin 

Fig.  182. 

the  distance  of  L  from  AD  is  3  +  2  ins.  =  5  ins. 
Hence,  if  z  be  the  required  distance  of  the  c.o.  from  AD  in  inches, 
_  16tc  X  4  — 9icx  5 
~        16«r-9M; 
64-45  ^19 
7  7* 

The  required  c.o.  is  therefore  2f  ins.  from  AD,  and,  evidently  (by 
symmetry),  it  is  also  2f  ins.  from  DC. 

Ex.  2. — To  apply  the  present  method  to  the  folded -over  square  of 
Ex.  1,  p.  177. 

The  figure  in  question  may  be  regarded  as  formed  by  taking  the 
whole  square,  removing  the  triangle  AEF,  and  adding  the  triangle 
EOF.  If  X  denote  the  distance  of  the  c.g.  to  the  right  of  0,  we  may 
write  X  down  at  once  by  the  formula 

^^  Wy<.{)-\WxOK+iTrxOL 
TF-iJF-riTF 
=  -iOK+iOL  =  -i.f»  +  i.ia=  -^, 
and  the  minus  sign  shows  that  G  is  -^  to  the  left  of  Q. 
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236.  A  frustnm  of  a  pyramid  or  cone  is  the  portion 
included  between  the  base  and  any  plane  drawn  parallel 
to  it. 

In  Fig.  183  the  lower  portion  of  the  pyramid  OABCD,  cut  off  by  the 
plane  abed,  is  called  a  frustum  of  the  pyramid. 

Before  applying  the  method  of  the  last  article  to  find  the  c.g.  of  a 
frustum  of  a  pyramid  or  cone,  it  will  be  necessary  to  compare  the 
volume  of  the  whole  pyramid  OABCD  with  that  of  the  upper  pyramid 
Oabcd  cut  off,  and  we  shall  now  prove  that  these  volumes  are  in  the 
ratio  of  the  cubes  of  the  heights  of  the  pyramids. 

For,  if  H,  h  be  the  heights,  V,  v  the  volumes, 

vol.  OABCD  :  =  i-H'x  area  ABCD  and  vol.  Oabcd  =  ^hx  area  abed. 

Now  the  areas  ABCD,  abed  are  similar  ; 

.-.     area  ABCD  :  area  abed  =  AB^  :  ab-  =  OB-  :  06-  ='  IP  :  h'^ ; 
.:     V  :  V -r.  Hi  :  hi. 

The  same  result  may  be  proved  similarly  for  a  cone 


237.  To  find  the  C.G-.  of  a  frustum  of  a  pyramid  or 
cone. — Let  0  be  the  vertex,  P  the  c.g.  of  the  base  of  the 
pyramid.  Then,  if  OP  cuts  the  plane  of  section  of  the 
frustum  (abed)  in  p,  the  point/?  is  the  C.G.  of  the  base  of 
the  upper  pyramid  cut  off'. 

Hence  the  c.G.'s  of  the  whole  pyramid  and  that  of  the 
part  cut  off"  are  on  OP,  and  their  distances  from  0  are  ^^0P 
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and  ^Op,  respectively.  Also  the  weights  of  the  two 
pyramids  are  in  the  ratio  of  their  volumes,  and  therefore 
as  OP^  :  Op^,  since  OP,  Op  are  evidently  either  equal  or  at 
any  rate  proportional  to  their  altitudes.* 

Therefore  the  c.G.   of  the  frustum  is  in    OP,  and  its 
distance  from  0  is  given  by 

QP  ^  OP'  X  0P-Op'  X  ^Op 
OP'-Op' 

Or,  if  a,  h  denote  the  lengths  OP,  Op,  respectively, 
0G  =  -  -^^  ==  ?-  (ff'  +  ^')(f''  +  b) 


238.  To  determine  the  centre  of  gravity  of  a 
circular  arc. — Let  ABC  be  a  uniform  wire  in  the  form  of 
a  circular  arc  (Fig.  184)  ;  let  B  be  the  middle  point,  and 
0  the  centre  of  the  circle.  Join  OB,  AC,  and  draw  NOM 
perpendicular  to  OB,  and,  therefore,  parallel  to  AC  Let 
G  be  the  centre  of  gravity,  which  lies  on  OB  (by  symmetry). 


*  In  a  ri<jht  eone  or  regular  pyramid  OP  is  perpendicular  to  the  base, 
and  OP,  Op  are  the  altitudes  of  the  whole  and  ttie  upper  part. 
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Let  r,  c,  and  s  be  the  lengths  of  the  radius,  the  chord  AC, 
and  the  arc  ABC,  respectively. 

Now  suppose  the  wire  divided  into  a  large  number  of 
parts  each  of  which  is  so  small  that  it  may  be  regarded  as 
a  straight  line.  Let  PQ  be  one  of  these  parts,  and  R  its 
middle  point.  Draw  PS,  QT  perpendicular  to  AC,  and 
PI/,  RU  perpendicular  to  QT,  OB,  respectively.     Join  OR. 

Let  the  weight  of  unit  length  of  the  wire  be  w.  Then 
the  weight  of  the  arc  PQ  =  w  .  PQ  ;  and  this  weight  may 
be  collected  at  R ;  also  the  distance  of  R  from  Ml\l  =  OU. 

Thus  06  =  distance  of  the  centre  of  gravity  from  Ml\l 
^^^{(w^PQ)MJj  ^  %{PQ.OU) 
^{xv.PQ)  MPQ) 

(Cf.  §  174) 
But  %  (PQ)  =  arc  ABC  =  s. 
Again,  since  the  sides  of  the  triangle 
Pl/Q  are  respectively  perpendicular  to 
the  sides  of  the  triangle  OUR,  there- 
fore these  two  triangles  are  similar ; 
thus  PQ.PI/  =  OR:OU; 

whence       PQ.OU  =  P]/.  OR. 
Thus    %{PQ.OU)  =  ^{PV.OR) 
=  r^(PI/)=:r^(Sr) 

=  r.AC  =  re. 


Thus,  from  (a), 


0G  =  rc/8  (1). 


Let  2fl  be  the  circular  measure  of  the  angle  subtended  by  the  arc  at 
0  80  that    Z  BOA  =  6.      Then  c  =  2AD  =  2r  sin  6,  and    arc  s  =  2re. 


Therefore 


0G  = 


e 


(la). 


[When  6  is  very  small,    sin 
fore,  06  =  >',  as  it  should  be.] 


=  1  by  Trigonometry,  and,  there - 


CoK. — Tlie  O.G.  of  a  semi-circular  arc  is  found  by  putting 
=  iv,  and,  therefore,  06  =  2r/-rr. 
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239.  To  find  the  centre  of  gravity  of  the  area  of 
a  sector  of  a  circle.— Let  AOP  be  the  sector,  and  let  its 
radius  be  r.  Divide  AP  into  a  number  of  equal  arcs  AB, 
BC,  CD,  so  small  that  each  may  be  regarded  as  (approxi- 
mately) straight.     By  joining  the  points  of  section  to  0, 

J. 


.     Fig.  185. 

the   sector  ■will   be   divided   into  narrow  equal  isosceles 
triangles  >40i5,  BOG,.... 

Now  the  c  G.  of  each  of  these  triangles  is  a  distance  from 
0  of  f  its  median  line  (§  168),  that  is,  fr.  Hence  these 
C.G.'s  all  He  on  a  circular  arc  of  radius  fr.  Replacing  each 
triangle  by  a  particle  of  same  mass  at  its  CO.,  the  whole 
sector  will  be  replaced  by  a  number  of  equal  particles 
evenly  di.'?tributed  along  this  circular  arc,  and  when  the 
bases  AB,BC,...  are  made  infinitely  small,  this  distribution  of 
particles  becomes  a  uniform  circular  arc  with  centre  0  and 
radius  f  r,  and  of  the  same  angle  as  the  original  sector 
This  arc,  therefore,  has  the  same  c.G.  as  the  original  sector 
and  the  distance  of  this  c.G.  from  0 

=  lr^^ (2). 

3         0 

26  being  the  angle  of  the  sector  expressed  in  radians. 

Cor.  1. — The  CO.  of  a  semi-ciircalar  area  is  found  by  putting 
26  =  IT  and   .••  sin  0=1;  hence  its  distance  from  the  centre  =  ^r/Str, 

Cor.  2. —  The  c.G.  of  a  segment  of  a  circle  ABC  (Fig.  182)  is  the 
portion  which  is  left  when  the  triangle  OAC  is  cut  away  from  the 
sector  OABC.     Hence  the  c.G.  can  be  found  by  the  formula  of  }  235. 
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240.  Before  finding  the  centre  of  gravity  of  the  surface  of  any  zone 
of  a  sphere,  it  will  be  necessary  to  prove  the  following  lemma  : 

Lemma. — The  surface  area  of  any  zone  of  a  sphere  cut  off 

between  two  parallel  planes   is  equal  to  that  which  the  planes  intercept 
on  a  circumscribing  cylinder  to  whose  axis  they  are  perpendicular. 

Fig.  186  represents  the  sectional  view  of  a  sphere,  with  a  cylinder 
CDD'C  circumscribing  it,  whose  axis  coincides  with  the  radius  OA  of 
the  sphere.  H,  K  are  two  points  on  OA  which  we  shall  firstly  suppose 
to  be  very  near  to  one  another ;  through  H,  K  two  planes  are  drawn 
both  perpendicular  to  OA .  We  have  to  prove  that  the  area  of  the 
zone  of  the  sphere  included  between  these  two  planes  is  equal  to  the 
area  of  the  zone  of  the  circumscribing  cylinder  included  between 
them. 

Firstly,  to  find  the  area  of  the  zone  of  the  circumscribing  cylinder, 
we  have 

breadth  of  zone  =  FG  =  HK; 
distance  round  the  zone 
=  circumf.  of  a  circle  of  rad.  EH 
=  27r  .  f //  =  2ir  .  r  ; 
.*.     area  =  2w  .r%  HK. 
Secondly,  to  find  the  area  of  the 
zone  of  the  sphere,  we  have 


RT 


EFC 


E'F'C 


breadth  of  zone  =  PQ ; 
distance  round  the  zone 
='  circumf.  of  a  circle  of  rad, 
=  2n.RT; 
.-.    area  =  2ir./?7"xP^. 
But,  by  similar  As,  PSQ,  OTR,  Fig.  186. 

PQ:QS  =  OR:  RT; 
.-.    PQ.RT=QS.OR  =  HK.r. 
This  proves  that  the  two  areas  are  equal. 

When  the  bounding  planes  EE,  FF  are  not  very  near  together 
(Fig.  187),  the  zones  may  be  divided  into  very  narrow  slices  by 
duawing  a  number  of  parallel  planes  at  small  distances  apart,  thus 
dividing  the  axis  HK  into  an  infinitely  large  number  of  infinitely 
small  portions.  Each  small  zone  of  the  sphere  is  equal  to  the 
corresponding  zone  of  the  cylinder,  and  therefore  the  same  is  true 
for  the  entire  zones. 

CoR. — By  dividing  the  whole  area  of  the  sphere  into  narrow  zones 
by  a  series  of  planes  perpendicular  to  OA,  we  can  show  that  the  area 
of  the  sphere  is  equal  to  the  corresponding  area  of  the  circumscribing 
cylinder  ;  and,  since  the  height  of  the  corresponding  portion  of  the 
cylinder  is  2r,  this  area  becomes  2irr  x2r  =  iirr^. 
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240.  To  determine  the  centre  of  gravity  of  a  r^ne 
of  tixe  surface  of  a  sphere. 

Suppose  Fig.  186  to  reprefent  a  thin  spherical  shell,  and 
a  circumscribing  cylinder  made  of  exactly  the  same  ma- 
terial. Then,  since  the  areas  of  the  narrow  zone  of  the 
sphere  and  the  narrow  zone  of  the  cylinder  are  equal, 
their  masses  are  also  equal ;  also  they  have  the  same 
centre  of  gravity,  viz.,  7". 

It  follows  that  in  any  problem  dealing  with  centre  of 
gravity  we  can  replace  the  mass  of  the  narrow  spherical 
zone  by  the  mass  of  the  corresponding  cylindrical  zone. 

Now,  in  Fig.  187,  we  are  required  to  find  the  centre  of 
gravity  of  the  spherical  zone  FHKL,  included  between  the 
planes  through  P  and  Q  perpendicular  to  OA. 


Fi-.  1S7. 


Divide  this  zone  up  into  a  large  number  of  narrow  zones 
by  planes  perpendicular  to  OA  ;  we  can  then  replace  each 
narrow  spherical  zone  by  the  corresponding  zone  on  the 
cylinder  without  altering  its  ma«5s  or  the  position  of  its  C.G 
Thus  we  see  that  the  centre  of  gravity  of  the  spherical 
zone  FHKL  is  the  same  as  that  of  the  cylindrical  zone  RSTU; 
and  the  centre  of  gravity  of  the  latter  is  obviously  G,  the 
middle  point  of  PQ. 

Thus  the  centre  of  gravity  of  a  spherical  zone  is  the  middle 
point  of  its  axis  (3). 

Cor. — Tlie  C.G.  of  a  hemi  spherical  bowl  is  at  a  distance  of 
Jialf  the  radius  from  the  centre,  as  the  same  argnment  proves. 
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Fig.  188. 


241.  To  find  the  C.G.  of  a  sector  of  a  solid  sphere. 

[Definition. — A  sector  of  a  sphere  is  the 
portion  of  a  solid  sphere  bounded  by  the 
surface  of  a  (right  circular)  cone  whose 
vertex  is  the  centre  of  the  sphere.  (Fig.188.)] 

Draw  a  network  of  lines,  dividing  up  the 
spherical  surface  of  the  sector  into  areas  so 
small  that  each  is  approximately  a  plane 
area.  These  small  areas  will  subtend  at  the  centre  of  the 
sphere  pyramids  of  which  the  sector  is  built  up,  and,  if  r 
is  the  radius  of  the  sphere,  the  C.G.  of  each  sector  is  at  a 
distance  |r  from  the  centre. 

Hence  each  pyramid  may  be  replaced  by  an  equal  mass 
at  its  C.G.,  and  these  masses  will  lie  on  a  spherical  cap  of 
radius  fr,  bounded  by  the  cone  which  bounds  the  sector. 
Moreover,  each  mass  is  proportional  to  the  area  of  the  base 
of  the  pyramid,  and  therefore  also  to  the  area  on  which  in 
stands  on  the  spherical  cap  of  radius  f  r,  proving  that  the 
distribution  of  matter  over  this  cap  is  uniform.  Sence  the 
C.G.  of  the  sector  is  the  C.G.  of  the  corresponding  uniform 
spherical  cap  on  a  concentric  sphere  of  radius  fr. 

It  may  be  constructed  as  follows  : 


Let  AOBC  represent  the  sector  seen  in  Fig.  188. 
Then  the  c.g.  of  the  surface  of  the  .cap  ACB  is  at  the  middle  point 
of  CD,  and  its  distance  from  0  is  =  \{OC  +  OD).     (See  §  236.)    Also 
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the  c  G.  of  the  sector,  being  the  c.  g.  of  a  cap  of  f  the  radius,  is  at  a 
distance  from  0  of  f  this  amount. 
Hence,  if  6  be  the  required  c.o., 

OG  =  f  (OC  +  00} ; 
or,  if  0  =  Z  COA  =  semi-Tertical  Z  of  bounding  cone  AOB, 

OG  =  h-[l  +  cos  6). 

Cob.  1.     Tlie   C.9.  of  the  volame  of  a  hemispliere  is  at  a 

distance  from  the  centre  of  f  the  radius. 

Cor.  2.  Tlie  c.G.  of  the  volume  of  the  tegmettt  of  the  tphere  ACBD 
may  be  found  by  regarding  it  as  the  portion  left  when  the  cone  AOBD 
is  removed  from  the  sector  AOBC,  the  volumes  and  c.g.'s  of  the  whole 
and  the  removed  part  being  known. 


Summary  of  Results. 

Distance  from  the  centre  of  the  c.G.  of  a  circular  wire 
re         sin  6  x-n 

=  7='--r w- 

For  a  circular  sector  the  distance  of  the  c.G.  from  the 
centre  is  f  that  of  the  arc  on  which  the  sector  stands 

.(2). 

Centre  of  gravity  of  a  spherical  zone  is  at  the  middle 
point  of  its  axis (3). 

For  a  spherical  sector  the  distance  of  the  c.G.  from  the 
centre  =  f  that  of  the  spherical  cap  on  which  the  sector 
stands (4). 

EXAMPLES  XYII. 

1.  Explain  how  to  find  the  c.G.  of  a  segment  of  a  circle  greater  than 
a  semi -circle. 

2.  Determine  the  centre  of  gravity  of  a  homogcDeous  hemisphere 
of  radius  r,  from  which  a  concentric  hemispherical  portion  of  radius 
iv  has  been  scooped  out. 

3.  Prove  that,  if  a  segment  be  cut  oflF  from  a  solid  sphere  of  radius  a 
by  a  plane  distant   b  from  the  centre,  the  c.g.  of  the  segment  is  at  a 

distance  from  the  centre  of         _J£+__L 

4(2a  +  J) 
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4.  If  a  cone  be  placed  with  its  base  in  contact  with  a  smooth  inclined 
plane,  and  be  prevented  from  slipping  by  a  horizontal  force  applied  at 
the  apex,  give  a  diagram  showing  the  arrangement  of  the  forces  acting 
on  it. 

Also,  if  the  inclination  of  the  plane  be  45°,  and  the  radius 
of  the  base  be  equal  to  -375  of  the  altitude,  prove  that  the  cone 
will  be  on  the  point  of  toppling  over. 

6.  A  truncated  cone  is  bounded  by  plane  faces,  perpendicular  to  the 
axis,  of  diameters  4  ft.  and  5  ft.,  respectively,  and  rests  with  its 
smaller  face  upon  a  horizontal  plane.  A  uniform  plank  of  length  6  ft. 
is  laid  upon  the  upper  surface,  its  middle  point  coinciding  with  the 
centre  of  the  latter,  and  is  just  tilted  by  a  vertical  force  at  one  of  its 
extremities.  Prove  that  the  truncated  cone  will  not  be  moved  provided 
its  weight  be  not  less  than  f  of  the  weight  of  the  plank. 

6.  Find  the  centre  of  gravity  of  a  quadrilateral  lamina,  two  of 
whose  sides  are  parallel  and  one  of  them  double  of  the  other,  calcula- 
ting its  distance  from  the  point  where  the  other  pair  of  sides  meet 
when  produced. 

7.  The  uniform  quadrilateral  A  BCD,  right-angled  at  A  and  obtuse- 
angled  at  B,  is  bisected  by  the  diagonal  AC.  If  it  rest  with  the 
side  AB  on  a  horizontal  plane,  prove  that  BM  must  be  less  than  ^AB, 
where  M  is  the  foot  of  the  perpendicular  from  C  on  AB  produced 
through  B. 

8.  Prove  that  a  thin  hemispherical  bowl  can  rest  in  equilibrium 
with  its  curved  surface  in  contact  with  a  roagh  inclined  plane,  if  the 
inclination  does  not  exceed  30°. 
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EXAMINATION   PAPEE   VIII. 

1.  State  the  laws  of  friction,  and  explain  what  is  meant  by  limiting 
friction,  coefficient  of  friction,  angle  of  friction. 

2.  A  rigid  body  of  any  form  being  supposed  to  rest  on  a  rough 
horizontal  plane  ;  given  the  coefficient  of  friction  between  it  and  the 
plane,  determine,  in  direction  and  magnitude,  the  least  force  which, 
acting  through  its  centre  of  gravity,  will  just  move  it. 

3.  A  body  of  weight  W  is  held  in  equilibrium  on  a  plane  of  inclina- 
tion 37i^  by  a  force  applied  horizontally.  If  the  angle  of  friction  be 
7^^,  construct  a  triangle  of  forces  from  which  (or  otherwise)  calculate 
the  greatest  and  least  values  of  the  horizontal  force  consistent  with 
equilibrium. 

4.  A  uniform  rod  of  given  length  is  to  be  supported  in  a  given 
inclined  position,  with  its  upper  end  resting  against  a  rough  vertical 
wall,  by  means  of  a  string  attached  to  the  lower  end  of  the  rod  and  to  a 
point  of  the  wall.  Find,  by  a  geometrical  construction,  the  highest 
and  lowest  points  of  the  wall  to  which  the  string  can  be  attached. 

5.  Prove,  by  any  method,  the  condition  for  equilibrium  in  the 
common  screw  press,  friction  being  taken  into  account. 

6.  Find  the  centre  of  mass  of  the  area  of  a  quadrilateral  the  coor- 
dinates of  the  angular  points  of  which  are  given. 

7.  Find  the  centre  of  mass  of  a  uniform  thin  bowl  of  hemispherical 
form. 

8.  From  the  position  of  the  c.g.  of  a  hemispherical  shell  deduce  the 
position  of  the  c.g.  of  a  solid  hemisphere. 

9.  Prove  that,  if  a  homogeneous  hemisphere  is  joined  to  a  cylinder 
on  the  same  base  and  of  the  same  material,  the  equilibrium  will  be 
stable  when  the  hemisphere  is  resting  on  a  horizontal  plane  if  the 
radius  of  the  base  is  greater  than  Vl  times  the  height  of  the  cylinder. 

10.  In  the  so-called  "  first "  and  third  systems  of  pulleys  (the  two 
systems  in  which  each  pulley  is  worked  by  a  separate  string),  prove 
that  the  mechanical  advantages  are  reduced  to  (1  +  m] "  and  (1  +  m) "  —  1, 
when  it  is  found  that  the  friction  of  the  rope  and  pulleys  causes  the 
tension  to  be  reduced  to  m  times  its  value  in  passing  round  a  pulley. 


EXAMINATION   QCTESTIONS 

IN 

STATICS   AND   DYNAMICS 
SCIENCE      AND      ART      PAPERS. 

1885. 

^  1.  Let  0  be  the  middle  point  of  BC,  a  side  of  the  triangle /I flC  ; 
join  AD  ;  let  forces  act  from  A  to  B,  A  to  0,  A  to  D,  and  from  B  to  C, 
and  let  them  be  proportional  to  the  lengths  of  those  lines  respectively  ; 
find  their  resultant  by  construction. 

2.  The  moment  of  the  resultant  of  two  forces  acting  at  a  point 
equals  the  algebraical  sum  of  the  moments  of  the  forces,  all  the 
moments  being  taken  with  respect  to  a  point  in  the  plane  of  the  forces  ; 
prove  this  in  the  case  when  the  point  is  so  chosen  that  all  the  moments 
have  the  same  sign. 

3.  Given  the  coordinates  of  the  points  at  which  two  parallel  forces 
act,  find  the  coordinates  of  their  centre. 

Equal  parallel  forces  act  at  the  angular  points  of  an  equilateral 
triangle  ABC  ;  find  their  centre,  (a)  when  the  forces  are  like  (or 
act  in  the  same  direction),  {b)  when  the  force  at  A  is  unlike  (or 
acts  in  the  opposite  direction  to)  the  other  two. 

4.  A  rod  (AB)  of  uniform  density  and  weight  TF  is  fastened  by  a 
hinge  at  A  to  the  lowest  point  of  a  hemispherical  bowl,  and  rests  with 
the  other  end  (B)  against  the  inner  surface  of  the  bowl ;  find  the 
pressure  on  the  bowl  at  B,  and  on  the  hinge  at  A,  the  length  of  the 
rod  being  equal  to  the  radius  of  the  bowl. 

5.  (a)  It  is  said  that  a  horse  can  do  about  13,200,000  ft.-lbs. 
of  work  in  a  day  of  8  hours,  walking  at  the  rate  of  2^  miles  per  hour. 
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What  pull  (in  pounds)  could  such  a  horse  exert  continuously  during 
the  working  day  ?  {b)  How  many  such  horses  would  be  required  to 
do  as  much  work  as  an  engine  of  10  horse-power,  working  day  and 
night  ? 

6.  (a)  A  body  in  motion  is  observed  to  increase  its  velocity  in  every 
second  by  o^ft.  per  sec.  ;  how  far  would  it  move  from  rest  in  12  sees.  ? 
If  the  body  has  a  mass  of  10  lbs.,  what  is  the  numerical  value  of  the 
force  producing  the  motion,  (b)  in  absolute  units,  (c)  in  gravitation 
units  ?  (^  =  32.) 

7.  A  particle  slides  along  a  rough  horizontal  plane;  find  the  re- 
tardation of  its  velocity. 

If  the  coefficient  of  friction  between  the  particle  and  the  plane 
is  0-05,  and  the  velocity  of  the  particle  at  a  certain  point  40  ft.  a 
second,  at  what  distance  from  that  point  will  it  come  to  rest,  and 
after  what  time  ? 

8.  Two  masses,  F  and  Q,  are  connected  by  a  fine  thread  passing 
over  a  perfectly  smooth  fixed  horizontal  cylinder ;  the  mass  of  P  is 
greater  than  that  of  Q  ;  P  is  allowed  to  descend  through  a  distance  h 
drawing  up  Q ;  at  the  instant  the  distance  has  been  described,  part  of 
P  falls  off,  leaving  only  P„  the  mass  of  which  is  less  than  that  of  Q  ; 
find  how  ftr  P,  will  descend. 

9.  A  particle,  whose  mass  is  4,  moving  with  a  velocity  12,  meets 
and  impinges  directly  on  a  particle  whose  mass  is  8  and  velocity  4  ; 
the  coefficient  of  restitution  is  0-5  ;  find,  from  first  principles,  their 
velocities  at  the  end  of  the  impact,  and  what  part  of  their  joint 
kinetic  energy  has  disappeared  in  the  impact. 

1886. 

1.  State  and  prove  the  rule  for  finding  the  resultant  of  two 
parallel  forces  acting  towards  the  same  part  on  a  rigid  body. 

Parallel  forces  of  10  and  20  iinits  act  towards  the  same  part  at 
A  and  B  ;  a  force  of  15  units  acts  from  A  to  B :  find  the  resultant 
of  the  three  forces,  and  show,  in  a  diagram,  how  it  acts. 

2.  Show  that  two  couples,  whose  moments  are  equal  and  of  opposite 
signs,  are  in  equilibrium  when  they  act  in  the  same  plane  on  a  rigid 
body. 

3.  ABCD  is  a  quadrilateral  figure,  P  and  Q  are  the  middle  points  of 
the  opposite  sides  AB  and  CD;  0  is  the  middle  point  of  PQ  ;  show  that 
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four  forces,  represented  by  OA,  OB,  OC,  OD  respectively,    are    in 
equilibrium. 

4.  (a)  ABC  is  a  rigid  equilateral  triangle  (whose  weight  is  put  out 
of  the  question)  ;  the  vertex  B  is  fastened  by  a  hinge  to  a  wall,  while 
the  vertex  C  rests  against  the  wall,  under  i5 ;  if  a  given  weight  W  is 
hung  from  A,  find  the  reactions  at  B  and  C. 

{b)  What  are  the  magnitude  and  direction  of  the  forces 
exerted  by  the  weight  on  the  wall  at  B  and  C  ? 

5.  Define  the  coefficient  of  friction. 

A  weight  of  500  lbs.  is  placed  on  a  table,  and  is  just  not  made 
to  slide  by  a  horizontal  pull  of  155  lbs.  ;  find  the  coefficient  of 
friction,  and  the  number  of  degrees  in  the  angle  of  friction  by 
drawing  it  to  scale  ;  or,  if  you  have  no  instruments,  explain  how 
to  calculate  the  number  of  degrees. 

6.  Find  the  relation  between  the  power  and  the  weight  in  the 
screw  press,  taking  into  account  the  friction  between  the  threads  of 
the  screw  and  of  the  companion  screw. 

7.  Define  a  foot-pound  of  work,  and  a  horse-power. 

A  steam-crane,  working  with  3  horse-power,  is  found  to  raise 
a  weight  of  10  tons  to  a  height  of  50  ft.  in  20  minutes  ;  what  part 
of  the  work  is  done  against  friction  ?  If  the  crane  is  kept  at 
similar  work  for  8  hours,  how  many  foot-pounds  of  the  work  are 
wasted  on  friction  ? 

8.  (a)  Find  the  position  of  a  body  at  the  end  of  a  given  time  from 
the  instant  at  which  it  is  thrown  with  a  given  velocity  in  a  given 
direction,  the  motion  being  supposed  to  take  place  in  vacuo. 

(b)  A  body  is  thrown  in  a  direction  making  an  angle  of  30° 
with  the  horizon,  and  passes  through  a  point  whose  horizontal 
distance  from  the  point  of  projection  is  400^/3  ft.,  and  vertical 
height  above  the  point  of  projection  76  ft. ;  find  the  velocity  of 
projection,     {g  =  Z2.) 

9.  A  particle,  whose  mass  is  10,  moving  with  a  velocity  5,  meets 
and  impinges  directly  on  another  particle  whose  mass  is  20  and 
velocity  3;  the  coefficient  of  restitution  is  0'125;  find  from  first 
principles  the  velocities  of  the  particles  at  the  end  of  the  impact. 

State  the  dj-namical  principles  employed  in  answering  this 
question,  and  define  the  coefficient  of  restitution. 
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10.  (a)  A  flywheel  weighs  10,000  lbs.,  and  is  of  such  a  size  that  the 
matter  composing  it  may  be  treated  as  ii  concentrated  on  the  circum- 
ference of  a  circle  12  feet  in  radius  ;  what  is  its  kinetic  energy  when 
moving  at  the  rate  of  15  revolutions  a  minute  ?   {^r  =  32,  ir  =  3-1416.) 
(b)  How  many  turns  would  it  make  before  coming  to  rest,  if 
the  steam  were  cut  off  and  it  moved  against  a  friction  of  400  lbs. 
exerted  on  the  circumference  of  an  axle  1  ft.  in  diameter  ? 

1E87. 

1.  Assuming  that  the  "parallelogram  of  forces"  is  true  for  the 
direction,  show  that  it  is  true  for  the  magnitude  of  the  resultant. 

Find  the  cosine  of  the  angle  between  the  directions  of  forces  of 
5  and  7  units,  which  have  a  resultant  of  8  units.  Show  that  the 
angle  itself  exceeds  90°. 

2.  When  a  force  and  a  couple  act  in  the  same  plane  on  a  rigid  body, 
find  their  resultant. 

Draw  a  square  ABCD  and  its  diagonal  AC  ;  two  forces  of  10 
units  act  from  A  to  B  and  from  C  to  D  respectively,  forming  a 
couple  ;  a  third  force  of  15  units  acts  from  Cto  A  ;  find  their 
resultant,  and  show  in  a  diagram  exactly  how  it  acts. 

3.  A  rod  is  supported  horizontally  on  two  points  A  and  B,  12  ft. 
apart ;  between  A  and  B  points  C  and  D  are  taken,  such  that  AC  = 
fiO  =  3  ft. ;  a  weight  of  120  lbs.  is  hung  at  C,  and  a  weight  of  240  lbs. 
at  D  ;  the  weight  of  the  rod  is  neglected  ;  take  a  point  0  midway 
between  A  and  B,  and  find,  with  respect  to  0,  the  algebraical  sum  of 
the  moments  of  the  forces  acting  on  the  rod  on  one  side  of  0. 

4.  A  lamina  of  uniform  density  has  the  form  of  a  quadrilateral  with 
two  sides  parallel ;  find  the  position  of  its  centre  of  gravity,  having 
given  the  lengths  of  the  parallel  sides  and  the  length  of  the  line 
joining  their  middle  points. 

5.  A  hemispherical  bowl  is  held  firmly  with  its  middle  radius 
vertical ;  a  uniform  rod  AB  is  fastened  by  a  hinge  to  the  lowest  point 
A  of  the  bowl,  and  is  so  long  that  its  middle  point  rests  upon  the  edge 
of  the  bowl ;  show  that  the  reaction  of  the  hinge  is  exerted  in  the 
direction  A  to  B,  and  find  that  reaction,  and  the  reaction  of  the  edge 
of  the  bowl  in  terms  of  the  weight  of  the  rod.  If  a  weight  were  placed 
at  B,  how  would  it  affect  the  direction  of  the  reaction  of  the  hinge  ? 

AUV.  STAT.  S 
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6.  Find,  without  using  the  principle  of  work,  the  relation  between 
the  power  and  the  weight  in  the  screw  press,  taking  into  account  the 
friction  between  the  threads  of  the  screw  and  the  companion  screw. 

7.  A  shaft,  560  ft.  deep  and  6  ft.  in  diameter,  is  full  of  water; 
how  many  foot-pounds  of  work  are  required  to  empty  it,  and  how 
long  would  it  take  an  engine  of  3^  horse-power  to  do  the  work  f 
(N.B. — Of  course,  it  is  to  be  assumed  that  there  is  no  flow  of  water 
into  the  shaft.     Take  ir  =  3-f .) 

8.  Find  the  ratio  of  the  height  to  the  length  of  a  smooth  inclined 
plane,  down  which  a  particle  slides  when  the  acceleration  of  its  velocity 
is  one-fifth  of  the  acceleration  of  the  velocity  of  a  body  falling  freely 
under  the  action  of  gravity. 

If  such  a  particle  has  a  mass  of  12  lbs.,  find  its  velocity  and 
its  kinetic  energy  acquired  in  descending  along  100  ft.  of  the 
length  of  the  plane,     (g  =  32.) 

9.  A  particle  describes  a  circle  with  a  constant  velocity  ;  show  that 
the  force  acting  upon  it  is  always  directed  to  the  centre,  and  find  the 
magnitude  of  the  force  in  terms  of  the  radius  of  the  circle,  and  the 
mass  and  velocity  of  the  particle. 

10.  (a)  Define  the  moment  of  inertia  of  a  system  of  particles.  Find 
the  moment  of  inertia  of  a  rod  of  uniform  density,  with  reference  to 
an  axis  passing  through  one  end  at  right  angles  to  its  length. 

(i)  A  rod,  6  ft.  long,  weighing  12  lbs.,  revolves  uniformly  30 
times  a  minute  about  an  axis  at  right  angles  to  its  length  and 
passing  through  one  end  ;  find  its  kinetic  energy. 

1888. 

1 .  If  iZ  is  the  resultant  of  two  forces  P  and  Q,  acting  at  A,  assum- 
ing the  Parallelogram  of  Forces,  show  that 

i?2  =  P2  +  Q-2  +  2  PQ  cos  PAQ. 
Two  forces,  in  the  ratio  of  1  to  3,  have  a  certain  resultant  when 
their  directions  contain  a  certain  angle  ;  the  square  of  the  result- 
ant is  doubled  if  the  direction  of  one  of  the  forces  is  reversed  ; 
find  the  angle.     (N.B.— 9  sin  33°  43'  =  6.) 

2.  If  two  forces  act  at  a  point  and  their  moments  are  taken  with 
respect  to  any  point  in  their  plane,  the  algebraical  sum  of  their 
moments  will  equal  the  moment  of  their  resultant  taken  with  respect 


EXAMINATION    QUESTIONS.  259 

to  the  same  point.     Prore  this  in  the  case  when  the  point  is  so  chosen 

that  the  moments  of  the  forces  have  opposite  signs. 

Draw  a  square,  ABCD  ;  suppose  forces  of  F  and  Q  units  to  act 
from  A  to  B  and  from  A  to  D  respectively  ;  find  the  perpendicular 
distance  of  the  line  of  action  of  their  resultant  from  C. 

3.  A  rod,  without  weight,  rests  horizontally  on  two  points,  A  and  B, 
10  ft.  apart ;  between  A  and  B  take  points  C,  0,  D,  such  that  AC  = 
■2  ft.,  AO  =  i  ft.,  AD  =  1  ft.;  a  weight  of  100  lbs.  is  hung  at  C,  and 
one  of  90  lbs.  at  D  ;  find  the  algebraical  stun  of  the  moments  with 
respect  to  0  of  the  forces  on  one  side  of  0. 

4.  A  and  B  are  two  points  a  given  distance  apart,  A  below  B,  the 
line  AB  is  of  given  length  and  inclined  at  a  given  angle  to  the  horizon  ; 
a  thread  of  given  length  has  its  ends  fastened  to  A  and  B ;  a  given 
weight  is  hung  on  the  thread  by  a  smooth  hook  C ;  find  the  position 
in  which  it  comes  to  rest,  and  the  tension  of  the  thread. 

'  5.  Given  the  masses  and  the  position  of  two  particles  referred  to 
two  rectangular  coordinates,  find  the  coordinates  of  their  centre  ot 
gravity.  Write  down  the  corresponding  formalae  in  the  case  of  three 
or  more  particles. 

ABCD  is  a  square,  the  sides  ^i5  and  AD  being  taken  as  axes  of 
coordinates;  masses  of  1,  2,  3,  4  units,  are  placed  at  A,  B,  C,  D 
respectively  ;  find  the  coordinates  of  the  point  where  a  mass  of 
6  units  mtist  be  placed  that  the  centre  of  gravity  of  the  whole 
may  be  at  >1 .  Show  in  a  diagram  the  position  indicated  by  the 
coordinates. 

6.  A  particle  (weight  TF)  is  just  supported  on  a  rough  inclined 
me  by  a  force  F  acting  in  a  given  direction  ;  show  that 

Pcos{/3  +  <^)=  JT  sin(o  —  (^), 
here  a  is  the  inclination  of  the  plane,  a  +  /3  the  angle  between  P's 
direction  and  the  base  of  the  plane,  and  <p  the  angle  of  friction. 

Show  how  to  adapt  the  above  formula  to  the  case  in  which  F 
acts  horizontally. 

7.  Find  the  time  in  which  a  particle  will  slide  down  a  chord  drawn 
through  the  highest  point  of  a  circle  whose  plane  is  vertical. 

Find  the  straight  line  down  which  a  particle  will  slide  in  the 
shortest  time  from  a  given  point  to  a  given  plane. 
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8.  (a)  The  mass  of  a  particle  is  m  lbs.,  and  its  velocity  v  ft.  a 
second  ;  find  the  number  of  foot-pounds  of  work  it  can  do  against  a 
resistance. 

{b)  A  particle  weighs  10  lbs.,  and  moves  at  the  rate  of  1250  ft. 
a  second  ;  find  the  distance  through  which  it  could  overcome  a 
resistance  of  one  million  pounds. 

9.  If  V  is  the  velocity  of  a  simple  pendulum  at  its  lowest  pointy 
show  that  at  any  time,  t,  after  passing  through  the  lowest  point  it* 

velocity  is  Fees  —-, 

where  T  denotes  the  time  of  one  complete  oscillation. 

10.  Find  the  moment  of  inertia  of  a  rectangular  lamina  about  an 
edge. 

A  rectangular  lamina,  whose  shorter  edges  are  4  ft.  long,  turns 
round  one  of  its  longer  edges  50  times  a  minute;  it  weighs  441  lbs. 
Find  its  kinetic  energy  [a)  in  foot-poundals,  {b)  in  foot-pounds. 

1889. 

1.  Assuming  the  rule  for  finding  the  centre  of  gravity  of  a  tri- 
angular pyramid,  prove  the  rule  for  finding  that  of  a  pyramid  whose 
base  is  a  four-sided  figure. 

2.  Show  that  the  moments  of  two  intersecting  forces,  with  respect 
to  a  point  in  the  line  along  which  their  resultant  acts,  are  equal  and 
of  opposite  signs. 

3.  Forces  P,  Q,  E  act  along  the  sides  of  a  triangle  ABO  from  B  to 
C,  0  to  A,  and  A  to  B,  and  are  proportional  to  the  lengths  of  the  sides 
along  which  they  act.  (a)  Show  that  they  form  a  couple,  and  find 
its  moment ;  (b)  find  their  resultant  when  the  direction  of  one  of 
them  (P)  is  reversed. 

4.  A  cube  is  placed  with  one  edge  on  a  rough  horizontal  plane 
(coefficient  of  friction  =  fj.),  and  a  parallel  edge  on  a  smooth  plane, 
inclined  at  an  angle  of  45°  to  the  horizon.  If  0  is  the  inclination  of 
the  base  of  the  cube  when  in  a  position  in  which  it  will  just  not  slide 
into  a  lower  position,  show  that   (1  +  3ju)  tanO  =  1—/*. 

5.  Define  the  centre  of  a  system  of  parallel  forces,  and  state  a 
method  of  finding  the  coordinates  of  its  position  when  there  are  more 
than  two  forces.     Apply  the  method  to  the  following  case  -.—ABCD  is 
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a  square,  and  AC  a  diagonal.  Forces  F,  Q,  R  act  along  parallel  lines 
at  B,  C,  D,  respectively ;  Q  acts  in  the  direction  A  to  C,  F  and  i?  act 
in  the  opposite  direction.  Find,  and  show  in  a  diagram,  the  position 
if  the  centre  when  Q  =  bP  and  R  =  IP. 

6.  Two  weights  P  and  Q  hang  by  a  flexible  thread  over  a  fixed 
pulley,  capable  of  turning  on  a  rough  axle.  Find  the  relation  between 
them  when  P  is  on  the  point  of  preponderance. 

If  the  radii  of  the  pulley  and  axle  are  10  in.  and  1  in.,  and  if  a 
weight  of  101  lbs.  will  just  preponderate  over  a  weight  of  99  lbs., 
find  the  coefficient  of  friction  between  the  axle  and  its  bearing. 

7.  Find  the  number  of  foot-pounds  of  work  required  to  wind  up  a 
given  chfiin  which  hangs  by  one  end. 

8.  A  particle  describes  the  perimeter  of  a  regular  hexagon  with  a 
constant  velocity  of  100  ft.  a  second.  Find  the  magnitude  and  direc- 
tion of  the  velocity  that  must  be  communicated  to  it  at  the  instant  it 
reaches  an  angular  point. 

9.  Investigate  the  time  of  a  smill  oscillation  of  a  simple  pendulum. 

A  seconds  pendulum  has  its  length  slightly  altered,  and,  in 
consequence,  loses  n  sees,  a  day.  Find  whether  it  has  been 
lengthened  or  shortened,  and  by  what  fraction  of  its  original 
length. 

10.  Find  the  moment  of  inertia  of  a  circnlar  Umina  of  uniform 
density,  with  reference  to  an  axis  through  its  centre  at  right  angles 
to  its  plane. 

If  the  mass  of  the  lamina  is  100  lbs.,  and  its  diameter  3^  ft., 
and  if  it  turns  round  the  axis  120  times  a  minute,  find  its  kinetic 
energy  (a)  in  foot-poundals  j  [h)  in  foot-pounds.   (ir  =  Z\,g  =  32.) 

1890. 

1.  Find  the  centre  of  gravity  of  the  curved  surface  of  a  cone  sup- 
posed to  be  of  uniform  density. 

2  A  weightless  lever  AB  can  turn  freely  round  a  given  point  C  in 
it  (say  AC  =  a  and  BC  =  b).  Forces  P  and  Q  act  at  A  and  B  at  right 
angles  to  each  other.  Find  an  expression  for  the  angle  which  P's 
line  of  action  makes  with  AB  when  P  and  Q  are  in  equilibrium. 

3.  Draw  a  square  whose  angular  points  in  order  are  A,  B,  C,  D,  and 
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suppose  equal  forces  P  to  act  from  D  to  A,  A  to  B,  and  B  to  C,  respoc- 
tively,  and  a  fourth  force  IP  to  act  from  C  to  D.  Find  a  point  such 
that,  if  the  moments  of  the  forces  are  taken  with  respect  to  it,  the 
algebraical  sum  is  zero. 

4.  Assuming  the  construction  called  the  triangle  of  forces,  show 
that,  if  three  forces  are  in  equilibrium  at  a  point,  each  is  proportional 
to  the  sine  of  the  angle  between  the  directions  of  the  other  two. 

Draw  a  triangle  ABC,  with  its  base  AB  horizontal  and  its  vertex 
C  downwards.  Let  AC  and  BC  represent  threads  fastened  to  fixed 
points  at  ^  and  B,  and  at  C  to  a  third  thread  which  carries  a 
given  weight  W.  Given  the  angles  of  the  triangle  ABC,  find 
the  tensions  of  the  threads. 

5.  If  three  forces  (not  being  parallel  forces)  act  on  a  rigid  body  and. 
keep  it  at  rest,  they  must,  of  courte,  fulfil  the  condition  called  the 
triangle  offerees.     What  additional  condition  must  they  fulfil  ? 

AB  is  a  wall,  and  C  a  fixed  point  at  a  distance  c  from  it.  A 
uniform  rod  of  length  2d  is  placed  on  C  with  one  end  against  AB. 
If  all  the  surfaces  are  smooth,  find  the  position  in  which  the  rod 
is  in  equilibrium. 

6.  In  the  first  system  of  pulleys  (that  in  which  each  pulley  hangs- 
by  a  separate  rope),  find  from  first  principles  the  power  necessary  to 
support  a  weight  of  4,000  lbs.  when  there  are  four  movable  pulleys. 
Find  also  the  pull  of  each  rope  on  the  beam,  and,  if  the  sura  is  not 
equal  to  the  weight,  explain  the  difference  (friction  and  weights  of 
ropes  and  pulleys  to  be  neglected). 

7.  Find  an  expression  for  the  whole  amount  of  work  done  in  raising 
several  weights  through  different  heights. 

A  uniform  beam  weighs  1,000  lbs.,  and  is  20  ft.  long.  Ithangs  by 
one  end,  round  which  it  can  turn  freely.  How  many  foct-pounds 
of  work  must  be  done  to  i-aise  it  from  its  lowest  to  its  highest 
position  ? 

8.  State  the  meaning  of  each  letter  in  the  formula  iP  =  F^  +  2/*,. 
and  piove  the  formula. 

A  particle,  whose  velocity  undergoes  a  constant  acceleration,, 
starts  from  rest,  and,  after  describing  50  ft.,  has  a  velocity  of 
20  ft.  a  second.  Find  the  increase  of  its  velocity  per  second,  and 
the  time  in  which  it  describes  the  distance  of  50  ft. 
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9.  A  body  is  thrown  obliquely  in  vacuo ;  find  expressions  for  its 
horizontal  distance  from,  and  its  vertical  height  above,  the  point  of 
projection  after  the  lapse  of  a  certain  number  of  seconds. 

10.  A  body  impinges  directly  with  a  given  velocity  against  a  fixed 
plane.    Given  the  coefficient  of  restitution,  find  the  velocity  of  rebound. 

If  the  mass  of  a  body  is  10  lbs.,  the  velocity  of  impact  20  ft.  a 
second,  and  the  coefficient  of  restitution  O'o,  how  many  foot- 
poundala  of  energy  disappear  in  the  collision  P 

1891. 

1.  A  body  is  divided  into  two  parts,  and  the  weight  of  each  is 
known.  If  the  position  of  the  centre  of  gravity  of  the  undivided 
body  and  that  of  one  of  the  parts  is  known,  how  can  the  position  of 
the  centre  of  gravity  of  the  other  part  be  found  ? 

ABCD  is  a  square  lamina  of  uniform  density ;  £,  F  are  the 
middle  points  of  AB  and  BC  If  the  corner  of  the  square  is 
turned  down  along  the  line  EF  (so  that  B  comes  on  to  the  diagonal 
AC),  find  the  centre  of  gravity  of  the  lamina  under  the  new  circum- 
stances. 

2.  Define  a  couple,  its  arm  and  mnmetit. 

When  two  couples  of  equal  moments  and  opposite  signs  act  in 
one  plane  on  a  rigid  body,  show  that  the  four  forces  that  make 
up  the  couple  are  in  equilibrium. 

Forces  Pand  Q  act  at  A,  and  are  completely  represented  by  AB 
and  AC,  sides  of  a  triangle  ABC.  Find  a  third  force  R,  such  that 
the  three  forces  together  may  be  equivalent  t )  a  couple  whose 
moment  is  represented  by  half  the  area  of  the  triangle. 

3.  ABCD  is  a  thread  suspended  from  points  A  and  D,  and  carrying  a 
weight  of  10  lbs.  at  B  and  a  weight  W&t  C.  The  inclination  to  the 
vertical  of  AB  and  CD  are  45°  and  SO'',  respectively,  and  ABC  is  an 
angle  of  165°.  Find,  by  construction  or  calculation,  TF  and  the 
tension  of  BC- 

4.  ABC  is  an  equilateral  triangle  formed  of  three  weightless  rods 
joined  together  at  the  ends.  It  is  hung  up  by  a  point  A,  >ind  a 
weight  TF  is  fastened  to  a  point  P  in  BC,  such  that  \  .  BP  =  BC.  Find 
the  position  in  which  the  triangle  comes  to  rest,  the  stresses  in  the  rods, 
and  which  rods  are  in  compression  and  which  in  extension. 
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5.  Find  the  force  which,  acting  in  a  given  direction,  will  just  sup- 
port a  body  of  given  weight  on  a  rough  inclined  plane. 

The  height  is  to  the  base  of  the  plane  as  3  to  4,  and  it  is  found 
that  the  body  is  just  supported  on  it  by  a  horizontal  force  equal 
to  half  the  weight  of  the  body.  Find  the  coefficient  of  friction 
between  the  body  and  the  plane. 

6.  In  the  first  system  of  pulleys  (in  which  each  pulley  is  supported 
by  a  separate  string),  find  the  relation  between  the  power  and  the 
weight  when  there  are  n  movable  pulleys,  whose  weights  can  be 
neglected. 

Show  that  the  principle  of  virtual  work  (or  virtual  velocities) 
holds  good  when  there  are  three  movable  pulleys,  and  their 
weights  are  taken  into  account. 

7.  Show  that  the  time  in  which  a  particle  falls  from  rest  down  a 
chord  drawn  through  the  highest  point  of  a  vertical  circle  is  constant. 

Find  the  straight  line  of  quickest  descent  from  a  point  within 
a  given  vertical  circle  to  the  circumference. 

8.  Two  particles  whose  masses  are  F  and  Q  are  connected  by  a 
thread  which  is  placed  on  a  smooth  point.  If  F  goes  down  and 
draws  Q  up,  find  the  acceleration  of  its  velocity. 

Find  the  mass  of  Pwhen  the  tension  of  the  thread  equals  three 
times  the  weight  of  Q. 

9.  Two  bodies  of  given  masses,  moving  with  given  velocities, 
impinge  on  each  other  directly.  Find  their  velocities  after  impact, 
the  coefficient  of  restitution  being  known. 

If  one  of  the  bodies  is  at  rest  and  its  mass  is  indefinitely  greater 
than  that  of  the  other,  find  the  velocity  of  the  second  body  after 
impact. 

10.  Define  the  centrr  nf  percussion,  and  find  its  position  from  first 
principles  in  the  case  of  a  rod  of  uniform  density  suspended  freely  by 
one  end. 

1892. 

1 .  Define  angular  velocity.  P  is  a  point  of  a  body  turning  uniformly 
round  a  fixed  axis,  and  PN  is  a  line  drawn  from  P  at  right  angles  to 
the  axis.  If  PN  describes  an  angle  of  375°  in  3  sees.,  what  is  the 
angular  velocity  of  the  body,  and,  if  PN  if  6  ft.  long,  what  is  the 
linear  velocity  of  P  ? 
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2.  State  Newton's  Third  Law  of  Motion,  and  give  his  illustration 
of  it.  How  does  it  appear  that  when  one  body  impinges  directly  on 
another  their  velocities  undergo  changes  which  take  place  in  opposite 
directions,  and  are  inversely  as  their  masses  ? 

3.  Define  a  couple,  and  the  sign  and  magnitude  of  its  moment. 
State  any  one  property  of  a  couple.  If  four  forces  act  in  one  plane  on 
a  rigid  body  and  two  of  them  form  a  couple,  state  how  to  find  the 
resultant  of  the  four  forces. 

Draw  a  square  ABCD  and  a  diagonal  AC  Let  forces  of  10,  15, 
20,  and  15  units  act,  respectively,  from  A  to  B,  B  io  C,  C  io  A, 
and  Z?  to  >1.  Find,  by  construction  or  otherwise,  the  resultant 
of  the  forces,  and  show  in  your  diagram  exactly  how  the  resultant 
acts. 

4.  State  and  prove  the  rule  for  finding  the  centre  of  gravity  of  a 
pyramid  of  xmiform  density  on  a  triangular  base. 

If  particles  whose  masses  are  1,  1,  1,  2  are  placed  at  the  angular 

points  of  a  triangular  pyramid,  find  the  position  of  their  centre 

of  gravity. 

6.  When  two  smooth  bodies  are  pressed  together,  in  what  direction 

does  the  mutual  action  between  them  take  place  ?     If  the  bodies  are 

not  smooth,  what  additional  force  may  be  called  into  play  ? 

A  body  placed  on  a  plane  is  of  such  a  shape  that  there  is  no 
danger  of  its  toppling  over.  The  angle  of  friction  between  the 
body  and  the  plane  is  30°.  What  differences  as  to  the  friction 
called  into  play  are  there  between  the  cases  when  the  plane  is 
set  (o)  at  an  angle  of  15°  to  the  horizon,  (b)  at  an  angle  of  30°, 
(c)  at  an  angle  of  45°,  the  body  being  simply  put  on  the  plane 
and  left  to  itself. 

6.  Draw  a  rectangle  ABCD  and  its  diagonals  AC,  BD  intersecting  at 
E,  the  lengths  of  AB  and  AC  being  6  ft,  and  let  its  plane  be  vertical 
and  AB  horizontal.  Let  AC  and  BD  represent  two  weightless  rods 
turning  freely  round  a  pin  at  E,  with  their  lower  ends  A,  B  connected 
by  a  thread,  and  standing  on  a  horizontal  plane.  If  a  weight  is  hung 
at  C,  find  the  pressure  on  the  ground,  the  tension  of  the  thread,  the 
stress  on  the  pin  at  E,  and  the  stresses  in  the  rods  themselves. 

How  would  the  results  be  affected  if  C  and  D  were  connected 
by  a  thread  instead  of  A  and  B? 
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7.  Define  the  virtual  moment  (or  virtual  work)  of  a  force. 

Apply  the  principle  of  virtual  velocities  (or  virtual  work)  to 
find  the  relation  between  the  power  and  the  weight  in  a  screw 
press  working  without  friction. 

What  is  the  ratio  of  the  weight  to  the  power  when  the  screw 
makes  4  turns  in  the  inch,  and  the  arm  to  which  the  power  is 
applied  is  2  ft.  long  ? 

8.  If  two  circles  touch  each  other  (internally)  at  their  highest  point, 
and  a  straight  line  be  drawn  through  this  point,  show  that  the  time 
of  falling  from  rest  down  the  part  of  the  straight  line  intercepted 
between  their  circumferences  is  constant. 

9.  Two  particles  of  given  masses  are  connected  bj'  an  inextensible 
thread  which  passes  over  a  smooth  point.  One  of  the  particles  is  at 
rest  on  a  table,  while  the  other  descends.  Find  their  common  velocity 
the  instant  after  the  thread  is  drawn  straight. 

The  mass  of  the  particle  at  rest  is  o  lbs.  ;  the  mass  of  the 
descending  particle  is  3  lbs.,  and  it  faUs  through  10  ft.  before  the 
string  is  drawn  straight.  How  much  of  the  kinetic  energy  dis- 
appears when  the  thread  is  drawn  straight  ? 

10.  If  a  particle  slides  down  a  rough  inclined  plane,  find  an  ex- 
pression for  the  acceleration  of  its  velocity. 

If  the  inclination  of  the  plane  is  30°,  and  the  acceleration  is  at 
the  rate  of  12  ft.  a  second  in  each  second,  find  the  coefficient  of 
friction.     (^  =  32.) 

11.  If  a  curve  is  drawn  in  such  a  way  that  the  ordinates  represent 
the  successive  values  of  a  variable  force,  and  the  corresponding 
nhscissae  the  distances  through  which  it  acts,  show  that  the  area  re- 
presents the  work  done  by  the  force. 

12.  A  particle  describes  successively  the  sides  of  an  equilateral 
triangle  with  a  constant  velocity  V.  Find  the  magnitude  and  direc- 
tion of  the  velocity  v  that  must  be  communicated  to  it  when  it  comes 
to  an  angular  point. 

Compare  the  results  in  this  case  with  those  that  would  be 
obtained  in  the  case  of  a  regular  hexagon. 

13.  Define  moment  of  inertia.  Find  the  moment  of  inertia  of  a 
circular  lamina  about  an  axis  at  right  angles  to  its  plane  and  passing 
Ihr  ju.i;h  its  centre. 
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14.  A  particle  whose  mass  is  5  lbs.  moves  at  the  rate  of  20  ft.  a  second. 
Express  its  kinetic  energy  in.  foot-poundals.  If  it  moves  over  a 
distance  of  30  ft.  against  a  constant  resistance  i?,  and  its  velocity  i» 
thereby  reduced  to  loft,  a  second  ;  find  B  in  poundals. 

15.  A  particle  whose  mass  is  10  lbs.  is  constrained  to  move  in  a 
horizontal  circle  by  a  string  5  ft.  long  fastened  to  a  fixed  point.  If 
at  any  instant  the  tension  of  the  string  is  98  poundals,  find  the  velocity 
of  the  particle,  and  its  angular  velocity  about  a  fixed  point. 

1893. 

1.  Two  points,  P  and  Q,  move  with  different  velocities  along  the 
same  line.     What  is  the  relative  velocity  of  ^  to  P  ? 

If  Q  is  allowed  to  fall  freely,  and,  2  sees,  after,  P  is  allowed 
to  fall  freely  from  the  same  point,  find  the  relative  velocity  of 
§  to  P  at  any  subsequent  time. 

2.  What  is  the  numerical  value  of  the  angular  velocity  of  a  body 
which  turns  uniformly  round  a  fixed  axis  twenty-five  times  a  minute  ? 

ABC  is  a  triangle  with  a  right  angle  at  C.  It  is  turning  with  a 
given  angular  velocity  round  an  axis  through  A  at  right  angles  to 
its  plane.  Find  the  magnitude  and  direction  of  the  velocities  of 
B  and  C ;  find  also  the  relative  velocity  of  B  to  C. 

3.  F,  Q  are  two  equal  unlike  parallel  forces ;  J?,  5  are  two  equal 
unlike  parallel  forces.  Without  assuming  any  property  of  couples, 
show  that,  if  the  four  forces  act  in  one  plane,  they  can  be  reduced  to 
two  equal  unlike  parallel  forces ;  and  find  under  what  circumstances 
they  wOl  be  in  equilibrium. 

ABCD  is  a  square.  Five  equal  forces  (P)  act  from  Ato  B,  B  to  0, 
C  to  D,  D  to  A,  and  along  the  diagonal  from  C  to  A,  respectively. 
Find  their  resultant ;  also  find  their  resultant  if  the  fifth  force  is 
supposed  to  act  from  A  to  C. 

4.  Find  the  centre  of  gravity  of  a  trapezoid. 

"     6.  Define  friction  and  the  coefficient  of  friction. 

Find  the  relation  between  the  power  and  the  weight  in  the  case 
of  a  particle  resting  in  a  state  of  Umiting  equilibrium  on  a  rough 
inclined  plane. 

6.  BC,  CA,  AB,  are  three  weightless  rods  formed  into  a  triangular 
frame.     Their  lengths  are,  respectively,  10,  8,  6.     The  frame  is  hung 
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up  by  the  angular  point  A.     A  weight  of   100  lbs.  is  hung  from  the 
middle  point  of  BC.     Find  the  stresses  in  BG. 

Find  also  what  difference  it  would  make  in  the  stresses  if  50  lbs. 

were  hung  at  B  and  50  lbs.  at  G  instead  of  100  lbs.  at  the  middle 

of  BG. 

i      7.  If  the  modulus  of  elasticity  is  defined  as  the  ratio  of  longitudinal 
stress  to  strain,  what  is  the  meaning  of  the  words  stress  and  strain  ? 

A  rod,  15  ft.  long,  with  a  uniform  section  of  6  square  inches, 
is  hung  up  by  one  end,  and  carries  a  weight  of  30  tons  at  the 
other ;  it  is  thereby  stretched  a  quarter  of  an  inch.  Find  the 
numerical  values  of  the  stress  and  the  strain. 

8.  Define  an  absolute  unit  of  force  and  a  poundal. 

It  is  sometimes  said  that  a  poundal  is  half  an  ounce  or  the 
weight  of  half  an  ounce.  Point  out  {a)  the  inexactness  of  the 
statement,  [h)  why  the  statement,  even  if  exact,  would  not  be  a 
definition  of  a  poundal. 

9.  0,  A,  B  are  three  points  in  order  along  a  line  Ox.  AH  is  drawn 
at  right  angles  to  Ox.  P  is  a  force  acting  in  the  direction  0  to  x,  and 
its  point  of  application  moves  in  the  direction  0  to  x.  The  magnitude 
«f  P  varies  inversely  as  the  distance  of  its  point  of  application  from  0. 
Given  that  its  magnitude  at  A  is  represented  by  AH,  show  how  to  draw 
a  diagram  of  the  work  done  while  the  point  of  application  moves  from 
AioB. 

If  0/1  =  1  ft.,  OB  =9  ft.,  AH  =  12  lbs.,  draw  the  diagram  of 
work,  and  from  it  determine,  approximately,  the  number  of  foot- 
pounds of  work  done  by  the  force. 

10.  Prove  the  formula  s  =  ^ft^,  for  the  distance  described  by  a 
particle  whose  velocity  undergoes  constant  acceleration. 

AB  is  a  given  straight  line,  and  P  a  point  above  it.  Find  the 
straight  line  down  which  a  particle  would  fall  from  P  to  AB  in 
the  shortest  time. 

11.  In  the  conical  pendulum,  given  the  mass  of  the  bob,  the  length 
of  the  thread,  and  the  angle  of  the  cone,  find  the  tension  of  the  thread 
and  the  time  of  one  revolution  of  the  pendulum. 

If  the  pendulum  is  10  ft.  long,  the  half  angle  of  the  cone  30°, 
and  the  mass  of  the  bob  12  lbs.,  find  the  tension  of  the  thread  and 
the  time  of  one  revolution. 
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12.  Define  the  coefficient  of  restitution. 

A  particle,  whose  mass  is  10,  moving  with  a  velocity  of  12, 
meets  and  impinges  directly  on  a  particle,  whose  mass  is  8, 
moving  with  a  velocity  of  7'5.  The  coefficient  of  restitution  is  0-8. 
Find,  from  first  principles,  the  momentum  gained  by  the  one 
particle  and  lost  by  the  other  during  the  impact,  and,  hence,  the 
momenta  of  the  particles  after  impact. 

13.  Tte^ne  moment  of  inertia. 

If  the  moment  of  inertia  of  a  body  with  reference  to  an  axis 
passing  through  the  centre  of  gravity  is  known,  how  can  the 
moment  of  inertia  be  found  with  respect  to  a  parallel  axis  ? 

14.  JiQ&nQ  angular  velocity. 

A  particle,  whose  mass  is  3  lbs.,  moves  uniformly  in  a  circle. 
It  describes  the  circumference  42  times  a  minute.  Find  its 
angular  velocity  about  the  centre,  and,  if  the  radius  is  14  ft.,  find 
its  kinetic  energy. 

1894. 

1.  State  the  rule  for  the  composition  of  two  velocities. 

Draw  two  lines  AB,  AC  containing  an  acute  angle.  A  particle 
is  at  >4,  moving  with  a  given  velocity  Ffrom  A  towards  B.  Give 
a  construction  for  determining  the  velocity  that  must  be  impressed 
on  it  to  make  it  move  with  a  velocity  2  F  from  A  to>Tard8  0. 

2.  Draw  a  circle  with  centre  0,  and  two  diameters  AB,  CD  at  right 
angles  to  each  other,  and  let  the  direction  A,  C,  B  be  contrary  to  that 
of  the  motion  of  the  hands  of  a  watch.  Produce  OA  to  P,  making  AP 
equal  to  OA.  Let  the  radius  of  the  circle  be  20  ft.  Suppose  a  particle 
to  move  along  the  circumference  of  the  circle  in  the  direction  A,  C,  B 
at  the  rate  of  12  ft.  a  second.  Find  it«  angular  velocity  with  respect 
to  0  ;  find  also  its  angular  velocity  with  respect  to  P  (i.)  when  it  is  at 
A,  (ii.)  when  it  is  at  C,  (iii.)  when  it  is  at  B. 

3.  State  Newton's  Three  Laws  of  Motion.  Give  his  illustrations 
of  the  Third  Law  of  Motion.  Give  Newton's  proof  of  the  Parallelo- 
gram of  Forces. 

i.  Define  a  couple.  Let  A,  B,  C,  D  be  the  angular  points  of  a 
rectangle,  taken  in  order.  Let  equal  forces  (F)  act  from  A  to  B  and 
C  to  0  respectively ;  also  let  equal  forces  (Q)  act  from  A  to  D  and 
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C  to  B  respectively.     Without  assuming  any  property  of  couples,  show 
that,  when  the  four  forces  are  in  equilibrium,  F  :  Q  ::  AB  :  AD. 

Let  A,  B,  C  be  three  points  in  a  straight  line,  B  being  midway 
between  A  and  C.  Let  three  equal  forces  (P)  act  &t  A,  B,  C  re- 
spectively, at  right  angles  to  AC,  viz.,  those  at  A  and  C  in  one 
direction,  that  at  B  in  the  opposite  direction.  Let  a  fourth  force, 
equal  to  P,  act  from  A  to  C.  Find,  in  any  way,  the  resultant  of 
the  four  forces,  and  give  the  specification  of  the  resultant  when 
you  have  found  it. 

5.  ABC  is  a  triangle,  and  E,  Fthe  middle  points  of  CA  and  AB.  Join 
£F.  A  particle,  whose  mass  is  10,  is  placed  at  B.  Find  the  masses  of 
the  particles  that  must  be  placed  at  C,  E,  F  if  the  centre  of  gravity  of 
the  four  is  to  coincide  with  that  of  the  area  BCEF. 

6.  AB  is  a  rod  without  weight  that  can  turn  freely  round  a  fixed 
point  C,  midway  between  A  and  B,  A  string  is  fastened  to  A,  and  to 
a  fixed  point  D,  at  a  given  distance  vertically  below  C.  A  given 
weight  is  hung  from  B.  The  length  of  the  string  is  such  that  AB  is 
horizontal.  Find  the  tension  of  the  string,  and  the  magnitude  and 
direction  of  the  pressure  on  the  fixed  point  C. 

If  the  rod  were  simply  placed  on  a  smooth  fixed  point  at  C,  would 
it  stay  at  rest,  and,  if  not,  why  not  ? 

7.  A  particle  of  given  weight  is  placed  on  a  rough  inclined  plane. 
Find  the  relation  between  the  power  and  the  weight  when  the  power 
is  on  the  point  of  making  the  particle  slide  up  the  plane. 

A  particle  will  just  stay  at  rest  on  a  plane  inclined  at  an  angle 
of  30°  to  the  horizon.  If  the  angle  of  the  plane  is  reduced  to  16°, 
compare  the  force,  acting  parallel  to  the  plane,  that  will  just  make 
the  particle  slide  down  the  plane,  with  the  force,  acting  parallel 
to  the  plane,  that  will  just  make  the  particle  slide  up  the  plane. 

8.  Define  a,poundal. 

It  is  known  that  the  acceleration  duo  to  the  attraction  of  a 
planet  on  a  body  near  its  surface  varies  nearly  as  the  mass  of  the 
planet  directly,  and  the  square  of  its  radius  inversely.  It  is  found 
that  the  mass  of  Jupiter  is  about  370  times  that  of  the  earth,  and 
that  his  radius  is  about  1 1  times  that  of  the  earth.  With  these 
data,  and  assuming  that  the  acceleration  due  to  gravity  near  the 
earth's  surface  is  32  in  feet  and  seconds,  find  the  force,  in  poundals, 
of  Jupiter's  attraction  on  a  pound  of  matter  near  his  surface. 
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9.  Draw  a  line  Ax,  and  take  in  it  five  equidistant  points  B,  C,  D,  E,  F. 
Suppose  a  force  (P)  to  act  along  Ax,  and  that  its  value  at  the  points 
B,  C,  D,  E,  F  are,  respectively,  50,  35,  28,  25,  24  lbs.  Let  the  dis- 
tances  BC,  CD,  ...  represent  3  ft.  apiece.  Draw  a  diagram  of  the 
work  done  by  the  force,  and  calculate  (by  Simpson's  rule,  if  you  know 
it),  in  foot-pounds,  the  work  done  by  the  force  whUe  acting  from  B 
toF. 

Find  also  what  the  result  would  have  been  if  no  more  than  the 
values  of  F  at  B,  D,  F  had  been  given. 

10.  A  particle  slides  down  a  rough  inclined  plane.  Find  the 
acceleration  of  its  velocity. 

The  angle  of  inclination  of  the  plane  is  30",  and  the  coefficient 
of  friction  is  0'5.  If  one  body  falls  freely  through  a  given  dis- 
tance, and  another  body  slides  down  the  plane  along  an  equal 
distance,  show  that  the  time  of  the  first  body's  motion  will  very 
nearly  equal  one  fourth  part  of  the  time  of  the  second  body's 
motion,     (a/3  =  1-73205.) 

11.  A  body  is  tied  to  a  string  and  is  whirled  round  in  a  vertical 
circle.  Find  the  least  velocity  it  can  have  at  the  lowest  point  ii  it  i-i 
to  describe  the  whole  circle. 

If  the  mass  of  the  body  is  12  lbs.  and  the  length  of  the  string 
6  ft.,  find  the  tension  of  the  string  at  the  lowest  point  if  the  body 
just  stays  in  the  circle.  In  what  units  is  your  answer  expressed  ? 
{ff  =  32  ) 

12.  >1  is  a  particle  at  rest,  and  B,  moving  with  a  given  velocity, 
impinges  on  it  directly.  Find,  from  first  principles,  the  coefficient  of 
restitution  if  fl  is  brought  to  rest  by  the  collision. 

The  masses  of  A  aud  B  are  12  lbs.  and  4  lbs.  respectively,  and  fi's 
velocity  is  10  ft.  a  second.  Find  how  many  foot-poundals  of 
kinetic  energy  disappear  in  the  collision  if  B  is  brought  to  rest. 

13.  The  sides  of  a  rectangle  are  a  and  b.  Find  the  moment  of 
inertia  about  the  side  a  of  a  diagonal  considered  as  a  line  of  uniform 
density. 

14.  Define  angular  veheity. 

Draw  a  straight  line  and  mark  on  it  four  points,  in  order, 
A,B,  C,  D.  Let  AB,  BC,  CD  be  respectively  2  ft.,  1ft.,  3  ft. 
Suppose  a  particle  to  be  at  C,  moving  at  right  angles  to  AD  at  the 
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rate  of  4  ft.  a  second.     Find  its  angular  velocity  with  reference 
to  A,  B,  and  D  respectively. 

In  what  respect  does  the  angular  velocity  with  reference  to  A 
differ  from  the  angular  velocity  with  reference  to  0  ? 

1895. 

1.  State  how  to  find  the  resultant  of  any  number  of  forces  acting 
along  a  line. 

State  what  is  meant  by  the  algehraieal  sum  of  two  numbers,  and 
give  an  example. 

Draw  a  straight  line  AB,  and  let  three  forces  of  15,  10,  and  3S 
units  respectively  act  along  it.  The  former  two  act  from  A  to  B, 
the  last  acts  from  B  to  A.     Find  their  resultant. 

2.  Define  the  moment  of  a  force  with  respect  to  a  point.  State  the 
relation  that  holds  good  between  the  moments  of  two  forces  and  the 
moment  of  their  resultant,  all  the  moments  being  taken  with  respect 
to  a  point  in  the  plane  of  the  forces. 

A,  B,  C,  D  are  the  angular  points  of  a  square,  taken  in  order. 
A  force  of  20  units  acts  i'rom  A  to  B,  and  a  force  of  25  units  from 
A  to  D.  By  means  of  the  rule  you  have  enunciated,  find  the 
moment  of  the  resultant  about  the  middle  point  of  DC,  a  side  of 
the  square  being  6  units  long. 

3.  Draw  an  equilateral  triangle  ABG.  A  force  of  10  units  acts  from 
A  to  B,  and  one  of  15  units  from  A  to  C.  Find  their  resultant  by  con- 
struction. 

Also  find  what  their  resultant  would  be  if  the  force  of  16  anits 
acted  from  C  to  A. 

4.  A  weightless  rod  AB  rests  horizontally  on  two  points  under  A 
and  fl,  14  ft.  apart.  It  carries  a  weight,  suspended  from  a  point  X, 
which  causes  a  pressure  of  3  units  on  A,  and  of  7^  units  on  8.  Find 
the  distance  of  X  from  A. 

5.  A  rod  AB  is  placed  on  a  smooth  inclined  plane,  and  the  end  A  is 
tied  by  a  string  AG  to  a  fixed  point  C  on  the  plane.  Show  how  to  find 
the  pressure  on  the  plane,  and  the  tension  of  the  string. 

If  the  length  of  the  base  of  the  plane  is  12  ft.,  and  the  height 
of  the  incline  is  5  ft.,  and  if  the  rod  weighs  10  lbs.,  find  the 
numerical  values  of  the  pressure  and  the  tension. 
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G.  Mention  the  four  points  that  go  to  the  complete  specification  of 
a  force. 

Draw  an  equilateral  triangle  ABC,  with  the  side  BC  vertical, 
and  C  above  B.  Let  it  represent  a  triangular  hoard  weighing 
5  lbs.,  capable  of  moving  in  a  vertical  plane  round  a  hinge  at  A, 
but  kept  in  position  by  leaning  against  a  fixed  point  which  touches 
BC  at  C.  Find  the  reaction  of  the  fixed  point,  and  of  the  hinge. 
Specify  completely  the  reaction  of  the  hinge. 

7.  Define  p<ncer  and  horte-poicer. 

An  engine  with  its  tender  weighs  80  tons.  It  is  moving  uni- 
formly at  the  rate  of  20  mUes  an  hour,  against  a  resistance  of 
7  lbs.  a  ton.     At  what  horse-power  is  it  working? 

If  it  drew  after  it  a  train  of  12  carriages,  each  weighing  10  tons, 
at  the  rate  of  40  miles  an  hour,  against  a  resistance  of  8  lbs.  a  ton, 
at  what  horse-power  would  it  now  be  working  ? 

8.  Define  a.potmdal  (or  British  absolute  unit  of  force). 

If  a  force  of  5  poundals  acts  on  a  mass  of  10  lbs.  in  the  direction 
of  the  motion,  what  velocity  would  it  impart  to  the  mass  in 
3  seconds  ? 

9.  A  body  is  thrown  upward  from  the  top  of  a  tower  with  a  velocity 
of  48  ft.  a  second.  Find  where  it  will  be  at  the  end  of  4  seconds, 
(y  =  32.) 

Write  down  the  formula  or  formulae  by  means  of  which  you 
answer  this  question,  and  state  what  it  means  (or  they  mean). 

10.  Draw  a  square  ABCD.  A  particle  moves  along  AB  with  a 
velocity  10.  It  is  made  to  move  along  BC  with  a  velocity  20.  Find 
the  magnitude  and  direction  of  the  velocity  that  must  be  impressed  on 
it  at  B. 

11.  A  body  moves  with  a  constant  velocity  in  a  given  circle.  State 
what  is  known  as  to  the  force  which  acts  on  the  body. 

Find  a  numerical  result  when  the  mass  of  the  body  is  10  lbs., 
and  it  moves  at  the  rate  of  900  ft.  a  minute  in  a  circle  3  yds.  in 
diameter. 

12.  A  point  {A)  is  moving  with  a  given  velocity  (F)  along  a  given 
line.  Another  point  (fl)  is  moving  with  a  given  velocity  (v)  along  a 
given  line  intersecting  the  former.  Show  how  to  find  the  relative 
velocity  of  fl  to  ^. 

AD7.  STAT.  T 
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13.  A  point  moves  along  a  line.  Find  its  angular  velocity  with 
respect  to  an  assigned  point  outside  the  line. 

Given  the  line  and  the  fixed  point,  and  that  the  movable  point 
has  a  constant  velocity  along  the  line,  find  the  position  of  the 
movable  point  when  its  angular  velocity  about  the  fixed  point  is 
greatest.  Find  also  its  position  when  its  angular  velocity  is  one- 
fourth  of  that  greatest  value. 

14.  Draw  a  triangle  ABC,  and  take  D  and  E,  the  middle  points  of 
BC  and  CA  respectively.  ■  If  forces  F,  Q,  R  act  from  A  io  B,  A  to  C, 
and  C  to  B  respectively,  and  are  proportional  to  the  lengths  of  the 
sides  along  which  they  act,  show  that  their  resultant  acsts  from  £  to  D, 
and  is  equal  to  2P. 

15.  Define  the  centre  of  two  parallel  forces,  and  find  its  position  in 
the  case  of  two  unlike  parallel  forces  acting  at  given  points. 

A,  B,  C,  D,  in  order,  are  the  angular  points  of  a  square.  Unlike 
parallel  forces  P  and  Q  act  at  A  and  B.  Find  the  parallel  forces 
that  must  act  at  C  and  D  if  the  centre  of  the  four  forces  is  at  the 
middle  point  of  the  square,  and  show  that  the  problem  can  be 
solved  in  only  one  way. 

16.  A  circular  plate  has  a  circular  hole  cut  in  it,  such  that  the  two 
circumferences  touch  each  other.  Find  the  position  of  the  centre  of 
gravity. 

Show  that,  the  larger  the  hole,  the  further  is  the  centre  of 
gravity  from  the  centre  of  the  plate. 

17.  A  and  B  are  two  fixed  points  not  in  the  same  horizontal  line. 
The  two  ends  of  a  thread  of  given  length  are  tied  together,  and  the 
thread  is  hung  on  to  A  and  B.  If  a  weight  is  hung  by  a  smooth  hook 
from  the  thread,  so  as  to  draw  the  thread  into  the  form  of  a  triangle 
ABC,  show  how  to  construct  the  triangle,  and  prove  that  the  pressures 
on  the  fixed  points  and  the  weight  are  in  the  same  ratio  as  cos  ^A, 
cos  ^B,  and  cos  iC 

18.  Find  the  ratio  of  the  power  to  the  weight  in  a  screw  press, 
taking  into  account  the  friction  of  the  thread  of  the  screw. 

19.  Draw  ABC,  an  equilateral  triangle,  with  the  base  AB  horizontal 
and  B  downwards.  Let  a  weight  at  C  be  tied  by  threads  AC,  BC  to 
fixed  points  at  A  and  B.  If  the  thread  BC  is  cut,  show  that  the 
tension  of  >tC  is  suddenly  increased  by  one-half. 
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20.  Given  V,  the  velocity  of  projection  of  a  projectile,  and  v,  its 
velocity  at  its  highest  point,  find  the  position  of  the  highest  point. 

21.  A  bullet,  moving  at  the  rate  of  1,100  ft.  a  second,  passes  thro'jigh 
a  thin  plank,  and  comes  out  with  a  velocity  of  1,000  ft.  a  second.  If 
it  then  passes  through  another  plank  exactly  like  the  former,  with 
what  velocity  will  it  come  out  of  this  second  plank? 

22.  Assuming  that  the  earth  turns  once  in  86,164  seconds,  that  the 
equatorial  radius  is  20,900,000  ft.,  and  that  the  acceleration  due  to 
gravity  at  the  equator  is  32-1,  find  what  part  of  the  weight  of  a  body 
is  used  up  in  keeping  the  body  on  the  equator.  (N.B. — Take 
*2  =  9-87.) 

23.  Describe  the  action  that  takes  place  between  two  smooth  spheres 
when  one  of  them  impinges  directly  on  the  other. 

A  shot,  whose  mass  is  1  lb.,  moving  at  the  rate  of  1,377  ft.  a 
second,  strikes  a  body,  whose  mass  is  50  lbs.,  in  such  a  way  as  to 
cause  no  rotation.  It  enters  the  body  and  stays  in  it.  Find  the 
velocity  of  the  body  after  the  impact. 

24.  Find  the  centre  of  gravity  of  a  line  of  uniform  thickness,  the 
density  of  which  varies  as  the  «th  power  of  the  distance  from  one  end. 

25.  There  are  four  equal  rectangular  slabs  of  equal  thickness  placed 
one  upon  another,  but  each  projects  beyond  the  one  immediately 
below  it.  Find  how  much  each  projects  beyond  the  one  immediately 
below  it,  if  each  of  the  three  highest  is  on  the  point  of  turning  over. 

26.  Show  that  two  like  couples  of  equal  moments  in  parallel  planes 
are  equivalent  to  each  other. 

A  BCD  (in  .,rder)  is  the  base  and  AE,  BF,  CG,  DH  are  four  par- 
allel edges  of  a  cube.  Let  three  equal  forces  ( P)  act  respectively 
from  AtoE,  F  to  B,  and  0  to  G.  Show  that  the  same  result  is 
obtained  (a)  when  you  combine  two  of  the  forces,  and  then  the 
resultant  so  obtained  with  the  third  force  ;  (h)  when  you  begin  by 
transferring  the  couple  into  the  plane  CGHD, 

1896. 

1 .  Define  the  angular  velocity  of  a  moving  point  with  respect  to  a 
fixed  point.  Under  what  circumstances  will  the  angular  velocity  of 
the  moving  point  be  equal  to  its  linear  velocity  divided  by  its  distance  ? 
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Draw  an  equilateral  triangle  ABC,  having  each  side  12  ft.  long. 
A  point  moves  along  BC  with  a  velocity  of  10  ft.  a  second. 
When  it  is  at  C,  what  is  its  angular  velocity  with  respect  to  >1  ? 

2.  State  Newton's  Second  Law  of  Motion.  Explain  briefly  how 
the  measure  of  force  is  derived  from  this  law. 

In  the  equation  F  =  mf,  in  what  units  is  F,  when  the  units  of 
mass,  distance,  and  time  are  a  pound,  a  foot,  and  a  second  ? 

3.  Define  a  couple.  Explain  how  to  find  the  resultant  of  two  forces 
which  form  a  couple  and  a  third  force. 

Draw  a  square  ABCD.  A  force  of  8  units  acts  from  A  to  D,  and 
two  parallel  forces  of  12  units  act  from  A  to  B  and  C  to  D  respect- 
ively. Find  the  resultant.  Also  find  what  the  resultant  would 
be  if  the  first  force  acted  from  D  to  A. 

4.  State  and  prove  the  rule  for  finding  the  centre  of  gravity  of  a 
triangular  pyramid  of  uniform  densitj\ 

5.  "When  two  smooth  bodies  are  pressed  together,  in  what  direction 
does  the  mutual  action  take  place  ?  If  the  bodies  are  rough,  what 
other  force  may  be  called  into  play  ? 

A  particle  of  given  weight  is  placed  on  an  inclined  plane,  and 
stays  at  rest.  What  is  the  magnitude  of  the  friction  called  into 
play  ?  Under  what  circumstances  would  the  particle  stay  at  rest 
if  the  inclination  of  the  plane  were  increased  ? 

6.  A  uniform  rod  rests  in  limiting  equilibrium  against  a  smooth 
fixed  point  C,  with  one  end  on  a  rough  horizontal  plane.  Given  the 
height  of  C  above  the  plane,  and  the  inclination  of  the  rod  to  the 
horizon,  find  the  length  of  the  rod. 

For  a  given  coefficient  of  friction,  what  is  the  steepest  inclin- 
ation of  the  rod  ? 

7.  State  the  principle  of  virtual  work  (or  virtual  velocities).  Verify 
the  principle  in  the  case  of  the  first  system  of  pulleys,  when  there  are 
three  movable  pulleys  (each  string  being  attached  to  the  supporting 
beam). 

8.  A  curve  is  drawn,  and^/V,  NP  are  the  abscissa  and  ordinate  of  any 
point  {P)  of  the  curve.  If  AN  represents  the  distance  through 
which  a  force  has  acted,  and  PN  represents  the  magnitude  of  the 
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force  when  it  has  acted  through  that  distance,  show  that  the  area  of 
the  curve  represents  the  work  done  by  the  force. 

9.  Two  circles  touch  each  other  externally,  and  the  point  of  contact 
(A)  is  in  the  same  vertical  line  as  the  centres.  From  any  point  {P) 
of  the  upper  circumference  draw  a  straight  line  PAQ  to  meet  the  lower 
circumference  in  Q.  If  a  particle  is  allowed  to  faU  from  P  along  PQ, 
show  that  the  time  it  takes  to  reach  Q  is  constant  for  all  positions 
of  P. 

Also  compare  the  times  in  which  PA  and  AQ  are  described. 

10.  A  particle  slides  down  a  irough  inclined  plane.  Find  the 
acceleration  of  its  velocity.  Under  what  circumstances  would  the 
velocity  be  retarded  ? 

The  angle  of  friction  between  a  particle  and  a  plane  is  30',  and 
the  angle  of  inclination  is  15°.  If  the  particle  begins  to  slide 
down  with  a  velocity  of  100  ft.  a  second,  how  far  will  it  slide 
before  coming  to  rest  ? 

1 1 .  A  particle  of  given  mass  moves  with  a  given  velocity  in  a  circle 
of  given  radius.  State  what  is  known  as  to  the  force  which  acts  on 
the  particle.     Prove  the  statement. 

12.  A  particle  {A),  whose  mass  is  3,  is  tied  by  an  inextensible  thread 
to  a  particle  (B),  whose  mass  is  5,  and  B  is  placed  on  a  smooth  table, 
while  A  is  allowed  to  fall  from  the  edge.  At  first  the  thread  is  slack, 
but  at  the  instant  A  has  fallen  9  ft.  the  thread  is  drawn  tight.  With 
what  velocity  does  B  begin  to  move  ? 

What  part  of  the  kinetic  energy  of  the  system  disappears  when 
the  thread  is  drawn  tight  ? 
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Examples  I.     (Pages  19,  20.) 

1.  About  15-*  lbs.  wt.  2.  16  lbs.  3.  10  lbs.  and  15  lbs. 

4.  (i.)  SAP,  -where  P  divides  BC,  so  that  ZBP  =  5CP. 
(ii.)  5PA,  where  P  divides  BC,  so  that  2BP  =  3CP. 
(iii.)  2^P,  where  BC  is  produced  to  P,  and  2CP  =  fiC. 
(iv.)     PA,  where  flC  is  produced  to  P,  and    CP  =  iBC- 

(v.)  9^P,  where  BC  is  produced  to  P,  and  9CP  =  2fi(?. 
(vi.)     PA,  where  fiC  is  produced  to  P,  and    CP  =  8BC. 

5.  13  lbs.  wt.     6.   V3P,  at  right  angles  to  2P  between  2P  and  3P. 
7,  See  §  19  ;  2\/2  in  a  north-easterly  direction.  8.  90^*. 

10.  Zero.  11.  In  P,  where  {m-k)BP  =  (k-l)CP. 

12.  Draw  AF  parallel  to  ED  to  meet  BD  in  P. 

Examples  II.      (Pages  35,  36.) 

1.  (i.)  2^/3  lbs.  ;  2  lbs.  (ii.)  8  oz.  ;    8  oz. 
(iii.)  5  kilog. ;  5  \/  3  kilog.                   (iv.)  0  ;  3  tons. 

(v.)   -6  grs.  ;  6  a/3  grs.  (vi.)   — §^2  lbs.  ;  f  a/2  lbs. 

(vii.)  —iVScwt.;  4  cwt.  (viii.)   —  4  mgm.  ;  0. 

(ix.)  6  stone;  0. 

2.  lO'v/5  lbs.  ;  incUned  to  vertical  at  an  angle  whose  cosine  is  2 /a/5. 

3.  (i.)  1  lb.  along  each.  (ii.)  f  lbs.  along  each. 

4.  (i.)  7  lbs.  (ii.)  26  grammes, 
(iii.)  1  ton.                                            (iv.)  6  kilog. 

(v.)  5  cwt.  (vi.)  2  a/7  lbs. 

(vii.)  5  a/3  lbs.  (viii.)  4v/l0  +  3\/3  mgm. 

(ix.)  2v'13-6a/3  oz. 
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5.  2  ^39  lbs. 

6.  12  lbs.  opposite  to  the  10-lb.  force,  and  2  V'S  Ibe.  at  right  angles 

to  this  on  the  side  remote  from  the  4-lb.  force. 

8.  2y3o  — 18-/2  lbs.  between  north  and  west.  9.  7^/3  lbs. 

10.  v'31bs. 

12.  If  P  is  >  Q,  Q  and  -i/RS  are  perpendicular  to  each  other. 

13.  -f.  14.  -\.  15.  5(V3  +  l)lbe.  ;    5(^/3-l)lb8. 

16.  16-93  lbs.,  10-65  lbs.  ;    4-62  lbs.,  -78  lb. 

ExuoNATiox  Papee  I.      (Page  37.) 

1.  See  §  5.  2.  See  §§  12,  13.  3.  See  §  16. 

AP 

4.  5  --  lbs.,  in  direction  parallel  to  AP,  where  BC  is  produced  toP, 

and  2BC  =  bCP. 
6.  See  §§  18.  20,  21.  6.  See  §  23.  7.  See  §§  26,  28. 

8.  Draw  DF  parallel  to  EA  to  meet  AB  in  F. 

9.  See  §  30.  10.  See  §  S4. 

Examples  m.      (Pages  49,  60.) 

1,  (i.)  Tilbs. ;  6  lbs.     (u.)  32ilb6. ;  30  lbs.     (iii.)  Sitons;  Sftons. 

(iv.)  45i  kilog.  ;  40  kilog.  , 

2.  (i.)  60  ft. -lbs.  (ii.)  390  ft. -lbs.  (iii.)  630  ft. -tons. 

(iv.)  1360  kilogram-metres. 

8.  (i.)  f  v^3  tons  ;  2^  tons.  (ii.)  28  lbs.  ;  14^2  lbs. 

(iii.)  10  ■/3  kilog.  ;  6^/3  kilog.  The  reactions  are  respec- 
tively (i.)  J^-v/3  tons ;  f  v^S  tons,  (ii.)  28  V2  lbs. ;  14  V2 lbs. 
(iii.)  20  kilog.  ;  5  kilog. 

4.  (i.)  4200  ft. -lbs.    (ii.)  42  v/2ft.-lbs.    (iii.)  J^A/SkilogTam-metres. 

6.  (i.)  6f  lbs.     (ii.)  5|lb6.  ;  13^ft.-lbs.  6.  6  a/2  lbs. 

7.  ^v'3  lbs.  8.  k  ton.  10.  5  lbs.  ;  f  ^3  lbs. 

11.  Along  the  plane,  JT  sin  a  ;   the  force  must  act  towards  the  plane 

at  an  angle  of  (90'— o)  with  it. 

12     T-   ^-  ^^^  13    ^ 

14.  28  ■%/2  lbs.  ;   when  the  angle  between  the  two  parts  of  the  string 

is  equal  to  or  greater  than  120^. 

15.  Anywhere  in  the  tube. 

17.  The  tension  in  each  string  equals  any  one  of  the  weights. 
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Examples  IV.      (Pages  61,  62.) 
1.  See  §  58.  2.  |  lb. 

5.  The  rod  is  inclined  at  30°  to  the  vertical ;  32  lbs. 

6.  1^  ins.  ;  60°  -with  horizontal. 

7.  —TF,    —  TF,  where  TTis  the  weight  of  the  rod. 

4  4 

8.  I0-%/2  1b8. ;  10  lbs.        9.  —  JT;    — .  11.  ^^  lb.  ;  —lb. 

L  L  2  2 

W 
12.  Tension  in  each  string  --  —  (a/3  — 1). 

Examination  Papee  II.      (Page  63.) 
1.  See  \  62.  2.  See  \  53.  3.  See  ^§  40,  57. 

4.  See  §  44.  5.  15  lbs.  6.  See  §  47. 

7.  2  'JZ  lbs. ,  at  right  angles  to  the  5-lb.  force  between  the  5-lb.  and 

7 -lb.  forces. 

8.  See  §  63.     The  line  through  0  perpendicular  to  /J£f,  the  horizontal 

line  through  >4,  and  the  vertical  line  bisecting  AB  must  all 
meet  in  a  point.  9.  Q  =  iP/a,    R  =  cP/a. 

Examples  V.      (Pages  74,  75.) 

1.  (i.)  2i,  (ii.)  |a/2,  (iu.)  \^/1,  (iv.)  |a/3,  inft.-lb.  units. 

2.  \AC  ;  iAC  ;  ^AB. 

3.  Towards  the  side  on  which  A  lies.         4.  See  J§  60,  68  ;   VS  :  4. 
6.  About  one  end,  0,  +4,  +18,  —32;    about  other  end,  +8,  —12, 

—  6,  0  ;   about  middle  point,  +4,  —4,  +6,  —16.     The  sum 
of  the  moments  is  — 10,  round  any  one  of  the  points. 

'7.  0,    ^^~AB,   5^^3AB,    1VZAB,    —  >J5,   0. 

8.  8\/3,  10 -v/S  ;   at  P  in  BC  produced,  such  that  CP  =  16  ft. 

9.  (P—  Q)  a  /  's/P^  +  Q',  where  a  is  the  length  of  the  side. 

10.  Two  straight  lines  parallel  to  the  resultant  at  a  distance  of  ^  the 

unit  of  length  on  each  side  of  it. 

11.  The  resultant  passes  through  A. 

12.  The  moments  and  sums  of  the  moments  round  the  four  comers 

are  respectively 
(i.)   -3,  -4,  +10,  +12;    +15.      (ii.)    +6,  -4,  -6,     +12;    +9. 
(iii.)    +6,  +8,  -6,     -6;     +3.       (iv.)  -3,  +8,  +10,  -6;      +9. 

13.  Any  point  in  a  line  parallel  to  CD  and  distant  from  it  2«  on  the 

side  opposite  to  AB,    where   a  is  the  length  of  a  side  cf 
the  square. 
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ExA^sfTT.F-s  TI.      (Pagis  89,  90.) 

1.  (i.)  4  lbs.  ;     li  ft.*,     i  ft.  (ii.)  12  lbs.  ;     21  ins.,  15  ins. 
(iii.)  12  lbs.  ;  31^  ins.,   H  ^^-        (i^-)   14  l^s-  ;     30  ins.,  12  ins. 

(v.)  J  ton  ;      4  ios.,        2  ins.  (vi.)  1  kilog.  ;  6  cm.,    4  cm. 

2.  fi.)  2  lbs.  ;     3  ft.,         1ft.  (ii.)  2  lbs.  ;       10ift.,7ift. 
(iii.)  9  lbs.  ;     3^  ft.,       |  ft.             (iv.)  6  lbs.  ;       70  ins.,  28  ins. 

{v.)iton;      12  ins.,     6  ins.  (vi.)  200  gms. ;  30  cm. ,  20  cm. 

3.  5i|  ft.  from  the  8-lb.  end  ;   19  lbs. 

4.  1  unit,  at  a  distance  of  1  ft.  from  the  force  of  2  units,  and  2  ft. 

from  the  force  of  1  unit. 
6.  The  bar  balances  about  a  point  distant  1^  ft.  from  the  boy. 
6.  See  §  78.  7.  68^  lbs.,  81^  lbs.  8.  25  Ibe. 

9.  P  =  8  lbs.,  Q  =  9  lbs.  10.  12  lbs. 

13.6  lbs.  ;  8  ft.  from  the  table.    14.  (P"'  -Q-j  :F,iiPhe  the  greater. 

ExAiLPLES  TIT.      (Pages  102,  103.) 

1.  3  ft.  from  the  man  carrying  71  lbs. 

2.  21  lbs.,  acting  between  the  7-lb.  and  9-lb.  forces  at  a  distance 

of  3  ft.  from  the  latter. 

3.  ^Vhen  the  100  lbs.  is  placed  on  the  end  furthest  from  a  prop,  the 

pressures  are  225  lb.s.  downwards  on  the  nearer  prop,  and 
5  lbs.  upwards  on  the  further  prop  ;  when  the  100  lbs.  is 
placed  on  the  other  end,  the  downward  pressures  are  170  Ibe. 
on  the  nearer  and  50  lbs.  on  the  further  prop. 

4.  17|lbs. 

5.  11  lbs.,  acting  in  the  same  direction  as  the  7-lb.   force,  at  a 

distance  of  ^^  ft.  from  the  end  where  the  3  lbs.  is. 

6.  3^  cwt.  on  each.  7.  3  ft.  from  the  first  prop.  8.  228. 
9.  («)  36flbs.,54|lbs.     (J)  78|lb8.,  Ti^lbs.     (c)  - 5f  lbs. ,  96| Ibe. 

10.  540. 

11.  If  P  is  the  force,  and  M  the  moment  of  ■the  couple,  resultant  is  equal 

and  parallel  to  P,  and  at  a  distance  M/P  to  its  right ;   see  §  62. 

12.  15  units  parallel  to  AC,  and  at  a  distance  from  it  equal  to  ^AB. 

13.  See  §  94.  14.  See  §  93. 

2P 

15.  (rt)    — ;  .  area  of  triangle  ABC 

BC 

(b)  2P  acting  along  the  hne  bisecting  AC  and  BC- 

16.  Complete  parallelogram  ABDC      Required  force  is   equal  and 

parallel  to  /?/!,  at  a  distance  from  it  =  j  the  distance  of  B  or  C. 

17.  2T,nM;  942^  ft. -lbs. 

•  In  Examples  1,  2,  the  distance  of  the  resultant  bora  the  smaller  component 
is  given  first. 
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Examination  Papeh  III.      (Page  104.) 

1.  See  §  61.     2.  See  §  69,  and  converse  of  §  80,  Alternative  Proof. 

3.  See  §  78. 

4-.  (rt)  300  ft. -lb.  units.  ;    150  ft. -lb.  units,  in  opposite  senses. 

{b)  450  ft. -lb.  units  ;    to  the  side  of  AC  on  wliich  B  lies. 
6.  See  §  81.       6.  21  lbs.  oni4,  9  lbs.  onfl  ;   10  lbs.  more  in  each  case. 
8.  4  lbs.  wt.,  acting  parallel  to,  and  in  the  same  direction  as,  the 
given  force  of  4  lbs.,  and  at  a  distance  of  1|  ft.  to  its  right. 

0.  See  §§  86,  93.  10.  See  §  95,  Cor. 

Examples  VIII.      (Pages  123-124.) 

1.  15  lbs.  2.  f  cwt.,  acting  do-wnwards.  3.  8  lbs.,  10  lbs. 

5.  3  ft.  from  the  man  bearing  94  lbs. 

6.  10  lbs.,  1047if  ft.-lbs.  8.  94^  lbs.  9.  4^  lbs. 

10.  P  =  9  lbs.,  Q  =  15  lbs.  12.  iAB  from  A  ;  pressure  =  a/3  P. 

13.  Tension  of  thread  =  TF;  pressure  at  C  =  a/3  TFperpendicular  to  AS. 

14.  3  lbs.  ;   3  ft. 

15.  Radius  of  wheel  is  four  times  radius  of  axle ;  weight  of  wheel 

and  axle  and  weight  of  man.  16.  See  §  111. 

17.  Replace  £  by  its  value  P+Q,  and  combine  the  two  terms  with 
the  efEort  and  weight,  respectively. 

Examples  IX.      (Pages  141-143.) 
1.  -jig-,  201b8.    2.  -jV,  141bs.    3.  6cwt.    4.  Three  moveable  pulleys. 
5.  22  lbs.  6.  Light  in  the  first  system,  heavy  in  the  third. 

7.  7  lbs.  8.  8  lbs.,  4  lbs.,  15  lbs.  9.   16  lbs.,  5  lbs.,  7  lbs. 

10.  250  lbs.  ;  250  lbs.,  600  lbs.,  1000  lbs.,  2000  lbs.  ;  diflPerence  =  P- 

11.  7i  stone,  18|  stone.  14.  9  stone. 

16.  The  radii  should  be  as  the  numbers  1,  2,  3  ...,  or  as  1,  3,  6  ..., 

according  as  the  string  is  fastened  to  the  lower  or  to  the 
upper  block. 

17.  Between  the   strings  over  the  fixed  pulley  and  the  next,  anS. 

W  ft.  from  the  former. 

18.  1580  lbs.  nearly.  19.  f^  in.  20.  ^f?  lbs.  21.  224. 

Examination  Papee  IV.      (Page  144.) 
I.  See  §§  104-106.     2.  See  §  105.      3.  See  §§  111,  112.      4.  9  lbs. 
5.  See  §  128.        6.  See  §§  121,  123.        7.  622  lbs.       8.  See  §  132. 
0.  3^^  ins.  ;  ^in.  10.  3  lbs.,  mechanical  advantage  =  6. 
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ExAiCPLzs  X.      (Pages  156-159.) 

1.  (i.)  The  centre  of  the  triangle,      (ii.)  The  vertex  of  the  equi- 

lateral triangle  described  on  the  other  side  of  the  base 
opposite  the  point  of  application  of  the  unlike  force. 

2.  Take  F  in  AB,  so  that  2AF  =  FB ;    the  centre  of  the  forces  is  at 

G  in  FC,  where  9fG  =  2GC. 
8.  Produce  BA  to  F,   so  that  AF  =  AB  :    the  centre  of  the  forces 

is  at  fl  in  FC,  where  3FG  =  2GC. 
4l  4  ins.  5.  f  in.  nearer  the  centre. 

6.  It  is  moved  from  the  centre  of  the  square  to  the  comer  opposite 

the  point  of  application  of  the  reversed  force. 

7.  At  an  infinite  distance. 

8.  '-— ,   — ,  from  AB  and  AD  reepectively. 

o  o 

9.  At  /f  in  EG,  such  that  O/T  =  8  ins. 

10.  7  oz. ;  9|  in.  from  A.  11,  See  §  150. 

ExATtfPT.KS  XI.      (Pages  168,  169.) 

I.  6  Ibe.       2.  See  §  152,  Ex.      3.  12  lbs.  ;  at  middle  point  of  rod. 
4.  2  oz.  ;   12  ins.  5.  See  §  151. 

6.  See  §  156  ;    if  the  8-in.  aide  was  originally  vertical,  the  block 

will  topple  when  the  plank  forms  an  inclined  plane,  such 
that  height  =  |  base. 

7.  It  trisects  the  straight  line  bisecting  AB  and  CD. 

8.  The  sphere  containing  the  lead  has  two  positions  of  equilibrium 

only  when  placed  on  a  table — one  stable,  the  other  unstable ; 
the  other  sphere  is  neutaral  in  all  positions. 
10.  450  sq.  ft. 

ExAypT.TS  Xn.      (Pages  185-187.) 

1.  Suspend  it  by  three  strings  from  one  point  from  which  is  hung  a 

plumb-line.  This  cuts  the  plane  of  the  hoop  in  the  required  CO. 

2.  2  ft.  from  vertex  ;   8  ins.  from  vertex. 

3.  UAB,  ^AB.  from  AB  and  AD  respectively. 

4.  4  ins.  from  AB.  3i  ins.  from  AD.         5.  ^i^f^  from  0  towards  C. 
7.  -^  from  0  towards  middle  point  of  DE.  8.  See  §  177. 

II.  iAB  from  0  towards  middle  point  of  CD.  12.  See  §  169. 

13.  2'55  ins.  from  base. 

14.  See  §  178.     The  volumes  of  the  whole  cone  and  the  part  cut  off 

are  proportional  to  the  cubes  of  their  axes ;  htnce  apply  §  173. 

15.  1  in.  and  1^  ins. 
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16.  — ,  where  Wis  the  weight  and  I  the  length  of  the  chain. 

17.  One-sixth  of  radius  from  centre  of  board. 

30  +  V6 
20.  The  masses  are  proportional  to  -^    -  .        ,   .        22.  — r^ — «• 

23.  One-third  of  the  diagonal  from  the  point  where  the  weight 

is  suspended. 

24.  At  the  middle  point  of  the  common  side. 

25.  16  ft. -lbs.  ;  5^  ins.  26.  192,500,000  ft.-lbs.  28.  fa. 

Examination  Papee  V.      (Page  188.) 

1.  See  $  135.  2.  See  §  151.         3.  See  §  173.         4,  See  §  169. 

6.  See  §  159.      7.  7-1^  ins.  from  A  ;  46  ins.  from  A  in  BA  produced. 

8.  2  ins.    from  centre   of  box  towards   the  middle  point  of  the 

vertical  face  to  which  the  hinges  are  attached. 

9.  See  §  176.  10.  Same  as  c.g.  of  original  triangle. 

Examples  XIII.     (Pages  200,  201.) 


1.  See  §  190.  2.  \^  lbs.  3.  32  ins.  from  fulcrum. 

4.  Its  C.G.  is  at  the  fulcrum.  5.  No. 

6.  6  ins.  from  the  weight.        7.  15  lbs.,  26  lbs.  ;   at  middle  of  rod. 

8.  1  lb.,  2  lbs.,  4  lbs.,  8  lbs.,  16  lbs.  ;    1  lb.,  3  lbs.,  9  lbs.,  27  lbs. 

9.  With  diminished  weight  he  cheats  his  customers,  with  increased 

weight  he  cheats  himself. 
10.  When  the  weight  is  himg  by  a  string.  12.  10  stone. 

Examination  Taper  VI.      (Page  202.) 

1.  See  §  182. 

2.  See  §§  191,   192  ;    only    one    weight  used,   and   this   a   com- 

paratively small  one. 

3.  See  §§  194,  195.  4.  See  §  186.  6.  10  lbs.  ^  oz. 
6.  See  §  175.                           7.  20,000  ft.-lbs. 

8.  If    ACB    be    the    thread   and   C  the  position   of  the   weight, 

>IC  =  6ft.,     Cfl  =  3ft. 
8.  ^a  from  centre  of  hexagon  to  comer  opposite  to  that  at  which  no 
.  weight  is  situated,  a  being  side  of  hexagon. 
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Examples  XT7.       (Page  214.) 

6.  Intersection  of  medians.  8.  Yes.  9.  21  ft. -lb.  units. 

10.  DB  must  bisect  AC;  2BD  aiong  BD,  0  along  AC 
12.  Sum  of  momentd  about  the  opposite  angular  point  must  be  zero. 

Examples  XV.       (Page  225.) 
8.  30°.  8.  2TF. 

ExAMixATiox  Paper  YU.     (Page  226.) 
8.  ajil-a).  9.  60'. 

Examples  XVI.       (Page  239.) 
2.  24.  3.  a(2lrr-b^i)/r(21^^i  +  b).  4.  4.  5.  4^/3/3. 

6.20.        7.1.         11.  6-V/3/36;  2-V/3/5.         12.  -3.         16.  2«. 

Examples  XVII.       (Page  251.) 

2.  Distance  from  centre  =  -rrif- 

ExAMDfATios  Paper  VIII.     (Page  253.) 

3.  J^andi^/3.  TF. 

5.  TFfil  \^{l  +  n")  in  a  direction  inclined  to  the  plane  at  the  angle  of 
friction.  8.  At  a  distance  3r;8  from  the  centre. 
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SCIENCE    AND    ART     EXAMINATION    PAPERS. 


1885. 

1.  Produce  AD  to  E,  making  DE  =  SAD  ;  produce  DC  to  F,  making 
DF  =  BC  ;  on  DE  and  DF  construct  the  parallelogram  DEGF. 
DG  represents  the  resultant. 

3.  (a)  The  c.G.  of  the  triangle.     (J)  At  E  on  the  meridian  AD  pro- 

duced to  E,  where  DE  =  AD.  4.  ^  ^ ;  i  ^3  W. 

5.   (a)  125  lbs.    (i)  36.      6.  (a)  384  ft.     (i)  53^  poundals.    (c)  If  lbs. 

7.  («)m<7-    (*)500ft.  ;  25  8ecs.      8.  (P- Q)(Q  +  i'i)A/(P+ Q)(Q-Pi). 
9.  -4;  4;  256. 

1886. 

1.  15  a/5  units. 

4.  (a)  iv/7  ^ ;  iv/3  ^.     (J)  At  an  inclination  tan-H^3  to  vertical 

at  B,  horizontal  at  C. 

5.  0-31;  17°  13' 24".  7.  ^  ;  20,640,000  ft.-lbs. 

8.  (*)  177^  ft.  per  sec.  9.  -1  ;  0. 
10.  (a)  5556 1-2  ft. -lbs.     (b)  44-1964  turns. 

1887. 

1,-1.         2.  15  lbs.  parallel  to  CA,  and  at  a  distance  |fiC  from  it. 
3,  540  ft. -lb.  xmits.  5.  Each  ==  \V2  (wt.  of  rod). 

7.  192,500,000  ft.-lbs.  ;   1 666 1  minutes. 

8.  1:5;   16-v/5ft.  per  sec.  ;  7080  ft.-poundals. 

10.  (a)  \mP,  where  m  is   the   mass    and  I  the   length  of  the  rod. 
(i)  72ir2  ft.-poundals. 
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1888. 

1.  123°  43'. 

2.  (Q-P)a/((?  +  P2)*,  where  a  =  length  of  side  of  square. 

3.  -228. 

4.  If  AB  =  c,  inclination  to  horizon  =  o,    length  of  thread  =  /, 

and  given  weight  =  W;    then  tension  =  Wjl  cos  6,   where 
I  sin  0  =  c  cos  a. 

5.  x=  -1;  y  =  -1-4.  6.  P  =  7rtan(o-<^). 
8.  (a)  wp»/2^ ;  [b)  0-244  ft. 

lO.  (a)  9800»2/3  ft.-poundals.     {b)  9800*2/3^?  ft. -Ihs. 

1889. 

B.  X  =  2\;  y  =  \  ((7  being  the  origin).      6,  0-1.       7.  i»7ft.-Ibe. 

8.  100  ft.  per  sec.  towards  centre  of  hexagon. 

9.  Lengthened  by  «/43200  of  its  original  length. 
10.  (a)  12,100  ft.-poundals.     (*)  378  125ft.-lbe. 


1890. 

2.  tan  e  =  QbjPa. 

3.  Any  point  in  the  line  of  action  of  the  resultant. 

4.  Psin(a  +  ^)  -  TFcosiS,     Qsin(a  +  /3)  =  TTcoso,  where  P,  Q  are 

the  tensions  of  AC,  BC,  respectively ;  a  the  angle  CAB,  /3  the 
angle  ABC 

5.  Inclination  to  horizon  =  cos"^  W*^)*-  6.  250  lbs. 

7.  20,000  ft.-lbs.    8.  4  ft.  persec.  ;  5  sees.     10.  1500  ft.-poundals. 


1891. 

1.  -4850  from  D.        3.  W=  T..  =  2732  lbs.       5.  ^t-       8.  P  =  3Q. 

1892. 

1.  •?»  radians  per  sec. ;  4ift.  per  sec. 
4.  ^  of  line  joining  c.o.  of  base  to  vertex. 
6.  OatA,  JT  at  fi  ;  f  TF;   f/F;  f  TF.  7.  IGir  :  1. 

9.  600  ft.-poundals.         10.   ■%/3;i2.         12.  2r,  V.         13.  \Mt>*. 
14.  1000  ;  14^.  15.  7  ft.  per  sec.  ;  1-4  radians  per  sec. 
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1893. 

1.  64  ft.  per  sec.  2.  5ir/6  radians  per  sec. 

3.  A  force  P  parallel  to  C/4  at  a  distance  2a  from  A  on  side  towards 
A  ;  a  force  P  parallel  to  CA  at  a  distance  2a  from  A  on  side 
towards  B. 

6.  60  lbs.  ;  50  lbs.  7.  5  tons  ;  ^j-i^.  9.  26-366  ft. -lbs. 

11.  8  a/3  lbs.  ;  3-27  sees.  12.  156;  166;   -36;  96. 

14.  4|  radians  per  sec. ;  6691-84:  ft.-poundals. 

1894. 

2.  I;  I;  3/5  a/5;  i  radians  per  sec.  5.  16  lbs.  ;  6lbs.  ;  16  lbs. 
e.  T=  TF{a^+cr^^ld;  B  =  W{a^  +  U^)^ld.        7.   -v/3-1  :  2. 

9.  370  ft. -lbs.  ;  372ft.-lb8.  11.  a/6  (j-r)  ;  72 lbs. 

12.  vlu';  133Jft.-lbs.      13.  Mb^jZ.      14.  -f;  4;  —|  radians  per  sec. 

1895. 

1.  8  units  from  B  to  A.  2.  46  units.  4.  10  ft. 

6.  -V-•^/31b8.,  |A/211bs.     7.  29i|H.p.,  170-§H.p.     8.  1 J  ft,  per  sec. 
9.  64  ft.  below  top.  10.  lO-v/5.  11.  250  poundals. 

15.  PandQ.  21.  100  v'79  ft./sec.       22.  0003462316. 
23.  27  ft./sec. 

1896. 

1.  5^/3/12  radians  per  sec. 

3.  8  units  parallel  to  BO  on  the  side  remote  from  /[  at  a  distance 

half  the  side  of  the  square  ;     8  units  parallel   to  DA  on  the 
side  remote  from  B,  at  a  distance  -f  (side  of  square). 

5.  W  sin  a  ;  when  o  <  tan  -  ^  yu. 

6.  2A  sin  \/sin  0COS  flsin  (\  +  6)  ;    limiting   value   of 

0  —  \  {sin-i  (3  sin  \)  —  A.J,   where   \  =  angle  of  friction. 
9.   Vr  :  A/(r  +  >')  -  '/r,  where  r,  »•'  are  the  radii  of  the  upper  and 
lower  circles,  respectively. 
10.  2600  (3^2+  V6)lsiit.  12.  9  ft.  per  sec.  ;  five-eighths. 
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"  An  excellent  elementary  treatise," — Xature. 

"  This  book,  intended  for  candidates  for  the  elementary  stage  in  the 
S<aence  and  Art  Department  Examination,  will  be  found  useful  for 
any  class  of  banners  in  the  subject." — Journal  of  Education. 

"  This  work  should  become  popular  as  a  text -book  for  the  particular 
examination  referred  to." — Mechanical  World. 

"It  is  in  every  way  a  very  admirable  production,  and  deserves 
great  success." — Board  Teacher. 

"  This  book  is  well  adapted  for  its  purpose.  The  principles  of  the 
subject,  and  experiments  for  their  verification  are  well  explained."-  - 
Mathematical  Gazette. 
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Sound,   Light,  and  Heat,  First  Stage.    By  John 
Don,  M.A.,  B.Sc.     2s. 

"  A  thoroughly  practical  book  for  the  elementary  stage." — Board 
Teacher. 

"  The  facts  and  phenomena  belonging  to  the  branches  of  physical 
science  named  in  the  title  of  the  book  are  clearly  described  and  with 
due  attention  to  experiment." — Nature. 

"  The  book  is  well  illustrated,  and  the  explanations  are  sufficiently 
exhaustive  for  the  desired  pui-pose." — Pharmaceutical  Journal. 

"  A  useful  elementar}'  manual  adapted  for  students  taking  up  these 
subjects  for  the  Science  and  Art  Department  Examination." — 
Mechanical  World. 

'  *  This  book  is  evidently  the  work  of  a  practical  teacher,  and  as 
such  is  A'ery  thorough  in  its  treatment,  lucid  in  its  style,  and  masterly 
in  its  method." — Educational  Neivs. 

"  The  author  shows  himself  able  to  explain  in  a  helpful  manner." 
Educational  Times. 

"  Mr.  Don's  volume  is  a  useful  addition  to  existing  books  on  the 
subjects  of  which  it  treats,  and  quite  worthy  of  the  series  to  which  it 
belongs." — School  Guardian. 

Magnetism    and    Electrictity,  First    Stage.    By 

E.  II.  JuDE,  M.A.,  D.Sc.  Lend.     Second  Edition.     2S. 

"  Dr.  Jude  has  made  the  bold  innovation  of  introducing  modem 
conceptions  of  electricity  in  the  very  beginning  of  an  elementary 
text-book,  and  we  think  he  is  successful." — Educational  Times. 

"  As  a  first  course  on  magnetism  and  electricity  the  book  should 
prove  serviceable. ' '  — Nature. 

"  The  subject  is  more  satisfactorily  treated  than  in  any  other  similar 
book  written  for  examination  purposes,  and  there  should  be  a  large 
demand  for  the  work." — Pharmaceutical  Journal. 

"  No  book,  as  far  as  we  are  aware,  is  so  well  suited  to  serve  the 
purpose  of  introducing  beginners  to  the  study  of  this  subject." — 
Educational  Neus. 

"  We  cordially  welcome  this  clover  work  as  the  harbinger  of  a 
more  scientific  treatment  of  the  subject  in  its  earlier  stages." — Journal 
of  Education. 

"  Mr.  Jude  has  treated  his  subject  in  a  more  than  interesting 
manner,  and  his  book  will  be  found  of  groat  assistsmcc  to  all  students 
of  the  subject." — Civil  Service  Gazette. 
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Chemistry,    First-Stage    Inorganic-      By   G.  H. 

Bailey,  D.So.  Lond.,  Ph.D.     2S. 

"  This  book  is  clearly  wiitten,  the  statements  are  illustrated  by 
well-planned  and  described  experiments." — Edttcationul Review. 

"  It  is  an  admirable  book,  lucidly  wi-itten,  well-arranged,  and 
illustrated.  All  through,  instructions  for  practical  work  are  given." 
—Educational  Ttiiwx. 

"  A  thorough  piece  of  work.  It  is  clearly  and  concisely  written." 
School  Guardian. 

' '  Probabh"  the  best  systematic  introduction  to  chemistry  yet 
published." — Pharmaceutical  Journal. 

"A  good  straightforward,  and  actual  manual,  written  in  accordance 
with  the  requirements  of  the  elementary  stage  syllabus  of  the  Science 
and  Art  Department." — Sihoolmastei: 

Chemistry,   First   Stage    Inorganic  (Practical). 
By  F,  Beddow,  D.Sc.  Lond.,  Ph. I).     Second  Edition. 

Is. 

"  This  is  a  neat,  cheap,  and  excellent  little  manual  suited  in  everj' 
way  for  its  purpose.  Any  one  who  carefully  works  through  the  book 
will  acquire  sound  knowledge  of  the  groundwork  of  chemical  manipu- 
lation."— Knouledge. 

' '  This  is  an  excellent  guide  for  the  beginner  in  practical  laboratory 
work.     The  instructions  are  very  clear." — Educational  Times. 

"  The  instruction  conveyed  in  Dr.  Beddow's  useful  manual  fully 
meets  the  syllabus  at  a  moderate  price  and  definitely  sets  oat  to  do  bo 
on  the  title-page  ;  this  is  its  great  merit." — Guardian. 

'  *  This  volume  has  several  good  features,  and  provides  elementarj' 
students  with  an  instructive  course  in  practical  chemistry." — Nature. 

Chemistry,  Practical  Organic.  By  Geokge  Geobge, 
F.C.S.    Is.  60. 

"  The  book  is  evidently  written  by  one  conversant  with  the  subject, 
and  students  can  depend  on  the  various  tests  and  methods  of  analj'sis 
as  those  most  suitable  for  the  purpose." — Pharmaceutical  Journal. 

' '  The  arrangement  is  verj-  clear,  and  is  very  well  adapted  for  its 
puriK)se." — Journal  of  Education. 

' '  A  very  excellent  work,  which  cannot  fail  to  be  of  essential  service 
to  subject  XI.  candidates,  indeed  to  laboratory  students  generally." — 
Invention. 

"The  instructions  are  clear,  and  tUe  book  should  prove  useful," — 
pducatioital  Timet, 
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Physiography,    First    Stage     By  A.  M.  Davies, 
A.E.C.S.,  B.Sc.  Lond.,  F.G.S.     2s. 

"  This  volume  is  admirably  written  and  well  illustrated.  It  will 
form  one  of  the  best  text-books  to  be  obtained  for  preparation  for  the 
May  examination  in  the  elementary  stage."— TracAers'  Monthly. 

"This  work  is  thoroughly  reliable  and  up  to  date,  and  possesses  all 
the  merits  of  a  good  elementary  text-book. ' ' — Natural  Science. 

"  The  experiments  described  and  suggested  are  good,  and  the 
explanations  of  phenomena  are  simple,  clear  and  sound." — Journal  of 
Education, 

' '  The  book  fonns  one  of  an  excellent  scries,  and  candidates  for  the 
elementary  stage  in  physiography  should  find  this  little  treatise  of 
considerable  use,  as  it  had  been  written  with  a  view  to  following 
closely  the  lines  of  the  latest  syllabus." — Invention. 

"  The  method  of  exposition  is  masterly,  the  style  succinct  and 
pointed,  the  statements  carefully  framed,  the  definitions  distinct,  clear, 
and  adequate." — Educational  Netvs. 

' '  Much  thought  and  much  care  are  evinced  in  the  planning  of  the 
work,  and  we  can  thoroughly  recommend  it." — Hoard  Teacher. 

"  A  useful  text-book  on  the  subject." — English  Mechanic. 

"The  student  who  works  intelligently  through  this  volume  will  be 
thoroughly  prepared  for  the  examination." — Secondary  Education. 

"  Simplicity  of  exposition  is  one  of  the  best  features  of  this  excel- 
lent volume  on  physiography,  which  will  be  found  thoroughly  suited 
to  its  purpose." — Educational  Times, 


Hygiene,  First  Stage.    By  E.  A.  Lyster,  B.Sc    2s, 
Botany,  First  Stage.    By  A.  J.  Ewaut,  D.Sc,  Lond. 


THE  ORGANIZED  SCIEXCE  SERIES. 


Second  Stage  Mathematics.  Edited  by  Wiujam 
Briggs,  M.A.,  LL.B.,  F.C.S.,  F.E.A.S.  Second  Edition. 
3s.  6cl. 

This  book  comprises  all  the  EiicUd,  Algebra  and  Trigonometry 
required  for  the  Second  Stage  Examination  of  the  Science  and  Art 
Department.  The  chai-acter  of  the  book  can  be  gathered  from  the 
fact  that  it  is  a  most  careful  modification  of  the  corresponding  parts 
of  Deakin's  Euclid  I.- IV.,  The  Middle  Algebi-a,  and  The  Tutorial 
Trigottometry . 

"The  range  of  the  subjects,  and  the  handling  of  them  both 
seem  thoroughly  suited  to  the  requirements  of  the  sj'llabus." — 
Guardian, 

"  The  editor  treats  with  thoroughness  everything  which  &lls  within 
the  prescribed  syllabus." — Oxford  Magazine. 

'•  Thoroughly  adequate  for  its  purpose." — Education, 

"  We  commend  the  present  volume  for  its  clearness,  simplicity,  and 
thoroughness.  No  candidate  for  a  certificate  in  this  subject  and  stage 
should  be  without  a  copy." — Educational  News. 

"This  book  is  prepared  with  the  usual  thoroughness  of  the 
University  Con-espondence  College  Press.  The  Euclid  is  exceptionally 
well  done." — Schoolmast<r. 

"This  is  in  every  way  a  trustworthy  book." — Secondnry  Education, 

"  Distinctive  type,  clear  printing,  and  conciseness  of  expression  are 
prominent  features  of  this  serviceable  volume." — The  Mechanical 
World. 

"  To  students  preparing  for  the  second  stage,  it  will  be  useful  to 
have  the  three  subjects  so  fuUy  treated,  and  yet  within  tl^e  limits  of  4 
single  volume." — Journal  of  Education. 

"  A  well  ananged  and  beautifidly  printed  treatise." — Engitteer. 

"'XTie  treatment  is  conspicuously  clear." — Publisheiii'  Circular. 

'•A  marvel  of  completeness,  accuracy,  and  cheapness." — School 
Teacher. 

"  From  whatever  point  of  view  the  book  is  examined  it  is  certain  to 
result  in  giving  complete  satisfaction." — Teacheis^  Aid. 

"  This  lx>ok  is  clear,  compact,  and  well  executed,  and  may  be 
heartily  commended." — Fractieal  Teacher, 

' '  The  book  is  very  suitable  for  its  purpose.  The  details  of  its 
arrangement  and  typogi-aphy  bear  evidence  of  care  and  experience  ift 
its  preparation." — Elrctrical  Review. 

"  We  feel  sure  that  any  student  or  class  that  works  carefully 
through  this  handbook  will  face  successfully  any  Second  Stage  paper." 
— Arbroath  Hei-ald. 

"  The  treatment  is  conspicuously  clear." — Fublisheis^  Circttlar, 
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Mechanics,  Advanced.    With  the  questions  of  the 

last  eleven  years  set  at  the  Advanced  Examination  of 

the    Science    and    Art    Department.     By    William 

Bbiqqs,   M.A.,   LL.B.,  F.E.A.S.,  and  G.  H.  Bryan, 

Sc.D.,  M.A,,  F.E.S. 

Vol.  I.    Dynamics.    Vol.  II.    Statics.    Second  Edition, 
3s.  6d. 

"  The  student  who  wishes  to  face  the  South  Kensington  examina- 
tion with  a  cheerful  countenance  should  master  this  well-written 
vnde  meciim,  than  which  no  better  treatise  has  come  under  our  notice." 
— Practical  Teacher. 

"This  is  a  welcome  addition  to  our  text-hooks  on  statics.  The 
treatment  is  sound,  clear,  and  interesting." — Journal  of  Education. 

"  We  unhesitatingly  pronounce  this  publication  by  far  the  best 
work  of  its  kind  we  have  ever  seen." — National  Teacher. 

"  The  book  is  thoroughly  practical,  the  principles  and  demonstra- 
tions are  remarkably  clear,  and  the  work  as  a  whole  makes  the  subject 
about  as  plain  .and  intelligible  as  any  student  could  reasonably  dosii-e." 
— Schoolmaster. 

"  Written  with  commendable  clearness.''^— Educaiioiial  Times. 

Heat,  Advanced.  With  90  diagrams  and  numerous 
calculations,  and  the  questions  of  the  last  13  years  set 
at  the  Advanced  Examination  of  the  Science  and  Art 
Department.  By  R.  W.  Stewart,  D.Sc.  Lond. 
Second  JEdition.     3s.  6d. 

"  Clear,  concise,  well  arranged  and  well  illustrated,  and,  as  far  as 
we  have  tested,  accurate." — Journal  of  Education. 

"  Will  be  found  equally  well  adapted  for  general  use  by  those 
students  who  have  already  mastered  the  first  principles  of  physics." 
— School  Guardian. 

"  It  will  be  foimd  an  admirable  text-book." — Educational  News. 

"  The  principles  of  the  subject  are  clearly  set  forth,  and  are  exem- 
plified by  carefully  chosen  examples." — Oxford  Magazine. 

Magnetism    and     Electricity,    Advanced.      By 

R.  W.  Stewart,  D.Sc.  Lond.     3s.  6d. 

"This  volume  covers  completely  the  requirements  of  the  syllabus, 
and  includes  the  latest  scientific  advances  in  the  subject." — Outlook. 
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Chemistry,  Advanced    Inorganic  (Theoretical). 

By  G.  H.  Bailey,  D.Sc.  Lond.,  Ph.D.  Edited  by 
William  Bkiggs,  M.A.,  F.C.S.,  F.E.A.S.  Second 
Edition.     3S.  6d- 

"The  mode  of  treatment  is  broad  and  luminous,  and  the  informa- 
tion is  well  selected.  The  chapter  on  the  atomic  weights  of  the 
elements  is  excellent." — Nature. 

"  The  book  is  clear,  concise,  and  well  arranged." — Journal  of 
Ediiciitioii. 

"  Dr.  Bailey  has  selected  and  submitted  the  chemical  facts  them- 
selves in  the  clear  way  to  be  expected  from  his  long  experience  as  a 
lecturer  in  the  Victoria  University." — Guardian. 

"  We  congratulate  the  author  of  this  work  on  the  clearness  of  its 
exposition,  the  number  of  its  diagrams,  and  its  eye  to  the  practical. 
The  chemistry  of  '  manufactures  '  is  well  done." — Literary  JFmld. 

'  *  This  a  well  planned  and  well  executed  sequel  to  the  same  author's 
elementary  work.  We  can  recommend  it  to  teachers  of  chemistry." 
— Ediieafiotial  Times. 

"A  very  successftil  volume." — Spectattyr. 

"  Most  valuable  for  advanced  stage  students." — Board  Teacher. 

"The  work  full}- maintains  the  high  standard  of  excellence  dis- 
played in  the  previous  numbei-s  of  the  series." — Educational  News. 

Chemistry,  Advanced  Inorganic  (Practical).    By 

William  Briggs,  M.A.,  LL.B.,  F.C.S.,  and  E.  ^\. 
>Stewart,  D.Sc.  Lond.     2s. 

Chemistry,  Practical  Organic.  By  George  George. 
F.C.S.     Is.  6d. 

"  The  instructions  are  clear,  and  the  book  should  prove  useful." — 
Educational  Times. 

"  The  book  is  evidently  written  by  one  conversant  with  the  subject, 
and  students  can  depend  on  the  various  tests  and  methods  of  analysis 
us  those  most  suitable  for  the  purpose." — Pharmaceutical  Journal. 

"The  author  has  succeeded  in  producing  a  work  which  will  be 
found  useful,  not  only  to  the  examinee,  but  also  to  the  general 
student  of  chemistry.  The  system  upon  which  the  tests  are  arranged 
is  sound  and  practical." — Electrical  Reiieiv. 

"  The  an-angement  of  the  matter  prescribed  in  the  syllabus  is 
carried  out  with  very  considerable  skill.  The  instructions  to  the 
student  are  everywhere  full  and  clear.  We  strongly  recommend  the 
book." — Educational  News. 

"This  is  a  very  excellent  work,  which  cannot  fail  to  be  of  essential 
service  to  subject  XI.  candidi\tes,  indeed  to  laboratory  students 
generally." — Invention. 
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Algebra,  A  Mildle.  By  William  Briggs,  M.A.,  LL.B.,  F.B.A.S., 
and  G.  H.  BRYAN,  Sc.D.,  M.A.,  F.ll.S.  Based  on  the  Algebra 
of  Radhakrishnan.     3s.  6d. 

Algebra,  The  Tutorial.  By  the  saiue  Authors.  Part  I.  Elementary 
Course.    In  preparation.     Part  II.     ADVANCED  COURSE.    6s.  6d. 

"Every  teacher  of  mathematics  should  possess  this  volume,  aud  we  hope  tliat 
t}ie  impulse  that  it  gives  will  revolutionise  the  teaching  of  algebra."— Oj/o>v/ 
Magazine. 

"  All  the  theorems  usually  associated  with  advanced  algebra  are  here  given,  with 
proofs  of  rcmaikuble  force  and  clearness." — Sdiool master. 

Book-keeping,  Practical  Lessons  in.  Adapted  to  tlie  roqnirements  of 
the  Civil  Service,  Society  of  Arts,  London  Chamber  of  Commerce, 
College  of  Preceptors,  Oxford  and  Cambridge  Locals,  etc. 
With  100  Exercises.  By  THOMAS  Chalice  Jackson,  B.A., 
LL.B.  3s.  6d.  Exercise  Book,  ruled  Ledger,  Journal  or  Cash.  3d. 
"  A  well  arranged  and  well  explained  treatise,  adapted  for  use  in  .schools,  and  for 

commercial  and  other  candidates." — Jidncatioiial  I'iines. 

Coordinate  Geometry :  Part  I.  The  Eight  Line  and  Circle.  By 
William  Briggs,  M.A.,  LL.B ,  F.K.A.S.,  and  G.  H.  Bryan, 
Sc.D.,  M.A.,  F.K.S.     Third  Edition.     3s.  6d. 

"  It  is  thoroughly  sound  throughout,  and  indeed  deals  with  some  ditlicult  points 
with  a  clearness  and  accuracy  that  has  not,  we  believe,  been  surpassed." — Edtivation. 
"  Thoroughly  practical  and  licl-pixiX."— Schoolmaster. 

Coordinate  Geometry,  Part  II.  The  Conic,  By  J.  II.  Grack,  fil.A., 
Fellow  of  St.  Peter's  College,  Cambridge,  and  F.  ROSENBERG, 
M.A.  Camb.,  B.Sc.  Lond.     4s.  6d. 

"The  chapters  on  systems  of  conies,  envelopes,  and  harmonic  section  are  a 
valuable  addition  to  scholarship  students.  The  book  fully  maintains  ttic  reputa- 
tion of  the  series." — Guardian. 

Dynamics,  The  Tutorial.  By  William  Briggs,  M.A.,  F.C.S., 
F.U.A.S.,  and  G.  H.  Bryan,  Sc.D.,  M.A.,  F.R.S.     Ss.  6d. 

"This  volume  seems  in  every  way  most  suitable  for  the  use  of  beginners,  the 
initial  difficulties  being  fully  explained  and  abundantly  illustrated."— ./oiovirt/  of 
Education . 

Euclid. — Books  I. -IV.     By  Rupert  Deakin,  M.A.  Lond.  and  Oxon., 
Headmaster  of   Stourbridge   Grammar   School.     2s.  6d.     Also 
separately  :  Books  I.,  II.,  Is. 
"The  propositions  are  well  set  out,  and  useful  notes  are  added.    The  figures  and 
letterpress  are  both  well  jjrinted." — Camliridi/e  Rceiew. 

"  The  teacher  of  Euclid  who  may  found  his  teaching  on  the  model  here  provided 
can  hardly  fail  of  success."— .SV7(oo/»ic(,s7r;'. 

Geometry  of  Similar  Figures  and  the  Plane.  (Euclid  VI.  and. XI.) 
With  numerous  l)educti(ms  worked  and  unworkod.  By  C.  W.  C. 
Barlow,  M.A.,  B.Sc,  and  G.  II.  Bryan,  Sc.D.,  F.R  S.   2s.  6d. 
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/IDatbematics  an^  {fbccMnics—contimud. 

Hydrostatics,  An  Elementary  Text-Book  of.     Bv  William  Brigss, 
M.A.,   F.C.8.,  F.R.A.S.,  and   G.    H.    Brtax,   Sc.D.,  F.R.S., 
Sec&nd  Edition.     28. 
"An  excellent  text-book."'— ./oi/r«a/ o/JFrfttffl^iow. 

"  The  diagrams  and  illustrations  are  all  very  practical.  The  text  is  written  so  as 
to  give  a  clear  and  systematised  knowledge  of"  the  subject."— 5f/<"o/flifl«^<*r. 

Hechanics.  An  Elementary  Text-Book  of.  By  the  same  Authors. 
Second  Edilion.     3s.  6d. 

"  From  whatever  point  of  view  regarded,  the  work  appears  to  us  to  merit  un- 
qualified recommendation." — Technical  World. 

"  It  is  a  good  book — clear,  concise,  and  accurate." — Journal  of  Education. 

"  Affords  beginners  a  thorough  grounding  in  dynamics  and  statics." — Knowledge. 

"A  most  u-ieful  and  helpful  manual." — Educational  Reriew. 

Mechanics.  The  Preceptors'.     By  F.  Rosenbekg,  M.A.,  B.So.  28.  6d. 

"  The  general  style  of  the  book  is  eminently  calculated  to  teach  in  the  clearest 
manner  possible." — Electrical  Herieic. 

"  A  practical  book  for  this  subject.  It  will  be  found  exceedingly  useful." — 
Educational  Neurt. 

Mensuration  of  the  Simpler  Figures.  Bv  AVilliam  Briggs,  M.A., 
F.C.S.,  F.R.A.S.,  and  T.  W.  EoMoifDSON,  M.A.  Camb.,  B.A. 
Lond.      Third  Edition.     2s.  6d. 

Mensuration    and  Spherical   Geometry  :    Being  Mensuration  of  the 

Simpler  Figures  and  the  Geometrical  Properties  of  the  Sphere. 

Specially  intended  fi>r  London  Inter.  Arts  and  Science.     By  the 

.same  Authors.     Third  Edition.     3s.  6d. 

"The  book  comes  from  the  hands  of  experts;  we  can  think  of  nothing  better 

qualified  to  enable  the  student  to  master  this  branch  of  the  svllabus,  and  to  promote 

a  c-orrect  style  in  his  mathematical  manipulations." — Schoolmaster. 

Statics,  The  Tutorial.     Bv  William  Briggs,  M.A.,  LL.B  ,  F.R.A.S., 
and  G.  H.  Bryax,  Sc.D.,  M.A.,  F.R.S.     Ss.  6d. 
"  This  is  a  welcome  addition  to  our  text-books  on  Statics.     The  treatment  is 
sound,  dear,  and  interesting,  and  in  several  cases  the  familiar  old  proofs  are 
simplified  and  improved." — Journal  of  Education. 

Trigonometry,  The  Preceptors'.  By  Willlam  Briggs,  M.A.,  LL.B., 
F.C.S.,  and  G.  H.  Bryan,  Sc.D.,  M.A..  F.R.S.     28.  6d. 

"  The  book  meets  excellently  the  wants  of  the  student  reading  for  the  College  of 
Preceptors'  examination ." —  Gua rdian . 

"The  discussion  of  logarithms  and  the  use  of  tables  is  distinctly  above  the 
average.  The  hints  and  ctiutions  to  students  are  likely  to  be  of  great  service." — 
School  World. 

Trigonometry,  The  Tutorial.  By  William  Bkiggs,  M.A.,  LL.B., 
F.R.A.S.,  and  G,  H.  Bryan,  Sc.D.,  M.A.,  F.R.S.     38.  6d. 

"  Good  as  the  works  of  these  authors  usually  are,  we  think  this  one  of  their  best " 
— Education. 

"  An  excellent  test-book." — School  Guardian. 

Trigonometry,  Synopsis  of  Elementary.  Bv  William  Briggs.  M.A.. 
LL.B,,  F.R.A.S.     Interleaved.     Is.  6d.'. 
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Analysis  of  a  Simple  Salt.  Witli  a  Selection  of  Model  Analyses, 
and  Tables  of  Analysis  (on  linen).  By  "William  Bkiggs, 
M.A.,  LL.B.,  F.C.S.,  and  R.  W.  Stewart,  D.Sc.  Lond. 
Fourth  Edition.  2s.  6d.  TABLES  OF  ANALYSIS  (separately). 
6d. 
"  The  selection  of  model  analyses  is  an  excellent  feature." — Educational   Times, 

Chemistry,  The  Tutorial.     By  G.  H.  Bailey,  D.Sc.  Lend.,  Ph.D. 

Heidelberg,     Lecturer    in    Chemistry   at    Victoria    University. 
Edited  by  WiLLlAM  BiiiGGS,  ]M.A.,  F.C.S. 
Part  I.,  Non-Metals.    3s.  6d.    Part  II.,  Metals.    3s.  6d. 

"  The  book  impresses  one  as  having  been  written  by  a  tcaclier  in  personal 
contact  with  beginners,  on  account  of  the  endeavours  made  in  many  places 
to  explain  difficulties  which  constantly  afflict  the  chemical  tyro." — Phnrmaceuttcal 
Journal. 

"  "We  cannot  speak  too  highly  of  its  lucid  and  concise  explanations,  its  thoroughly 
scientific  treatment,  and  its  eminently  practical  arrangement  and  execution." — 
JiducatioiKil  News. 

Carbon  Compounds,  An  Introduction  to.  By  R.  H.  Adie,  M.A., 
B.Sc.     2s.  6d. 

"  To  students  who  have  already  a  slight  elementary  acquaintance  with  the 
subject  this  work  cannot  fail  to  afford  valuable  assistance.  The  experiments  are 
well  selected ." — Xatu  ri\ 

Chemistry,  Synopsis  of  Non-Metallic.     With  an  Appendix  on  Calcula- 
tions.    By  William  Briggs,  M.A.,  LL.B.,  F.C.S.    New  and 
Revised  Edition,  Interleaved.     Is.  6d. 
"  Arranged  in  a  very  clear  and  handy  form." — Journal  of  Education. 

Chemical  Analysis,  Qualitative  and  Quantitative.  By  William 
Briggs,  M.A.,  LL.B.,  F.C.S.,  and  R.  W.  Stewart,  D.Sc.  Lond. 
3s.  6d. 

"  The  instructions  are  clear  and  concise.  Tlie  pupil  who  uses  this  book  ought  to 
obtain  an  intelligible  grasp  of  the  jirinciples  of  analysis." — Nature. 

"A  mo.st  careful  and  reliable  compendium  of  inoganic  analysis.  The  book  has 
our  commendation. "^ — I'ractica!  Teqcher, 

Metals  and  their  Compounds.  By  G,  II.  Bailey,  D.Sc,  Ph.D. 
Is.  6d. 
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Botany,  Text-Book  of.     By  J.  M.  LowsoN,  M.A.,  B.Sc.     Bs.  6d. 

''  It  represents  tlic  nearest  approach  to  the  ideal  botanical  toxt-book  that  has  yet 
been  produced." — Fliarmaceutical  Journal. 
"An  excellent  hook."— Ouardian. 

Zoology,  Text-Book  of.  By  H.  G.  WELLS,  B.Sc.  Lond.,  F.Z.S., 
F.C.P.  Enlarged  and  Revised  by  A.  M.  Da  VIES,  B.Sc.  Lond. 
6s.  6d. 

"  Tlic  chapter  on  development  is  very  good,  and  there  are  many  clear  and 
excellent  woodcuts  illustrating  the  text." — Lancet. 

"This  is  a  good  book.  Tlie  information  is  accurate,  the  diagrams  are  clear,  and 
tjie  language  sufficiently  simple  and  direct."— 2ro«/>i7«/. 
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THE  TUTOBIAL  PHYSICS.  By  R.  Wallace  stewaet,  D.Sc.  Lond., 
First  in  First  Class  Honours  in  Physics  at  B.Sc,  and  E.  Catch- 
POOL,  B.iSc.  Lond.,  qualified  for  the  University  Scholarship  in 
Physics.  With  numerous  Diagrams  and  Calcidations.  In  Four 
Volimies. 
I.  Sound,  Text-Book  of.    By  E.  Catchpool,  B.Sc.    Second  Edition. 

38.  6d. 
"  There  are  numerous  books  on  acoustics,  but  few  cover  exactly  the  same  ground 
as  this,  or  are  more  suitable  introductions  to  a  study  of  the  subject." — Nature. 
n.   Heat,    Text-Book    of.     By   R.   W.   Stfwakt,   D.Sc.     Third 

Edition.     3s.  6d. 
"  Clear,  concise,  well  arranged,  and  well  illustrated,  and,  as  far  as  we  have  tested, 
accurate." — Journal  of  Education . 

in.  Light,   Text-Book  of.      By  R.  W.  Stewaet,  D.Sc.      Third 

Edition.     3s.  6d. 
"  The  style  of  the  book  is  simple,  the  matter  well  arranged,  and  the  underhnng 
principles  of  the  subjects  treated  of  accurately  and  concisely  set  forth." — £duca- 
tiottal  Herieir. 

IV.  Magnetism  and  Electricity,  Text-Book  of.    By  R.  W.  Stewakt, 

D.Sc.     Foit)t/i  Edition.     38.  6d. 
"  Distinguished  by  accurate  scientific  knowledge  and  lucid  explanations." — 
Educational  Times. 

Heat  and  Light,  Elementary  Text-Book  of.     By  R.  "W.  Stewabt, 

D.Sc.  Lond.      Third  Edition.     38.  6d. 
'■  A  welcome  addition  to  a  useful  series."  —School  Guardian, 

Heat,  Elementary  Text-Book  of.  By  R.  W.  Stewart,  D.Sc.  Lond.  2s. 

Light,  An  Elementary  Text-Book  of.     By  R.  W.  Stewart,  D.Sc. 

Lt-nd.     28. 
Sound,  Elementary  Text-Book  of.    By  J.  Doy,  M.A.  Is.  6d. 

'•This  book  is  evidently  the  work  of  a  practical  teacher,  and  as  such  is  very 
thorough  in  its  treatment,"  lucid  in  its  style,  and  masterly  in  its  method." — Educd- 
tional  Neirs. 

"  The  author  shews  himself  able  to  explain  in  a  helpful  manner." — Educational 
Times. 

General  Elementary  Science. 

General  Elementary  Science.  Edited  by  William  Briggs,  M.A., 
LLB.,  F.C.S.     Tliird  Edition.     38.  6d. 

"Decidedly  above  the  average  of  this  class  of  work.  The  experimental  part  of 
the  chemistry  is  decidedly  good." — Guardian. 

"  We  can  confidently  recommend  this  book  as  being  admirably  adapted  for  this 
purpose." — Journal  of  Education 

"  A  book  so  clear  and  thorough  as  the  one  before  us  wiU  be  very  welcome." — 
Schoolmaster. 

"  Just  the  book  for  the  London  Matriculation.  Will  be  welcomed  by  thousands." 
— Board  Teacher. 
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The  Tutorial  Greek  Reader.     AVith  Vocabularies.     By  A.  WaugU 
Young,  il.A.   Lund.,  Gold  Medallist  in  Classics,  Assistant  Ex - 
aniinev  at  the  University  of  London.    Second  Edition.    28.  6d. 
The  Tutorial  Latin  Dictionary.     By  F.  G.  Plaistowe,  M.A.  Lend, 
and  Caml).,  Gold  Medallist  in  Classics,  late  Fellow  of  Queens' 
College,  Cambridge.    6s.  6d. 
"A  good  specimen  of  elementary  dictionary-making." — Educational  Times. 
"A  sound  school  dictionary." — Speaker. 

The  Tutorial  Latin  Grammar.  By  B.  J.  Hayes,  M.A.  Lond.  and 
Camb.,  and  W.  F.  IMasom,  M.A.  Lond.     Fourth  Edition.    3s.  6d. 

"  Practical  expencucc  m  teaching  and  thorough  familiarity  vnth  details  arc 
plainly  recognisable." — ICducntionaL  JVeics. 

"  It  is  accurate  and  full  without  being  overloiuled  with  detail,  and  varieties  of 
type  are  used  with  such  effect  as  to  minimise  the  work  of  the  learner.  Tested  iu 
respect  of  any  of  the  crucial  points,  it  comes  well  out  of  the  ordeal." — Schoidmaster. 

The  Tutorial  Latin  Grammar,  Exercises  and  Test  Questions  on.  By 
F.  L.  D.  lllCHAliDSON,  15. A.  Lond.,  and  A.  E.  W.  HAZEL, 
LL.D.,  M.A.,  B.C.L.    Is.  6d. 

"  This  will  be  found  veiy  useful  by  students  preparing  for  University  examina- 
tions."—  Wedininster  lieriew. 

The  Preceptors' Latin  Course.    By  B.  J.  Hayes,  M.A.    {In  the  press. 
Latin  Composition.    With  Copious  Exercises.   By  A.  H.  Allcroft, 
M.A.    O.xon.,    and    J.    H.    Haydon,    M.A.    Lond.    and   Camb. 
Fifth  Edition,  Revised.     2s.  6d. 
"This  useful  little  book." — Journal  of  Education. 

"  Simplicity  of  statement  and  arrangement :  apt  examples  illustrating  each  rule ; 
exceptions  to  these  adroitly  stated  just  at  the  proper  place  and  time,  are  among 
some  of  the  striking  characteristics  of  this  excellent  book." — School  master. 

Latin  Reader,  The  Tutorial.  With  Vocahulary  and  Appendix 
containing  the  Unseens  set  at  London  ISIatriculation  and  Inter. 
Arts,  1875-1899.  Third  Edition.  2s.  6d.  Key  to  Parts  I.,  II., 
A''.    2s.  6d.  net. 

"A  soundly  practical  work." — Guardian. 

"  The  plan  is  good  and  well  carried  out." — .Tournal  of  Education. 

IRoinan  ant)  Greek  Ibietor^. 

The  Tutorial  History  of  Rome.  (To  14  A.D.)  By  A.  H.  ALLCROtT, 
M.A.  Uxon.,  and  W.  F.  Masom,  M.A.  Lond.  With  Maps  and 
Index.     Second  Edition.    3b.  6d. 

"  It  is  well  and  clearly  written." — Saturday  Review. 

"  A  distinctly  good  book,  full,  clear,  and  accurate.  The  narrative  is  throughout 
lucid  and  intelligible,  and  the  authors  have  taken  obvious  pains  to  bring  their  facts 
up  to  date." — Guardian. 

"  The  Tutorial  History  of  Konie  appears  to  us  to  be  an  accurate  and  capable 
manual  for  students,  and  the  book  is  written  with  judgment  and  care." — Speaker. 

"The  outcome  of  adequate  knowledge,  which  has  been  acquired  in  a  good  school, 
kept  eiiual  with  the  lati'st  advances,  and  informed  with  a  genuinely  scientific 
ti\imt."— Spectator, 

History  of  Greece,  The  Tutorial.  By  W.  J.  WooDirousK,  M.A., 
late  Craven  Fellow  in  the  Universit)'  of  Oxford.     \lii  preparation. 
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Ihe  Tutorial  French  Accidence.  By  Ekxest  Weekley.  M.A.  Lond., 
Professor  of  French,  University  College,  Xottingham.  With 
Exercises,  and  a  Chapter  on  Elementiir)-  SjTitax.     Ss.  6d. 

"  Wo  can  heartily  recommend  it." — Schoolmastei . 

The  Tutorial  French  Syntax.  By  Eenest  Weekley,  M.A.  Lond., 
and  A.  J.  WrATT,  M.A.  Lond.  and  Camb.  With  Exercises. 
38.  6d. 

"It  is  a  decidedly  good  book  and  should  have  a  ready  sale." — Guardian. 

"  Mr.Weekley  has  produced  a  clear,  full,  a  careful  Grammar  in  the  'Tutorial 
French  Accidence.'  and  the  companion  volume  of  '  Syntax,'  by  hini5elf  and  Mr. 
Wyatt.  IS  worthy  of  H."— Saturday  Recietc. 

The  Tutorial  French  Grammar.  Containing  the  Accidence  and  the 
Syntax  in  (Jne  Volume.     4fl.  6d. 

The  Preceptors'  French  Course.  By  E.  Weeklet,  M.A.  Lond. 
38.  6d. 

"The  execution  is  distinctly  an  advance  on  similar  courses."— ./oMr/in/  of 
Education. 

"  A  practical  ■work,  which  will  be  most  helpful  to  students  preparing  for  examina- 
tions. Both  the  rules  and  the  exercises  set  upon  them  are  concise  and  much  to 
the  point." — E'iucntionnl  Reriew. 

French  Prose  Composition.     By  E.  Weeklet,  M.A.  Lond.     38.  6d. 

"The  arrangement  is  lucid,  the  rules  clearly  expressed,  the  suggestions  really 
helpful,  and  the  examples  caiefuUy  chosen." — Educational  Time'. 

"  We  like  the  plan  and  arrangement  of  this  book,  which  will  be  welcome  to 
London  candidates  and  more  advanced  student." — Guardian. 

"A  good  book. — "  Westminster  Rcciew. 

"  .\  handy  and  trustworthy  guide.  The  practii-al  hints  are  excellent." — <S/. 
James'  Biidijet. 

The  Preceptors"  French  Reader.  By  Ernest  Weekley,  M.A. 
Lond.     With  Notes  and  Vocabulary.     Secottd  Edition.     Is.  6d. 

"  A  very  useful  first  reader  with  good  vocabulary  and  sensible  noije%.'"— School- 
master. 

"  The  readings  are  simple,  varied,  and  well  chosen.  The  notes  are  apt  and 
thorough.  The  book  is  well  fitted  for  a  Junior  Class  Reader." — Educitionnl 
News. 

"The  passages  are  carefully  graduated  in  difficulty,  and  will  afford  excellent 
practice  in  unseens.    .\s  a  class  book  it  will  be  found  useful." — Teachers'  Aid. 

French  Prose  Reader.  Edited  by  S.  Baelet,  B.  es  Sc,  Examiner 
in  French  to  the  College  of  Preceptors,  and  W.  F.  Masom,  M.A. 
Lond.     With  Notes  and  Vocabular}-.     Third  Edition.     2s.  6d. 

"  It  is  one  of  the  most  complete  and  most  carefully  compiled  works  of  the  kind 
which  ha-s  yet  come  under  our  notice.  It  is  a  capital'  work,  and  we  heartily  com- 
mend it." —  Ciril  Service  Gazette. 

"Deser\-es  to  take  a  high  place  in  the  series  to  which  it  belongs." — School 
Guardian. 

"  Admir.ibly  chosen  extracts.  They  are  so  selected  as  to  be  thoroughly  interesting 
and  at  the  same  time  thoroughly  illustrative  of  all  that  is  best  in  French  literature." 
—School  Board  Chronicle. 
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The  Matriculation  History  of  England.  Bj-  C.  S.  Fkaeenside, 
M.A.  Oxon.     (To  1V02  A.i>.)     3s.  6d. 

"  Tlie  ingenious  arrangement,  numerous  synopses,  cross-references,  and  excellent 
index  will  enable  the  student  to  work  out  almost  any  problem  suggested  by  his 
tutor  or  set  in  past  examination  papers.  We  can  heartily  recommend  it." — 
Guardian. 

"  Clear,  concise,  well  arranged,  aud  admirably  suited  for  its  purpose.  The  style, 
too,  is  fresh  and  vivacious." — Cainbridijc  Hevicxv. 

""We  can  heartily  commend  it.  ' — Schnolmaster. 

"The  plan  of  the  book  is  practical  and  \\c\^i\i\."—E(Uica(ionnl  Times. 

"  For  the  upper  forms  of  schools  the  volume  is  specially  suited." — Morning  Post. 

The  Tutorial  History  of  England.  By  C.  8.  Feakknsidk,  M.A. 
Uxon.     4s.  6d.  [/«  preparation. 

The  English  Language  :  Its  History  and  Structure.  By  W.  H.  Low, 
M.A.  Lond.     With  TEST  QUESTIONS.    Ei/(h  Edition.     3s.  6d. 

"  A  clear  workmanlike  history  of  the  English  language  done  on  sound  principles." 
— Saturdaji  JUeriew. 

"  The  aiithor  de  tls  very  fully  with  the  source  and  growth  of  the  language.  The 
parts  of  speech  are  dealt  with  historically  as  well  as  grammatically.  The  work  is 
scholarly  and  accurate." — Schoolmaster. 

"  The  history  of  the  language  and  etj-mology  are  both  well  and  fully  treated." — 
Teach'-rs'  Monthly. 

"  Aptly  and  cleverly  written." — Teachers'  Aid. 

"The  arniugement  of  the  book  is  devised  in  the  manner  most  suited  to  the 
student's  convenience,  and  most  calculated  to  impress  his  memory." — Lyceum. 

"  It  is  in  the  best  .sense  a  scientific  treatise.  There  is  not  a  superfluous  sentence." 
— Educational  Neirs. 

The  Preceptors'  English  Grammar.  AVitli  numerous  Exorcises.  By 
W.  H.  Low.  M.A.  Lond.,  and  Aknold  Wall,  M.A.  Lond., 
Professor  of  English  in  the  University  of  New  Zealand. 

[In  the  press. 

The  Tutorial  History  of  English  Literature.  13y  A.  J.  Wvatt, 
.AI.A.  Lond.  and  Canilj.     2s.  6d.  [/«  the  press. 

Shakespeare.  Edited,  with  Injroduction  and  XoxES,  by  Prof. 
W.  J.  RoLFE,  D.Litt.     With  Engravings.     In  40  volumes.     2s. 

each. 

"  Mr.  Kolfc's  excellent  series  of  school  editions  of  the  Flays  of  Shakespeare  give 
the  student  helps  and  hints  on  the  characters  and  meanings  of  the  plays,  while  the 
word-notes  are  also  fiill  and  posted  up  to  the  latest  iliiU>."  —Academy. 


General  Cataloyxie  of  The  University  Tutorial  Series,  and  List  of  Books 
classified  for  London  University,  Cambridye  and  Oxford  Locals,  Colleye  of 
Preceptors,  and  other  Examinations,  free  oti  application. 
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